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Preface 

How does the human brain and nervous si'stem acquire its store 
of mathematical knowledge? How does the human organism use 
this store of knowledge once it has acquired it? These are funda¬ 
mental questions to which the anstvers can be of ^at aid in the 
improvement of instruction in mathematics. Although compara¬ 
tively little is knorni about the answers, the little that is known 
should be studied by every teacher of mathematics on every level 
of instruction. It is the purpose of this Yearbook to provide some 
of this information, and indicate sources for further study. 

The title of the Yearbook tells the organizational pattern. Each 
chapter discusses an important aspect of learning, giving the most 
modem theory and research, and then applies this theory to con¬ 
crete learning situations.^ In this way it is hoped that the classroom 
teacher will not only be given concrete suggestions, but also a 
theoretical background upon which (o create his own provisions 
for better learning of mathematics. Insofar as teachers find the 
materials presented here of value in providing better classroom 
learning situations, the book will have succeeded in its purpose. 

This Yearbook was Inaugurated by the first Yearbook Planning 
Committee of the National Council of Teachers of Mathematics. 
The members were Mr. Walter H.'Carnahan, chairman,"Miss 
Veryl Schult, and Mr. F. Lynwood Wren. The editor is greatly 
indebted to them for their help and encouragement in getting 
the book organized and under way. 

The arrangements for editing final copy, printing, securing per¬ 
mission to use materials, and other business details were numerous 
and comple-x. The efficient aid of the executive secretary, Mr. 
Myrl H. Ahrendt, in all these matters is gratefully acknowledged. 

The authors received much iieip and guidance from their col¬ 
leagues in their various institutions of learning. This help, espe¬ 
cially from psj’cliological departments, is deeply appreciated and 
has contributed much to make the book authoritative. For permis¬ 
sion to reproduce figures and printed material acknowledgment is 
Ijereby made to the following persons and companies: E. Heid- 
breder; Elizabeth M. Thorndike; Aaron Bakst; H. G. and Lillian 
R, Lieber; University of Chicago; National Society for the Study 



of Education; Princeton University Press; Columbia University 
Press; Harcourt, Brace and Company; New'York Academy of 
Sciences; American Psychological Association; the Macnullan 
Company; The Science Pressi Appleton*Centurj'*Crofts; Harvard 
University Press; Houghton Miffin Company; Duke University 
Press; Henry Holt and Company; John Wiley and Sons; The 
Journal Press; Journal of Educational Research; Longmans, Green 
and Company; Thomas Y. Crowell Company; World Book Com¬ 
pany; Harper and Brothers; University of Chicago Press; Insti¬ 
tute of General Semantics; The Alfred Korzybsid Estate; and Ox¬ 
ford University Press. 

Howahd F, Fehb 

Editor 
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1. Theories of Learning Related to the 
Field of Mathematics 

Howard P. Fehr 

WAYS OF STUDWN'G LEARNING 

There are a number of waj-s to study the learning process of 
human organism. One is purely physiological, that is to study 
learning as physical reactions of the brain, the nervous system, 
the glands, and the muscles, as they are acted upon by physical 
stimuli. Another method, partly physiological and partly observa> 
tional, is to study ti>e way the organism reacts in various situations 
so as to abstract common elements called lau’s of learning. It is 
recognized tliat physical changes are taking place in the organism, 
and that some of these physical changes can be ascribed to certain 
actions and reactions of the organism in particular situations. But 
the general explanation of the reaction of the organism is given in 
terms of the situation, and not in terms of physical changes within 
the organism. This procedure is followed by psychologists. A third 
method is to ignore all internal physical changes and to describe 
learning purely in terras of Introspection and logical considera¬ 
tions. All three methods have provided and are providing new 
insight into human behavior, but recently the psychological in¬ 
vestigations have given the most promise of help to the teacher. 

What do we know about the physical behavior of the brain? In 
tlie first place, it is composed of more than 10 billion nerves which 
are connected by an exceedingly complex network. These neurons 
consist of a center or cell body, from which run fibers of two types, 
axons which arc single strands of various lengths, and dendrites, 
which are ramified short fibers. Impulses travel along these nerve 
fibres at rates u hicli have been measured to vary from three feet 
to 300 feet per second. The impulse is relayed from one neuron to 
another by a synapse, and the flow of tlie impulse is in one direc¬ 
tion only. The response of each fiber is an '*all or none," that is, 
if it is not sufficiently agitated there is no re.sponse, but at a 
certain degree of stimulation the whole response goes forward. 
The amount of stimulation necessary for the "all or none" response 
1 
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varies also from neuron to neuron. Hence any overt action of an 
individual, and all actions, involves many, many nerve fibers, and 
is dependent upon the number of stimulated neurons. 

We also know that certain areas of the brain are related to 
certain functions such as sight, information storage, control of the 
sympathetic nervous system, and emotional behavior, and that 
damage to these parts of the brain interferes with the corregxind- 
ing functions. There is also evidence that in time, certain parts of 
the brain can take over the functions of other damaged parts. 

But bow the phj’rical behavior of this vast network of nerves 
in the brain and nervous s>*stem produces the response o* ~ h* is 
(a — h)(fl + 6) is totally unknown. How the cells get their infor¬ 
mation, how they transfer it from the sign of a’ — 2>* to one area 
of the brain, to another area, to an ultimate response from the 
organism of (a — 6) (a 4- b) is a deep, dark secret. Further, any 
attempt to study the ph j-sical behavior meets with many obstacles. 
To open the brain to observation is usually accomplished by des- 
trojTng the very nerves we would study. Further, the nerve cells, 
axons, and dendrites are exceedingly minute objects, and to see a 
synapse at the end of a nerve fiber is exceedingly diffi cult. At 
present, explanation of human actions in terms of physical phe¬ 
nomena within the brain seems very, very remote (23).* 

Hence psychologists have resorted to experimental and observa¬ 
tional procedures to explain what the human brain is, and what it 
does. They create certain situations and observe under as con¬ 
trolled conations as possible the behavior of the organism, and 
describe the operation of human learning by the various behaviors 
that take place. Thus human learning is defined as a change in 
behavior acquired through an experience. The learning is usually 
directed toward specific goals through organised patterns of exper¬ 
ience. In order to clarify our concept of change in behavior, we 
give several examples from the mathematical field. 


EXAilPLtS OP CHANGE IN BEHAVIOR 

^ IV’hen a student enters a beginning algebra class and is asked, 
'What are the two numbers of which the sum is 6, and the differ- 
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rare IS 1? he beham as follows: Try 1 and 6; the difference is 4, 
no. Try 2 and 4; the difference is 2, no. Try 3 and 3, no. Maybe 
there IS no answer; try again; 2 and 4; 3 and 3. Oh! Maybe I can 
ure fractions: m and 4K. no; 2H and 3>S; there it is. He has 
solved the problem, he has reasoned, and he has exhibited a type 
of behavior in a given situation, but it is not the goal behavior you 
^vill ultimately expect from his Instruction in algebra. Now let us 
repeat the same problem three months later. If the student reacts 
in the same manner as above, he has not learned anything new in 
this situation. If, however, he behaves as follows; Two numbers 
X and y; sum, a; 4- y =« 6j difference ar y « i; add 2x = 7, 
X =■ and y *= then lus behavior has decidedly changed; 
he has learned a new mode of action. His mind proceeds in a 
manner entirely different from before. We should set up our goals 
of feamidg m the mathematicaf ffefd, in terms of aff rfestred 
changes in behavior with reference to numerical, spatial, quantita. 
tive, and logical situations. 

Another example. At the start of the year in plane geometry, 
you pve the following hypothesis: A triangle has sides 2 in., 3 in., 
and 4 in. The middle points of sides 2 in. and 3 in. are joined by 
a straight line segment. Then you ask, ‘'How long is this segment?” 
The student responds by using his ruler, a pair of compasses, and 
paper, actually constructing the triangle and segment and meas¬ 
uring the latter. Assuming careful work, the student responds, 

*T measure it to be 2 inches.” His behavior in this case is a result 
of his past experience. Three months later you confront the student 
wth the same problem. If he has learned, Ws response now is 
solely the result of an inner brain reaction. He saj-s, ‘‘It is 2 
inches, since it must bo one-half the length of the third side." Thus 
} 2 e has had a complete change in bchavnor from one involving 
perceptual-motor skills to one involving purely concept-relation¬ 
ship. 

One task in education is to create such experiences and situa¬ 
tions that n-ill enable a student to reconstructhis behavior towards 
goals desired by both himself and the teacher. Wien we have 
accomplished this, we shall have improved our instruction. 

Learning thus licomes a de^-elopmental process. It is change in 
behanor brought about through brain action or thinking- It cornea 
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about through facing situations that call for making discovcncs, 
abstractions, generalizations, and organizations in mnthema|ics. 

It is problem-solving, for without a problem felt by the organistn, 
and motivation toward the solution of the problem, there will 
be little learning of mathematics. On this most psychologies of 
learning agree. The disagreement aru^cs in the theoretical c-xplana- 
tion of how the solution comes about. 

THE N.ATURE OF INTELLIGENCE 

To what extent is it possible for human beings to change their 
behaAdor? It is quite common in academic circles to hear such 
expressions as, "He does not posse.ss enough intelligence to learn 
mathematics,” or “He is a highly intelligent individual.” Intelli¬ 
gence as used in these expressions is that quality which permits 
an indi>*idual to adapt himself successfully to a given situation. 
This was one of the earliest definitions of intelligence. However, 
if a dog adapts himself to a household in a manner to get good 
care, we do not say the dog is intelligent (in the sense we apply the 
word to human bcha^^o^). There is more to intelligent action than 
mere adaptation. 

Binet in his early work on testing used the ability to make 
judgments as the best description of intelligence. To this end he 
constructed many tests devised to measure the ability to make 
judgments or choices. This has culminated in the construction of 
many types of mental tests, and we could describe intelligence as 
that faculty, or quality, or characteristic which is me.asured by 
the intelligence tests. Intelligence would then be the ability to per¬ 
form mental tasks, to remember, to make generalizations, to form 
relationships between concepts, and to deal with abstract ideas. 
The amount of intelligence would be measured by the degree of 
difficulty of tasks completed, of their complexity, of their abstract¬ 
ness, and of the speed and lack of interference with which the 
tasks are completed. 

Dewey in all of his ■writings has concerned himself 'with the 
nature of human intelligence- A brief summarj’ of his concept 
woidd be: Intelligpce is acting with an aim; it is purposeful 
activity. The activity must at all times be controlled by a percep¬ 
tion of all the facts in a ©ven situation and their relationship to 
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each other. Even more Important in mtelUgcnce is the capacity to 
refer present conditions to future desired goals and conv'ersely to 
refer the goal to the present conditions. Thus to refer counting to 
acquiring of addition facta (as an elimination of a needless time- 
consuming process) and to refer the facts back to counting is 
intelligence. If we act without knowing the consequences of our 
acts or even considering them, we are unintelligent. A shot in the 
dark is not intelligent action. (Hiis is not to be confused inth 
acting on a hunch; a hunch Is usuall 5 * related to the goal.) If we 
make a guess at an ansiver as a loose stab, and not as a related 
action, we ma)* be exhibiting some intelligence (goal-directed ac¬ 
tion) but it is very imperfect. If, however, ^s^5 act with an aim 
toward changing our beha\dor to a new desired pattern which is 
perceived as desirable, we are making intelligent action. “Intelli¬ 
gence is the power to understand things in terms of the use made 
of them" (3). 

It is in this sense that intelligence is the ability to solve problems 
—to think—to learn. And this is more than merely an ability to 
think in terms of abstractions which is one kind of intelligence. It 
is also the ability to grasp relations in ph>-sical or concrete setups 
(situations) and to see how (o rcadapt these for more useful pur¬ 
poses. This has been referred to as a practical or mechanical aspect 
of intelligence. A technologist has a different type of intelligence 
than a theoretical scientist. He foresees future conditions in terms 
of concrete situations rather than abstract relationships. His tj^w 
of intelligence is very important in modem society and should he 
developed. It may be characterized in one woj' by a space-percep¬ 
tion activity as contniste<l with a deductive proposiUonal activity. 
Another of intelligence recognized by Thorndike (1C) is social 
intelligence. This is the power to understand people, to get along 
with them and to lead them. It involves personality trait--? and 
actions between humans which relates present condrtfotw to future 
desired states of happy, cooperative linng, and vice versa. 

In the learning of matliematics, the power with which an indi¬ 
vidual can make generalizations, abstractions, logical orgnrjira- 
tlons, and relate these to pu^po^eful action, dctcmincs his ability 
to progrciiS. As teachers of mathematics, ttv arc interested in thi’j 
phase of intelligence. Hoirevcr, as teacliers of children, of young 
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men and women, we are certainly interested in the mechanical 
and social type of intelligence, and hence must consider all these 
types in our study of learning. 

A LEARKINO SITUATION 

To study how we learn, conader your solution to the following 
problem: A man in a department store noticing the escalator in 
motion, raises the question, ‘’How many steps are there in the 
escalator between the floors?" He walked down the escalator as it 
was in motion, timing the distance between floors. When he 
reached the lower floor having walked down 26 steps, it took him 
30 seconds; similarly, when he walked doN\'n 34 steps, it took him 
18 seconds. What is the answer to his question? 

What answer did the man find? How did he find it? If you, the 
reader, are interested in these questions, if you really want to find 
the answers, you are in a learning situation. AU your past cxiier- 
ience in mathematics has created a mental set and the iyp^ 
problem pves sufficient motivation to send you into action toward 
the solution. You now use your previous learning to find a solution. 
—(Before reading further, stop and seek your solution, keeping a 
diary of every move you make. Then you can study your method 
of obtaining a solution or how you learned in this situation.) 

You may have gone ffirectly to the solution of the problem on 
your first trial by appljing a technique previously learned. In this 
case you did not leam, you did not need to leam, you merely 
recalled a previous learning. But you may have proceeded in one 
of the follo^’ing ma nners: The difference between the numbers of 
steps walked during each of the two trials was 8; the difference in 
times was 12 seconds; but what relation has this to the problem? 
Here many a student would cease learning because he w’ould have 
reached a block in Ms reasoning without sufficient drive to go on. 
However, another student would say, “Is there any relation be¬ 
tween the difference in times and difference in steps traveled? Oh 
yes, there is a relation to the motion of the escalator and the 
steps move at a rate 8 steps per 12 seconds or steps per second. 
Now does this help me?" Again the student may be blocked or he 
may return to the problem and think, “In 30 seconds then, the 
escalator will move 30 X % or 20 steps and the man move 26 
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steps. AhaJ There are 46 steps in the escalator between floors.*’ 
Now many a student ^-ould stop having secured satisfaction with 
the answer. But, if he is to have better learning he will check and 
analyze lus thinking as foUowsi “Let me see if this is so. If there 
are 46 steps and I go down 34 of them, the escalator must move 
12 steps. At a rate of steps per second, it takes 12 or 18 
seconds and that's right." At this point, having checked a hypothe¬ 
sis, the student may again cease his learning. He has all that he 
desires. But a still better learner will say: “Now let me see how I 
solved the problem. First I found the rate at which the escalator 
moved, then I found the number of steps the escalator moved in 
30 seconds, and I added to this the number of steps walked. This 
is the number of steps in the escalator. In situations where I 
know two distances, and two conesponding times, I had better 
try first to determine a rate." 

This whole learning leads to a change in behavior. When con¬ 
fronted nith a similar si tuation the student U'ill now act differently 
from what he did in solving this problem. Of course, there are 
several waj’S of solving the problem besides this method of arith¬ 
metic. This method was shown to illustrate how we leam. 

aijTvrt» 



The accompaayingdi/igramaMwto tUtpven by 

can be taken aa the startmg I»“‘“ 

At the start of learning or readjustment 
be a situation in which the student feels a need. A nee^ m a fehng 
of the organism for something which is absent, the attainment of 
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which will tend to give satisfaction. The situation is sucli that the 
student is motivated to satisfy the need. Tins creates tcnsio 
drive wthin the organism which impel it towards its goa • 
the learner is spurred to physical and mental action, or making 
response. The first response often docs not lead to the goal, i 
runs against a barrier. If the motivation to learn is strong enougii, 
the learner seeks another response or series of responses. One alter 
another of these responses may fail to lead to a solution, but nna j 
he selects a path of action that reaches the goal. He has solved 
the problem; he is ready to readjust his total beha\*ior in this 
situation. He may go over the solution, to make the meaning an 
structure more precise, and his formulation more articulate; to 
make the whole situation more highly differentiated from previous 
learning, and more generalized, until he has developed a new pat¬ 
tern of behavior that will function in new problems containing 
the same or similar situations. He has learned. 

Each of the several psychologies of learning has its OAvn explana¬ 
tion of the way the learning goes from need to goal. That these 
theories do conflict at a number of points should not concern us 
too much. If the application of one of the conflicting theories 
proves more useful for our ptirpose in a given situation, and appli* 
cation of another theory in another, we shall use each as it fits the 
occasion. Until psychology develops into a more significantly uni¬ 
fied, scientific theory we must do this. Physicists do this in the 
the study of light where both the wave theory and corpuscular 
theory are applied, giving consistent results in some instances and 
contradictory results in others. Finally the areas in which all of 
the theories are in agreement will be especially important for our 
study of learning. Here we shall briefly examine what three theo¬ 
ries, association, conditioning, and field psychologies say about 
learning. 


END PRODUCTS OF LEARNING 

In the learning of mathematics, a student is expected to do 
everything from handling concrete objects in counting to making 
abstract logical deductions wth the use of symbols. There exists 
a sort of hierarchy of end products of learning in which we strive 
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for the highest leral. One of the simplest types of human learning 
IS a 8cmory~motor skill The response is practically automatic once 
It is learned. This is illustrated in teaching a child how to use a 
pair of compasses to draw a circle. 

On a slightly higher level we have perceplual-motor skill learning. 
This can be characterised as learning which is applied immediately 
to a perceptual pattern. It is illustrated in the learning to use a 
protractor to measure an angle and a ruler to measure a line 
segment, or in drawing a geometric figure. 

The next tj-pe of learning which occupies a large part of the 
school activities is menial association. This is the type of learning 
which gives the child his store of number facts, names of algebraic 
terms such as exponent, coefficient, binomial, the names of geo¬ 
metric figures. It includes vocabulary leanung. 

Wliile a student may learn to recognize an exponent, coefficient, 
or median of a triangle, he may not fully comprehend these objects 
of thought. For this purpose he must leam concepts. How concepts 
are learned in mathematics is the topic of an entire later chapter. 
When a child has a mental image of a thing and con relate it to 
other things through defimtions, laws of operation, application, or 
generalizations, he does a great deal more than mere identification 
through association. 

A final end product of learning, of concern to mathematics 
teachers, is problem-solving as illustrated in the e.xample in a pre¬ 
vious section. Here all of the otherend products ere brought to bear 
in making hypotheses, judgments, organizing evidence to give solu¬ 
tions, and forming structures of knowledge such &s pure mathe¬ 
matics, The chapter in this book on problem-solving is particularly 
concerned with aiding the mathematics classroom teacher to de¬ 
velop this type of learning on the part of his students. 

It should be noted that while the end products appear quite 
distinct in form, yet their learning has in common the elements in 
the learning diagram. In learning to use a pair of compasses for 
example, there must be motivation, there will be motor movements 
which will not give the desired cirde, then a correct use of the hand 
and fingers comes forth, finally the learner will try this successful 
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which mil tend to give satisfaction. Tlic situation is such that tlie 
student is motivated to satisfy the need. This creates tensions and 
drive wthin the organism which impel it towards its goal. 
the learner is spurred to physical and mental action, or making a 
response. The first response often docs not lead to the goal; he 
runs against a barrier. If the motivation to learn is strong enough, 
the learner seeks another response or series of responses. One 
another of these responses may fail to lead to a solution, but finalK 
he selects a path of action that reaches the goal. He has solved 
the problem; he is ready to readjust his total behavior in this 
situation. He may go over the solution, to make the meaning and 
structure more precise, and his formulation more articulate; to 
make the whole situation more highly dilTcrcntialed from previous 
learning, and more generalized, until he has developed a new pat¬ 
tern of behavior that will function in new problems containing 
the same or similar situations. He has learned. 

Each of the several psychologies of learning has its own explana¬ 
tion of the way the learning goes from need to goal. That these 
theories do conflict at a number of points should not concern us 
too much. If the application of one of the conflicting theories 
proves more useful for our purpose in a given situation, and appli¬ 
cation of another theory in another, we shall use each as it fits the 
occasion. Until psychology develops into a more significantly uni¬ 
fied, scientific theory we must do this. Physicists do this in the 
the study of light where both the wave theory and corpuscular 
theory are applied, ^ving consistent results in some instances and 
contradictory results in others. Finally the areas in w’hich all of 
the theories are in agreement will be especially important for our 
study of learning. Here we shall briefly examine what three theo¬ 
ries, association, conditioning, and field psychologies say about 
learning. 


END PRODUCTS OF LEARNING 

In the learning of mathematics, a student is expected to do 
everything from handling concrete objects in counting to making 
abstract logical deductions with the use of symbols. There exists 
a sort of hierarchy of end product of learning in which we strive 
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for the highest level. One of the amplest types of human learning 
IS a sensory-moloT skill. The regwnse is practically automatic once 
it is learned. This is illustrated in teaching a child how to use a 
pair of compasses to draw a circle. 

(M a sh'ghtlyhigher ievei we have perceplual-motor skill learning. 
This can be characterized as learning which is applied immediately 
to a perceptual pattern. It is illustrated in the learning to use a 
protractor to measure an angle and a ruler to measure a line 
segment, or in drawing a geometric figure. 

The next type of learning which occupies a large part of the 
school activities is mental association. This Is the type of learning 
which pves the child his store of number facts, names of algebraic 
terms such as exponent, coefficient, binomial, the names of geo¬ 
metric figures. It includes vocabulary learning. 

"While a student may learn to recognize an exponent, coefficient, 
or median of a triangle, he may not fully comprehend these objects 
of thought. For this purpose he must learn concepts. How concepts 
are learned in mathematics is the topic of an entire later chapter. 
When a child has a mental image of a thing and can relate it to 
other things through definitions, laws of operation, application, or 
generalizations, he does a great deal more than mere identification 
through association. 

A final end product of learning, of concern to mathematics 
teachers, is proilem-solving as illustrated in the example in a pre¬ 
vious section. Here all of the other end products are brought to bear 
in makinghypotheses, judgments, organizing evidence to give solu¬ 
tions, and forming structures of knowledge such as pure mathe¬ 
matics. The chapter in this book on problem-solving is particularly 
concerned with aiding the mathematics classroom teacher to de¬ 
velop this t>’pe of learning on the part of his students. 

It should be noted that while the end products appear quite 
distinct in form, yet their learning has in common the elements in 
the learning diagram. In learning to use a pair of compasses for 
example, there must be motivation, there will be motor movements 
which will not give the desired circle, then a correct use of the band 
and fingers comes forth, finally the learner will try this successful 
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technique until the variabiUty has been reduced to a desired level 
of manipulative skill. 

ANBIAL LEARNING 

ConditioiMg as a theory of learning grew out of laboratoiy 
studies of animal beha^nor. In most of these experiments, the 
animals were restricted or constrained so as to be unable to avoid 
stimuli. The reward or punishment was in most cases the same, 
an electric shock or food, respectively. Since for most animals 
food is a strong incentive, it was easy to condition the animals and 
to have them react in a given manner to a given sign as a stimulus. 
The nniynftl thereafter did w'hat he had been stimulated to do and 
it was said that the animal had learned. 

Cole and Bruce (1) characterized two levels of freedom in ammal 
learrung, (a) when the animal is almost totally rcstrmned in a 
harness and free to move only one or more legs, and (b) when the 
animal is confined in a cage or maze but free to move about within 
it. In the first case the animal learns by responding to a stimulus; 
in the second by selecting from random activity those response 
that lead to satisfaction. In neither case can the animal explain 
why he behaves the way he does. 

On a Hgher level of animal learning, Kohler (9) described how, 
confined in a cage, an ape could piece together two sticks inside 
his cage, and reach outside the cage to scrape food to within reach 
of lus arm. The ape had previous experience with uang a stick as 
a scraper, but not with putting two sticks together. The ape 
learned the latter by accident or by random error, but having 
learned it, he had a flash inright as to its use in getting food. 

Animal trainers use the method of conihtioning in traimng their 
subjects, using a lash and food for punishment and reward. Even 
fleas and worms can be shocked into behaving as we would have 
them behave. The questions for the teacher are: Shall we use the 
techniques of the animal trainer in our classes, imposing the neces¬ 
sary restraints, with accompanying punishment and reward for 
failing or successful responses? Or shall we permit freedom of 
learning experience? Or are both techniques of value depending on 
the time and the nature of the learning.* 

*S«« film “Willy and the Mouse,” 16 mm., 11 miii_ black and white. Teaching 
Films Cutlodians. 25 West 43 Street, New York City, 
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In the foUo^ng description of theories of learning, it will be well 
to recall at all times the limitation of applying animal learning 
theory te the learning of mathematics. Thorndike, and many 
others sinw, in their experiments on animals, conclude that they 
do not learn by reasoning or by social imitation. They learn only 
by phj'sical doing. They do not develop a culture, or transmit their 
culture irom generation io generation. They do not speak, they 
do not use sjTnbols, and they commiinicate only by signs, where 
by sign is meant the stimulus for a fixed response. In contrast, 
mathematics is learned by reasoning, by the use of symbols, and 
by the transmission of cultural patterns. We recognize that the 
learning of infanta by reproof and reward is the same as the con¬ 
ditioning of animals. We also recognize that much that we leam 
in the early stages of mathematics is learned by doing, and to this 
end we should exarmne what conditioning theory has to offer. 

CONDtnONINQ 

To enter into a detmled discussioD of the theory of the various 
schools of psychology is beyond the purpose of this book. The 
interested teacher can obtain this by studying the literature in the 
bibliography appended to this and successive chapters. We shall 
state the main principles and diarscteristics of each of the psy¬ 
chologies and illustrate these with applications to mathematics 
learning. 

Conditioning, with its emphasis on stimulus and response, was 
one of the fir^t psychological theories carried over to human learn¬ 
ing and still either consciously or unconsciously guides the teaching 
patterns in many of our classes. Since we cannot tell the difference, 
by examining the brain and nervous system, between a boy who 
gives a correct response to a problem and one who does not, we 
resort to predicting from observing what each boy does (his re¬ 
sponses) and the situation that brings about his responses (his stim¬ 
uli). Evidently the boy with an inconect response is in a sittmtion 
with unfavorable stimuli, which is different from the rituation or 
stimuli acting on the boy who gives the correct response. K the 
outside situations are the same, then we can predict the inner 
(inside the organism) stimuli are different. ^ 

The fundamental principle of conditioning as given by Guthne 
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(13-23) is; a stimulus patlsm that is acting at the time 
will, if it recurs, tend to produce the same response. Accordi g 
theory ^ve leam only what we do in 

only our reactions, our responses. To brmg about '‘==*"“2 1 , 

teachers, must induce our students to foUow certain 
patterns or behaviors, at the same time that they are coidronteO 
with stimuli. These stimuli become the signals for the roathema 
ical behai-ior, and when this has been done, the signal replaM 
the inducement, that is. the response tends to come forth warn 
the signal thereafter and teaming has taken place. 

Thus the learning of the addition facts, under this theory, can 
be brought about by having children combine groups, for examp e 
placing 3 chairs and 4 chairs in a row. At the same time c 
children are confronted mth the stimulus 3+4 and the respon^ 

7 is given. Thereafter any stimulus pattern similar to ^ ^ 

tend to evoke the same response 7. Thus the child is learning ’wha 
he is doing at any given time. 

We can leam incorrect responses as well as correct ones, and in 
this case it is necessarj' to break dovii the incorrect response. If 
an algebra student says (a + 6)- = a* + h-, we must remedy the 
situation. To do this, conditioiusts use associative inhibition in the 
following manner: present the signal (a + by and along with it a 
stimulus for inhibiting the incorrect response (a teacher's disap¬ 
proval—no, no; or the correct res 3 X)nse, a® + 2a6 + b* are all 
inhibitory stimuli). iVfter sufficient repetition the incorrect re¬ 
sponse will be fo^otten. In this case forgetting is failure to respond 
to a signal and it is due to new associations formed, that is, learning 
to do something else that is more desirable. 


In general, conditioning has as its basis for learning: 

1. The making and breaking of habits, the acquisition of skills. 

2. The respon.«e to a pattern of stimuli is conditioned. We leam 
what we are doing. We leara incorrect responses (errors) as well 
as correct responses. 

3. New responses result from conflict and inhibitorj’ stimuli. 

4. Learning occurs normally in one conditional response. The 
need for repetition in skill learning is that a skill is not simple, but 
it is a large collection of habits. 

5. I>?aming best takes place when a desired response is asso- 
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dated tvith appropriate signs, ge^ures, mathematical sj-mbols, 

nna words that act as stimuli for the desired action. 

G s1!.ce rieam what we do, we must be free to act. Hence 
learning takes place best in a free situation, not m a forced 

harnessed activity. principles how rote learning and 

It is easy to sre J j ? difficult to see how 

fact learning can be brought about It B lame 

these principles aid p„^se the theory takes re- 

SuS to JLutTerror which is explained better under connec- 
tionisra. 

connectionism 

The fundamental °J ^rre^nsrirlade by the 

established between a P^terned through se- 

organism. These bonds to certain laws of effect, exerciK, 

lection (trial and en-or) accorf gto which the 

readiness, and ‘‘“'.I®.'®' , j ,j^ed by its inherited quahties. 

to learn mathematics. . ^ interest lor learning mathe- 

The law of effect has p ^ ^ nr weakened according as 

matics. It says: ri band “ „erct«, and reward upon 

satisJacUon or “nnoyam “ ,-„„ring term'aj. « ^ 

success is the most potent M ^ ^ in those things which are 

we learn, practice, ® riences a pupil has in 

pleasurable. Thus, the nnd should 

should be in to form of praise or ““urag'ment; 

be accompanied by ^e^^a^ „„Tinpctionism some adherents > 

hi. theory S Es'. ”1 io thi, letter eepeel 

isrr".E .s» 

this book. 
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animal experiments, say the initial experience should be 

free to permit a choice of any trial, no matter how blind. Out of this 

experience should come direction of later efforts. When a coirec 

bondhas been established, as for example fl'-o" *= a"*", immediate 

and frequent repetition will strengthen the bond and give greater 
probability of its functioning in a similar educational situation at 
a later time. So we should drill repeatedly on the thousands of 
facts throughout the sequential learning of mathematics. 

The law of exercise sal's: When a connection is made between a 
siluaiion and a response, the strength of the bond is increased; when 
the connection is not made over a period of time ike strength of the 
bond is decreased. Thus in leanung to solve a quadratic equation 
by the use of the formula, the oftener the equation is accompanied 
by the proper use of the formula, the stronger the bond, and in 
later appearances of quadratic equations, the formula is more apt 
to come as a response. Further, the sequence of operations in 
applying the formula—equatbg the function to zero, determin¬ 
ing the coefficients, substituting, simplifiing the result, checking— 
form a belonging sequence, the repetition of which accompanied b}* 
success or other reward promote learning. 

The law of readiness says: When a bond is ready (o act, to act 
gives sali^adion, not to ad gives annoyance. When a bond is not 
ready to ad, and is made to ad, annoyance is caused. Thus to 
attempt to make a child form edition facts or learn the multipli- 
caUon table, when his organism is not ready to act, is to cause 
dislike, and to interfere with later learning of the arithmetic. If 
a child cannot substitute 10 pennies for a dime in a practical 
subtraction of 23 cents minus 15 cents, then he is not ready to do 
subtraction involving borrowing (changing a ten to ten ones) and 
to force him to do the abstraction would interfere rather than aid 
his later learning of the process. 

The law of analysis (amilarity and dissinularity) says: When a 
given response has been connected with many different situations 
which differ in oR respects except one common element, the response 
becomes hound to that dement. In later situations totally different 
from the previous rituarions, the presence of this common element 
will tend to evoke the pven response. This law is closely related 
to trial and error learning or problem-solving. A child is confronted 
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liiree blocks and one Mock put into a single group, and heara 
or gives the response/oun Then two apples and two apples, with 
the same response; then various patterns of four objects of %'arious 
Kinds, all with the same responses. In all cases the situation is 
different except for the fourncss. The law of ahal>'sis saj’s that in 
anj later complex situation the recurrence of foumess wilt evoke 
the response four. This is how a child learns/oar. Thus analysis, 
in the sense used liere, foster* learning. 

Under onal^’si.s, trial and error is not a befuddled, blind chance 
affair. On a given trial wc do not get a desired response so we 
discard the mental path wc used and select another path to our 
goal. IVe do not return to unsuccessful paths (errors). Thus trial 
and error i.s deliberate choice. Each succeeding trial takes less 
time until finally wc solve the problem. A permanent bond is then 
formed between the stimulus and the goal and in later different 
situations in which the stimulus occurs (along with many other 
elements) this goal rc.«ponse mil come forth. Thus the S E, 
fl’ - b’ -• (a - b)(o + b), as a desired learning should be taught 
in manydifferentsituations involving o* - 6’as a common element 
but always with the same response (a - 6)(a + b). Then when the 
right triangle occurs nith li^ iiotenuse r and one side z, the situa¬ 
tion r* — I* should evoke v'fr — x)(r + x) os the remaining side. 

The law of anali-sis indicates that all complex learnings should 
be analyzed into simple elements, and then taught or presented 
in a sound, pedagogical order. If you wish to learn how to add 
a/b to c/d, analyze every step involved—the definition of a frac¬ 
tion, changing a fraction to an equivalent fraction, defining a 
common denominator, finding common denominators, changing 


fractions to common denominators, the rule of adding numerators 
—then drill on the process until it is mastered. This is the way 
much of our matliematiis is to be learned. 

The recent war and the present mobilization are focusing our 
attention on knowledge as a tool, “nie ^al of learning is perform¬ 
ance. To this end we have stressed the learning of facts and skills 
and conncctionism has been theprevmlii^ p^chology. Under this 
theory our wliole program in mathematics has been largely con¬ 
cerned in getting students (o do their operations quickly and ac- 
• curately whenever they occur. Problem-solving m mathematics is 
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reduced to a method of steps to be followed in a belonpng 
sequence, from step one (read the problem) to step n (check in 
the original problem) which, if mastered, will automatically lead 
to the solution of the problem. Drill is the keynote to achievement. 
If the multiplicity of facts and skills becomes so great that it 
finally ovenvhelms the learner, he has reached the limit of his 
inherited capacity. ^Vith sufficient capacity one can leam all the 
mathematics as a set of sequentially ordered and related facts. 



The following geometrical original may be used to illustrate how 
connectionism leads to a solution. In the triangle shown, AA' 
and CC' are medians. (These are stimuli which evoke the response 
A! and C' are mid-points of the sides.) A A' and CC' meet at G. 
(This evokes the response that AG is "^^A A' or GA' is ^/iAA'.) B* 
is the mid-point of AC. A'B’ meets CC' at R. TOat part of A ABC 
is the AA'CJ?? 

The student begins his goal-seeking by trial and error: A A'Ci? 
isapartof A(?A'C which intumisapartof AAA'C. But aAA'C 
is H of aABC. (This is a transfer of an identical element in 
many previous problems in geometry.) What relation has A CA'C 
to AA A'C? Here the response A'G is A A' may be forthcoming 
(and if it is not, the student may be given a cue that suggests 
this previous learning). Then AA'GC is H of A A A'C and thus 
it is H of AABC. (The student evokes the conditional response 
H of H is H.) Now how can 1 find what part A A'GB is of aCA'C? 
Since vertex A' is common, he thinks of bases GR and CC. This 
evokes drawing an altitude from A*, but this seems to complicate 
the figure and this trial is rejected. Finally the student says, “I 
can’t find any relation.” The relation of GR to GC and RC does 
not come forth because he has never had this response in his past 
learning. The goal is at his door but he fails to make the connec¬ 
tion. 
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V^lmt usually happens is the abandonment of tius procedure 
and a fearch for another way. He says, AAC'O is also HA^ABG. 
Arc A/I (7/? and A/iC'f? related?/17f'is parallel to AB. (The past 
learning of a line joining tlie mid-points of two sides of a triangle 
evokes this response.) Immediately the pattern of similar triangles 
AC'G and GRA' is recalled since tljis is a very common learning. 
Similar triangles can bring forth many responses but the common 
clement here is area and this recalls the fact that areas of similar 
triangles are in proportion to the square of their corresponding 
sides. Side GA corresponds to GA' and their ratio is 2 to 1 . Squares 
bring forth 4 to 1. Then A'GR is J^AAC'G which is ^AABC*. 
The numbers of finally give ><4 as the solution. Under con- 
ncctionism, the answer >^4 would be given at the beginning of the 
problem, and it is the path from the gix’en to the conclusion that 
is sought, not the discovery of the relation |<? 4 . 

Of course, in the above, other unsuccessful trials may have been 
made and then discarded, until (he path to the goal is made. The 
student then repeats his solution several times, each attempt tak> 
ing less time until he has made the solution readily available for 
further use in future learning situations. 

The reader, no doubt, can supply man)' similar examples from 
aritlimetic, algebra, trigonometr)', or mathematical anal)’sis. The 
principal characteristics of this theory of learning are; 

1. Thinking back to similar ritoations to find a particular re¬ 
sponse that worked previously; the transfer of identical elements. 

2. Trial and error, discarding unsuccessful paths (responses); 
avoiding wrong responses. 

3. Each complex situation is to be broken up into a series of 
.simple elements arranged in a sequential order. Each simple ele¬ 
ment is mastered separately. The seriated set of mastered ele¬ 
ments make up the whole. 

4. After the whole solution is obtained, repeat and dnll until 
the solution is sufficiently strengthened (conditioned) for later re- 


5. Reward successful learning of desired goals. 

It should not be assumed from the foregoing discussion that 
connectionism was not concerned wth organized sj-stems of re¬ 
lated knowledge. Quite the contrary, Thorndike consistently m- 



IS 


THE LEARNING OP MATHEMATICS 


sisted on organization and interrelatedness in learning. He said: 

“Arithmetic consists not of isolated, unrelated facts, but of parts 
of a total system, each part of which may help to knowledge of 
other parts, if it is learned properly- Time spent in ■understand¬ 

ing fads and thinking about them is almost saved doubly” (17).^ 
“Knomng should be not a multitude of isolated connections, 
but well ordered groups of connections, related to each other in 
useful ways ... a well ordered system whose inner relationships 
correspond to those of the real w'orld ..(18). 

“Every bond formed should be formed with due consideration 
of every other bond that has been or will be formed; every ability 
should be practiced in the most effective possible relations with 
other abilities” (19). 

If connectionism is held to be not adequate, it is not for its 
objectives, but in its means used to secure the objectives. Through 
its emphasis on the detailed analyses of every mathematical proc¬ 
ess into a large number of serially related bonds to be practiced, 
the ultimate outcome of fundamental concepts, generalizations, 
and organizations frequently failed to materialize. “The forest 
could not be seen because of the trees.” Recently psychologists 
are developing a more adequate explanation of learning through 
which understantUng and w'ell-organized patterns of knowledge 
come to the fore. The results of their study are now considered. 

FIELD THEORIES 

A major desired outcome of school education is an ability to 
solve problems. We are determined that this ability will be per¬ 
manent and grow stronger. While we learn many facts and skills, 
it is the developing of the process by which they were learned 
that is as important as the material learned, for it is this procedure 
that will enable us to “go learning/* to solve new problems. The 
goal is thus to learn how to learn. 

It is in this aspect that field theories differ most from other 
theories of learning. In condirioning, the ceiling of learning is dic¬ 
tated by the inherited capacities of the organism. la gestalt the¬ 
ory, the inherited capadty is increased (modified) within limits 
by trmning. There is a body of mathematical knowledge that, 
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regardless ot the capacity ofthe 

rrithout appropnatc prior learning abiUty rises, 

encc. men this experience » ; ®rease the in- 

Thus experiencing and \ocabulary S become im- 

• herited capacity of the otE-msm to and 
portant elements ”! *'’=understanding the situa- 
Expcricncing a situation M „y,er than a detailed study 

tion calls for a study of the jt u only as the rela- 

of the individual elemen s o ^ solution of a problern 

tion of a part to the ndiole is „f the fundamental 

can emerge that mil be ' yrr to whok siluatvm ^ 

principles of field thMry: Almy‘ ^,^^t a sitnabon 

respondfnj. It is not how ^^^i^e^tellment buying) but how 
(a geometric original or ^«bl ^^tween ‘he 

much rektednm in a t e ^ median is not only 

and the whole ot a a triangle, but of every Ime seg- 

a bisector ot the «PP“^, fto 
ment in the triangle parallel to uns 



covered shape into 



2Q THE LEARNING OF MATHEMATICS 

problem is solved. The foHorving diagrams illustrate these two 
points of vieu*. 



Nctsberof tnAiS Ntrnber el laiJj'XS 

EXAMPLES 

A study of two problems may aid in clarifjTng the concept of 
total configuration and insight. Consider the geometrj' original 
given on page 16. The problem is, “What relation has the area 
of AGA'R to the whole AABC?” A gestaltbt would not give the 
answer Ha, but expect the student to discover it. According to 




gestalt, the first emphasis is to be on the whole figure, and its 
related parts. We are to study the relationship of the whole to its 
parts, and of the parts to the whole. Looking at the figure this 
way, we draw the remaining median BB' and note: 

aagb = AAGC = ABGC = HAABC 
AB'GA' aAGB (They look similar, and A'B' | AB) 
AB’GA' = \iAAGB « yi^t^ABC 
AGRA’ « aGRB’ = yiAGA’B’ = HaAABG. 

As soon as the pattern aGKA' = yiAAGB « Ha A ABC 
emerges (or a amilar pattern), insight has occurred. 
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Another approach is to draw all the medians and then analyze 
the figure. In this case the parts are in closer relation (in a nar¬ 
rower field) than in the above figure, and almost by flash you see 
AA’B'C « d^A'GR = yH^A'B'C. 

It is also significant that the latter figure has nithin it elements 
of a new learning situatliaj, wWch ^vas not apparent in the other 
figures. Real creativeness lies not so much in the solution to a 
problem, as it does in the significant new problems that emerge 
out of a solution. This is in part the element of gen^alizalxon 
wluch gestalt psi'chologists hold essential for permanency of learn¬ 
ing and transference to new situations. In the figure, the relation¬ 
ships evolved suggest drawing Sil, ST, TR, and continuing on in 
this manner. Then A6^1 FI? has the same relationship to AA'B'C 
as AGRA' had to A ARC. This immediately suggests two infinite 
series of areas, I, ffe, 1-^4, • • • and He, ■ • • • 

This aspect of discov^^y and extension by generalization is a ma;or 
aspect of configurational learning. 

Finding the rate of interest charged on an installment loan illus¬ 
trates several of the types of learning. Consider the problem: A 
television set can be bought for $300 cash, or for $60 do^'ra and 6 
monthly payments of $45. What is the approximate rate of interest 
paid on the installment loan? At times a formula is given and the 
students substitute. They are conditioned to do this by the recall 
of the formula, say 


2/7 


2(J2)(30) ^ 
* 240(0 + 1) ‘ 


42.86%, 


“ P(n + 1) ' 

and the knowledge of what each letter represents. They substitute 
numerical quantities, carrj’ out the operations and gi\'e the result. 
Thus the desired end response of learning (a formula) is giien with 
certain stimuli and the association is made. It is then practiced 
in sufficiently different situations to secure its desired strength. 

Those who believe in conditioning would analyze the problem 
into its separate parts and arrange tliem in a belonging sequence, 
perhaps (a) finding the total installment price, (b) finding the cost 
of the installment plan, (c) finding the amount horroiyod, d) find- 
ing tlie size of each monthly principal paj-raent, (e) finding the 
total time of the loan, (f) finding the interest rate. Each of these 
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element would bo practiced reparatcly until knowTi, nnd then m 
the orfee given uniil known. A etodent who hod rm='''y ™ 

would moke the proper eeries of relot^ '‘‘."’f n.'ijr^followa: (») 
end get the answer. His oettons would probably be « follow^. U 
M + 6 X 45 = S.330, the total cost; (b) S-ISO - $300 - $30, tne 
cost Of the plan; (c) $300 - $G0 - $240 C 

y)?i2 „ $40, each principal payment ;(e) J 2 

= IJi years, the time of the loan; (0 30 - 40 X f X ^ or « 
42.80%, the interest rate. 

In field theory, the words configuration or . 

constantly used. For this reason, the psychology using field t ico 
is referred to ns galall. A configuration is a pattern of a 
elements entering into the perceptual field of the learner. It 
elements of the field are reorganiied, a new pattern or contigu - 
tion is formed. While the elements may be abstraet, it was ir^ 
quently found helpful to represent the configuration by a 
rio form, in which each of the geometric elements sj-rnboliaea an 
element of the field, and the positions of the geometric elemen 
indicate the relationships of the field elements to each other an 
to the total situation. More generally, however, a gratalt is to 
considered the total situation with which the learner is confronted. 

The field theorist would try at the start to bring all the elemen^ 
of the problem together. He wo\ild not hesitate to use a geometric 
drawing to aid the mental organization of the elements. The fo * 
lowing figure (derived with the help of the students) is the initia 
* step. (Several other configurations are possible.) 


isstkllarat Fiice 
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A Study of the diagram alloAvs a simpler rephrasing of the prob¬ 
lem. If $30 IS paid on a ioan of $40 for 21 months, what is the 
interest rate? A student may now recall the simple interest for- 
mu a and solve the problem. Having done this problem, and sev¬ 
eral like it, he would then generalize (pattern, structure, organize) 
Ins solution and obtain as the end result, the formula. The for¬ 
mula is the result of his learning, not the starting point. 



FURTHER ASPECTS OP HELU THEORY 

When a field theorist says “The whole is greater than the sum 
of the parts,” he is not referring to the physical characteristics of 
a situation, but (he concepts and relationships involved. One can 
learn (a) a median is ... (b) a line joining the mid-point of two 
sides of a triangle i.s... (c) a parallelogram is... (d) diagonals of 
a parallelogram... as four relationships. Now put them together 
in a whole and we abo Iiave (e) medians meet two-lliirds.... Thus 
any wliole learning has within it concepts and potentialities for 
further learning that are greater than the sum of each of the ele¬ 
ments that make up the whole. 

Further, it is eas}' to recognize that if learning is to be e.xtendcd, 
each whole is only a part of a greater whole. By total configuration, 
then, is meant all the elements that come \rithin llic perception 
of a given situation. Learning is the integration and reorganiza¬ 
tion of the elements of a given situation into a mental pattern. 
When the pattern is finally organized, it is done swiftly, in a flash. 
The rest is a matter of progressive clarification or smoothing the 
performance, which is thc/nnction of drill or jiraclicc. 

In summary, the various studies in field psychology explain 
learning by the following characteristics; 

1. Initial learning come from c.xpcrience (physical and mental 
experiments), constructive methods, not from definitions. It Is (he 
dynamic aspects of events that aid learning. Whatever is to be 
learned must have its roots in some challenpng, proWem-prcfent- 
ing atuation. 
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2. All parts related to the learning situation must ^ brought 
into focus to see the problem as a whole. Scattered elemen 

isolated details prevent insight. _ , . i,„t„ 

3. The analysis and obtaining of relations of parts to wnole 

whole to parts, the recalling of past patterns of 
blending of the given elements permit the restructuring o 
elements into a new pattern, men this occurs the student h^ 
insight. It is here that abstractions and generalizations come to 
the fore. It is the analysis and insight that give meaning to anth- 
metic, algebra and geometry. Lack of variety of previous experi¬ 
ence, and over-preoccupation with fixation of specific habits, op 
erate to prevent insight. ^ 

4. After insight, the student practices the solution to smooth 
and clarify the new learning (structure). The more sharpened and 
systematized the knowledge is, the less chance is there for for- 


getting. 

5. A whole (configuration) is always a part of a greater whoie. 
The relationships in one configuration (e.g. congruent triangles) 
appear and are generalized In later configurations (e.g. similar tri¬ 
angles). The relationship of relations is organized into a structure 
of knowledge through analysis, synthesis, and deductive logic. A 
system of knowledge must be built. We draw from the system 
(and not from a multiplicity of isolated facts) for further learning- 
Thus project learning and systematic courses are not contradic¬ 
tory but of a different level of maturity in the learning process. 


SOME EXAMPLES OF MATHEMATICS LEARNING 

There are several methods of teaching the multiplication facts. 
One common procedure is to present the facts, simpler facts first, 
and drill on responses until they are automatic and correct. Thus 
the learner is conditioned, or makes the connection-stimulus 6X9 
-—response 54. Then the pupil is taught how to apply this to solv¬ 
ing problems. He goes from pven specific facts to experience. An¬ 
other procedure less common is to have pupils build their oum 
facts out of experience, and then organize them into' related tables. 
W’hich of these is the best learning procedure? 
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Consider the table shown of 5 numbers only, and call it a mul¬ 
tiplication table. Make flash cards to show the items to be mas¬ 
tered : e.g., 2X3«1,3X2-1;4X3=2, etc. Now drill. The 
reader can assure himself that this tabic of multiplication facts 
can be learned in five minutes. With appropriate drill of five min¬ 
utes each day for a week it can be made /airly permanent. With 
continued drill at spaced intervals over a year it can become as 
permanent as "liickory, dickorj’, dock.” But what does it mean? 
To most elementary-school teachers, and to many readers, the 
answer Is, “Nothing.” It is merely an association of meaningless 
responses to given stimuli, which can be learned. 

I : • * 



Now consider the dial and its control, as shoira in the figure. 
Each time the button 1 is pressed the dial moves one space, cloek- 
ivise. It is easy to see that 2 times 1 is 2,3 times 1 is 3, and4 times 
1 is 4. If the button 2 is pressed, the dial moves through 2 spaces, 
clockwse. Thus 2 X 1 « 2; two of 2 spaces is 4, and tbr^ 
moves of 2 spaces places the dial at 1 and hence we say 3x2 = 1. 
Similarly, 4 X 2 = 3. If the button 3 is pressed 3 times, the dial 
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makes 3 moves, each through 3 spaces and ends at the mark 4. 

"Tom ms “x^rience it is easy to build up the table and esUb; 
lish meaning for it. If we are to use the table of dial mull'P"' 
tion efficiently, we had better practice the table to mate th 
suits automatic. But we can interpret any result >" tbo tub e 
readily. The use of the dial to establish the table and then apply 
is the less common way of teaching the usual multiplication facU 
in school, but it would appear to be a more satisfactory, neea- 

mung method than specific conditioning. ^ • UnP 

Luchins performed an experiment in solving originals m p 
geometry. His subjects were high-school, tenth-grade students. 
The students were drilled on proving lines and angles 
using corresponding parts of congruent triangles. They de\e open 



a set or were conditioned so that equal angles evoked the response 
parts of congruent triangles. This response acted as a stimulus to 
get sufficient parts of the triangle equal, to establish congruence 
then the final response, corresponding parts of congruent triangles 
are equal. A series of orig^als on pro\'ing angles equal was given 
to the class after the above learning. In the set, the following 
original occurred: In isosceles triangle ABC, the bisectors of the 
ba.'ie angles, AD and BE, meet at F. Prove Z AFE — Z DFB. 
strong was the conditioning that all but one of the students proved 
the triangles AFE and BFD were congruent in order to arrive at 
the equality of the angles, whereas the solution should have been 
apparent at once by the use of vertical angles. A mind-set proce¬ 
dure (conditioning, transfer of identical elements) was a hindrance 
to learning. 

The iollowing sequence of problems was presented to a large 
group of teachers of mathematics, all with the same result. 
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and the answer Riven was ft - -j , *• . 
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A geometric original that has caused much trouble for high- 
school teachers as well as their students is the follow'ing one/ 
the figure 5 ho\\'n we start with right triangle RSC and bisect the 
exterior angles at R and tS. These bisectors meet at A. From ^ 
we draw perpendiculars to the sides RC and A D forming rectangle 
ABCD. Is it a square? 

To prove the figure a square wc must prove two adjacent sides 
equal. At once congruent right triangles is the response. An at¬ 
tempt is made to get angles equal through the use of complemen¬ 
tary angles and angle sums. This fails. Even the relationship that 
X is not necessarily equal to y in thi^ general configuration fails 
to bring out the response, “try something else.” Despite the fail¬ 
ure, the students continue to return to the unsuccessful path of 
obtaimng congruent triangles. They fail to use the relationship of 
the given parts to the whole configuration. An approach that 
studira the w'hole configuration sa>’s “What is the pattern of angle 
bisectors?” Tlus would suggest perpendiculars AB and AT for 
bisector AR, and perpen^culars AT and AD for bisector AS, 
and immediately insight is obtained, AB « AD. It is only in 
rejecting unsuccessful paths that trial and error can lead to a solu¬ 
tion. It is in the relation of the whole configuration to its parts 
that an insightful solution emei^es. 

When we see an immediate relation between a given condition 
and a desired goal, that is, when the recall is forthcoming by 
simple association because of the simplicity of the problem, con¬ 
ditioning seems to be a good explanation for learning. When, how¬ 
ever, the situation is complex, and we cannot see the path to the 
solution, the use of seriated bonds, the study of chain r^ponses 
through a study of the parts of the situation seem to have much 
les-s value than a field approach of studjnng the whole problem 

• I am indebted to Mias Barbara Betts of Boston for this example. 
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ami making an analysis of the relationship of the parte to the 
"hole, parts to parts, and whole to parts. 

It is in the study of eromples of learning and the various the¬ 
ories atout learning that a teacher can gain a philosophy regarding 
a psychology that will work for him in his classroom activity. In 
the rest of this chapter we shall try to seek some common prin¬ 
ciples of learning that arc concrete and acceptable for classroom 
management. 


AREAS OF AGREEMENT 

Alost of US, with a little introspection (and perhaps some ration- 
ahtation) can recait experfencing most of the elements in all these 
psychologies of learning and the examples cited. In solving a geo¬ 
metric original, how frequently we stabbed at one route, then 
another, meeting block after block, coming back to the facts we 
started uith, stopping and resting, and then going on until sud¬ 
denly the solution appeared. Was it trial and error, or progressive 
clarification? Did wc take separate steps in a sequential order or 
did we analyse the relationships of the parts of the figure to the 
whole configuration? Was there “insight” as the configuration be¬ 
came clear? Did each step we took pul us in a frame of reference 
that made us take the ne.xt step? Perhaps all of these to some 
e.xtent. 

If you offer a mechanical puzzle to a class of students and they 
are not too homogeneous, you can observe a hierarchy of learning 
situations. Some students will merely shake, puli, and shove the 
puzzle by almost blind trial and error (no thinking) and by sheer 
accident they may solve the puzzle. Asked to try again they do 
the same stunt for hours and do not solve it. Others will attempt 
a deliberated trial and error procedure, remembering false leads 
and avoiding them in subsequent trials. Eventually a series of 
selected trials (belonging sequence) gives the sofution, and tbea 
repetition of the successful sequence insures permanency of the 
solution. Still others will study the whole mechanism and the re¬ 
lationship of the parts to each other and the whole puzzle before 
any attempt at solution. They will try a certain movement, not 
necessarily to reject this movement if it docs not succeed in solving 
the puzzle, but to see how it is related to other parts. After study, 
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experience and trial with errors, the solution is obtained as an 
organized pattern. There is little need to practice each operation, 
but there is need to have the whole nuzzle pattern claritied ano 

The classroom teacher is desirous of having at his command a 
fundamental set of acceptable principles of learning upon whic 
to organize his teaching so that the best possible learning a 'es 
place. At first glance the several interpretations of learning seem 
so different and in some respects contradictory, that confusion 
seems the outcome. But on further consideration, the teacher wi 
find certain elements in each of the theories that appear to e 
important to him, and many other elements common to all t e 
theories. AVe can derive from all the psychologies a theory of learn¬ 
ing that is effective for ourselves and modify it as we our^lves 
learn more. The following elements may ser\’e as a foundation of 
an effective theory of leaming- 

1. There must be a goal on the part of the student to learn. 
The learner must be aware of this goal. Thus a teacher must not 
only know why a student should learn to solve a quadratic equa¬ 
tion, but he must know how to transform this why into a recog¬ 
nized goal on the student's part. Motivation conditions the quality 
of the learning. A pupil Mill stop counting and learn addition facts 
when counting becomes inadequate for him and he desires a more 
efficient method. 

2. All cognitive learning involves association. The situation- 
response may be simple or complex, it may be patterned, but it 
is an important aspect of learning. When we see a* we expect the 
response am-a. Even a relationship of one element to another 
is a form of association. The situation, similar triangles, is expected 
to bring forth the response—^proportional sides and equal angles. 

3. We recognize trial and error or analysis in most learning- 
If it is blind groping, then the learning situation is bad and the 
learner is verj' immature. If the trial and error is deliberate, then 
it can be better called approximation and correction, or analysis of 
relations, M'hich continues until insight occurs. The learner should 
not be alloTived to flounder. He should be guided in his experimen¬ 
tation and activity toward the final goal. 

4. Learning is complete to the extent to which the relation- 
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ships and their implications have been understood. These rela¬ 
tionships sometimes are learned on an initial trial, especially if at¬ 
tend^ by an emotional response, hlore usually, practice is needed, 
that is, more study of the situation. This may be accompanied in 
some situations by studying the related set of responses, and in 
others by analyzing the whole situation. The more simple the pat¬ 
tern to be evolved, the less analysis is needed. 

5. The learner must be in action, mentally and/or physically. 
In conditioning, the learner learns what he is doing. In connec- 
tionism, the learner must react correctly to a mathematical stim¬ 
ulus. In field psychology the learner experiments and organizes a 
pattern. It may or may not be a correct pattern of knowled^. 
Unless the learner is active mentally and physically, and Ms ac¬ 
tions lead to success, lie is not learning. 

6. Intrinsic reward of success and awareness of progress to¬ 
ward a goal strengthens the learning and the motivation for fur¬ 
ther learning. Punishment is a deterrent rather than an aid to 
learning. Praise a successful response. Encourage students to make 
a new and difierent response when their first response is incorrect. 
With success, students raise their level of aspiration as well as 
their ability to solve new situations. 

7. Discrimination of attributes (abstraction) and generah’za- 
tion are essential to effective learning. Thus all learning situations 
should be of the type where a relationship can be abstracted and 
a process can be generah'zed. This is only possible if the situation 
is meaningful. 

8. New learning is in part a matter of transference of past 
learning. The degree to which this takes place depends on the 
degree of similarity of the new riluation to the original learning 
situation, the learner’s ability to analyze relationsMps, and the 
amount of varied experience in previous learning. 

9. We learn facts and skills and we also learn how to leam. 
Our learning situations might well be changed from “topics” such 
as factoring, parallel lines, law of sines, and similar things, to prob¬ 
lem situations involving the material to be learned. 

10. We also leam feelings (altitudes). From unsuccessful expen- 
ences we learn to dislike mathematics and to shun the ^bject. We 
aUo leam to dislike teachers of subjects in which we have unfor- 
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subject matter. 

ISTHOSPECnON AS A OHIBE TO LEARNING ^ ^ 

The task of our secondary schools is to establish _ 

minds of our students the fundamentel bases for P>-°du‘: ’ 
ing. -Unless iie have left our students m a ,e Jmng 

solve new problems-where they can go on with the 1 ™ 8 
independent of the teaeher-we have ,op 

our mathematics instruction. The work of the teacher is to develop 

How%e Icam has been of interest to others tore have 

gists. From the time of Plato, philosophers and 
attempted to explain how we think. They have ^ttcmp 
explanation through an introspection of how they themselves 
how others have come to know whatever they do know, an 
act however they behave. While this may appear to be “ 
tific approach, yet the results of the thinking of these plulosopne 
have had wide influence in establishing learning procedure. 

Most famous of modem interpretations is John Deweys 
We Think (3) written in 1910. Dewey’s interpretation of a com¬ 
plete act of thought (the solution of a problem) consists of y 
major phases: 'pr6blem--pr€9enting situations, analysis, hypoth^^s, 
deduction, verification. Each of these areas can be related bac 
some one or several of the p^chological aspects of learning, an 
to do this can aid us as teachers in establishing our credo o 
learning. 

A problem-presenting situation, or dissatisfaction, occurs 
an individual is in a situation in which he is confused, or in wnic 
his pre\’ious knowledge does not g^ve him satisfaction; he is n 
adjusted*. The individual’s previous ways of acting in a situati«^ 
are inadequate. A student in setting up a problem obtains a qu^- 
ratic equation which he does not know how to solve since his 
previous experience has been only with linear equations. He does 
not know what to do. He may exi>eriment or flounder about, bu 
he is dissatisfied and unhappy. We recognize here the concept o 
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felt need, and of Boal-seeking behavior, since no past learning ex¬ 
ists to give immediate satisfaction. We also reco^ue that leMmng 
begins in a concrete problematic situation in which the answer is 

desired by, but unknown to, the individual. 

A dissatisfaction causes the student to make a 

no rational roots may do this. student. 

The analjnis is o" issatistaction. He discovers why 

of the situation m which th satisfaction, 

he is dissatisfied and clarjhes the goal that wouiu gi 

He reeognizes or f,P„^‘^SuS te 

the quadratic y’ - 3y + « ^ „It jujt couldn’t 

was in a state of perplexi J j„ c),e radical sign should be 

be,” so she said, "tor the number 

positive.” But it wasn ‘,P“*. ®’“thomatics of creating negative 

Investigating past experienceMn ^ or diag- 

numbera and ‘"'“f'""'', “ ii„ stated the problem: “I shall have 
nosis of the situation, she 6"“ j [t meaningful as an 

to find an interpretation for V 

answer.” . i:f,|g jg said about the awareness 

In some theories ® the existence of a problem, 

of the problem. Most ,„is js used not only in the so u- 

Thus Dewey ban showm t the difficulty, 

tion of the prob em, goal. Unless the learner ran de¬ 
in the clarification of ®uverbalired expr<®ion, he vnll 

tect his goal as a ^ themaUcs. Thus a student meetmg 

nuadmUc JqSJn foj_ t<S\t'™^°of thTfquatiou when 

promising leads, tentative nypo 
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trial and error, mal^E 

a hypothesis is making a trial. ItecalU g ^ 

equations, a student may try pu “B ® jj equation 

quadratic equation, and the constant on he other U the 

?hent new res^nse is made. If the learner is ac ive “d PU^“ 

Ill he ly gXck and make a ^diagnosis t^fle«^ 

between the two types of quadratic equations. In fo^ 

eses, the learner may need the help of cues to , the 

patterns of learning that will hdp. It may sugg ^ ^ 
equation can be written m the form i . t ■ „ the left- 
student asked to focus attention, for time in 

hand member (this is not to ignore the nght-lmnd ^ 

what situations has he seen such expression before? Ih^ 
recaU the factoring of a trinomial mto two hnrar fa'^irs. M 
a recaU of identical elemente Geamed patterns) and 
tt the response x- - 4 t + 3 = (x - 3)(x - T^if 
suggests t^o linear equations. "What is the relation m the 
form (x - 3)(x - 1) = 0 between the lefVhand 
the light-hand member? Another hypothec (or trial) is, 
each factor be zero.” Tins hypothesis ^ves x =* 3 or x » » 

either answer satisfies. The student has broken the blocK 
reached Ms goal. 'Note the importance of the recall of sinular pa 
terns (association). In framing hypotheses, an important 
is, “What have I learned before that can be of help in solving 
new situation?” Students should be imbued Viith tMs question. 

The whole process of framing and testing hypotheses ^ 
satisfactory route to the goal has been reached is the heart of ® 
learning process. It is the most difficult part, and if a student is 
not successful after a few trials, he may deem the problem 
difficult to solve. Many of the readers can recall “^ving up i® 
their oi^Ti learning, and allowing the problem to rest until more 
elementary forms were mastered, or until a further diagnosis o 
the problem could be made. A situation can be too difficult to be 
mastered, or the student may be too immature (not ready) f°^ 
the task. It is important to note that the student must not 1^ 
told how to solve the equation. He must be guided to make his 
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oMm analyses, his own hypotheses, his own trials, and arrive at 
his own final solution. The more he does this, the better learner 
he will become. We recognize in this much of the field psychology 
point of view on learning. . . ,, . . , , . 

The fourth element in Dewey's analysis of learning is deduction. 
By this is meant the organization of the solution of the problem 
into a logical frame of reference. To Dewey, this was the most 
important phase of the learning process, and most of his book, 
Hoto We Think (3). is concerned with logical organization. He says, 
“Information ... is not merely amassed and then left in a heap; 
it is classified and sub-divided so as to be available as it is needed” 
(n 411 And further, “Only deduction brings out and emphasizes 
consecutive relationships, and only when reInffonzMps are held in 
view docs learning become more than a miscellaneous scrap-bag" 

'’’bnre insight has occurred, and the ^al hw been reached, it is 
seldl the case that the whole ^ttem is so clear and distinct that 
“ tTbe recalled when needed in later learning. The organization 
ofTho pattern into a logical cons rue I, after insight liy occurred, 
»n come about in several ways, (a) by going over and then gen. 
“S the particular solution, (b) by taking many simlar exam- 
P C Tnd abstracUng the common elements of solution, (c) by 
a louical chain of known theorems to the new result, and 
Mi bv a rtfrfure of these methods. The essence is this-ihc loam. 

drill of many mom they recur the™^/,f 

Tle“Sn ^recn above, Dewey insists on a logical deduction 
Sd ^!Xlogy sa>w that it m a "-oaningful acali* 
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tion to zero I factor the one memto, the product ^ 
is zero only if at least one factor « zero. “ 

tom to zero I have transformed the quadratic into t"® 
iroow how to solve thero. the 

quadratic eqilation has two roots. It IS only ftroug - 

ful organization that he can avoid such emre q 8 
factor of (X - 2)(i - 3) = 6 to the from the 

entirely outside of the logical organization obtained 

problem was a fortunate accident, and not a gene p 
solution. Suppose a student is confronted with a numbe ^ q 
ratic equations of the form i’ - = 0. He writes x 

takes square roots of both sides being very cars™ “ uro 
positive and negative roots. Then he Bcueralizes: Keep 
side, get the other terms on the other side, take the sq ^ 
of the latter side. This works until he is coidronted with J = 

+ 16. Then he is lost. The generalization did not really so 
problem. This suggests that for the most part ““ “P . 
learning situations to avoid particular solutions ngW iro 
start. The problem should lead to a generaliaation that ^ 
greatest number of possible applications if it is to be of v ue 
new learnings. 

The fifth step of reBective thinking is verification, precising, 
and observation- If the learning has been accomplished, it 
to be used in new experiences. C. I. Lewis (10) expressed 
nicely when he said, “Knowing bepns and ends in expenent^, 
it does not end in the experience in which it be^ns.” It is 
application of what we have learned to new experiences that lea 
to creative learning. This is an important aim of mathematic 
teaching, but an aspect of learning al^ut which most psj'chologis 
have little to offer. But if we have learned how to learn throug 
the steps one to four, it would appear that this fifth step is to a 
large extent the reapplication of these four steps in a new problem 
with special attention to the use of the material learned. 

The person who has learned and organized the general solution 
of a quadratic equation can now extend it in the new situation 
x* + bi* + c = 0, or more generally, -r fri" + c = 0. This is 
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CBEATIVE LEABOTNa 

ItiseseBtialto notethBUhetopralor^^^^ developmg 

jf knowledge is the final ^ necessary to note that the 

j basis for future learfflug- do not necessarily occur 

Jteps in Dewey’s “■“P'''f^‘°'d fo^: nor are they nearly 

in the order one, ^’O, ‘V^ i ’ijon of thinking is a final struc- 

complete learning. Dewey JV , a complete an 

tured explanation of what g«s cm 

must not be 0 ^^ problem he finds further 

Perhaps after he has f jbe problem, and when hj-pothe- 

diagnosis helps further ctof^_ P^^^ „5bape the prob- 
ses fail, one after the other, he ^ structure of the 
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tion. Surely Demy must Iiave gone through some such procedure 
in arriving at his final structure of the learning ’ 

Regardless of how problems of world affairs ^ 

today to most people they seem more complex and luore 
than ever There are at least two widely separated theories on 
tTouldLave. The one is to hold or to return to a^epted nd 
proved behaviors those that have stood the test of ^ 
case our problem Is not to unravel a new pattern of >‘™g, 
resolve new conditions to old patterns. The other theory is that a 
changing culture (new conditions) deman^ a new pattern o 
ing. We are now in one of the ever emerging stages of malad] 
ment. We must therefore diagnose and clarify our problem, a 
make hypotheses. We must experiment, generalize, and deduc 
solutions; we must verify and “precise” our learning. » e mus 
inventive and creative, whether it be in mathematics, socia 
studies, government, physics, or art. We must seek solutions m 
take responsibility for whatever action our solutions initiate, i 
is the scientific attitude. This is the way to new knowledge, tn 
key is learning how to learn. ^ . , 

Jacques Hadamard (5) in Ws Psychology of Invention tn 
Malhematical Field attempted to analyze creative thinking. As e 


saw it, it comprised four stages. 

The first three steps of Dewey’s analysis may be taken as wC 
first or the preparation stage of creative thinldng (step five).^o 
create w’e must first solve many problems within the field. '^6 
must leam facts, sldlls, altitudes, habits, relationships, and be 
thoroughly versed in the mathematics. Then a new and unsolved 
problem may arise in the field. For example, a student may be 
asked to create a method of drawing a graph of a quadratic func¬ 
tion for complex values of the ailment which make the fimction 
real. It has never been solved so far as the learner is aware. He 
brings to bear all the past learning and procedures of learning, 
yet fruitful hypotheses are not forthcoming. To aid the fetudent in 
this is the function of our teaching. 

It is then suggested that for the time being the problem be 
allowed to rest from consdous attack. This can be looked upon as 
the latter part of Dewey’s step three, and is called the incubation 
stage. Here the subconscious or unconscious, of which we know 
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ri.TtL:ri«r.c’:S. Vd -.-.>• so^thin^ goes on in 

the unconscious. Hon- <’'' I'™"i„ „)! fields of knowledge 

By introspection, manj, mn J (requently unannounced, 

agree that there comes a certain !*“■>• ,, „.e dose oil 

maybe as we arc relaxed bo'”' we ^ apparently without 
in i chair, or on the b'* ” occurs. This 

effort, insight or on'orpnee of ' ; f„m the subcon- 

is called the . 71 uminohoas ge. whenJhe^ 

soious to the oonscious all of Dewey’s step 

ordcrerl total configuration. It is 

four. , • • ut flip discoverer immediately precises 

Having acliievcd * A^^eiops it into a neatly organized, 

or sharpens his solution. «'in the larger organi- 
logical, deduced P“‘!'7’P'”'"L it f verified and tested M a 
eation of mathematical k"” to knowledge. This is called 

new learning, as a to Dewey’s steps four and 

the verifimliorv stage. It 1® ” .f„ and rmy^t w 

five. Thus. I’-Pf‘-''oa „^terpart m both the 

as stages in creative traPk'"^ „_iaagtioDs of learning, 
philosophic and PS>’*oto^'fP^s of creative thinking that 

i„g from the seeurmg of necessaiJ 
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lack of creative learning may be traced to our lack of teaching so 
as to have students leam by problem-soUnnB. 

THE ELEMENTS IN LEARNING—SUMMARY 
How we leam is described in part by phs-sical processes by 
psychological aspects of behavior, and by plnlosophicai 
tions In all descriptions there are present the elements of mala 
justment, insecurity, Satisfaction, motivation, drive, set, emo¬ 
tional disturbance, diagnosis, problem realization, preparati , 
recall, associations, trial and error (approximation and correction;, 
analysis, hjTxithesls formation, incubation, solution, iMight, goa 
attainment, illumination, structure formation, smoothing of goal 
route, precising, deduction, logical organization, and verification. 
This chapter shows in some manner how these terms are relatea 
and what they indicate for classroom practice. 

The questions raised by this discussion are numerous. How « 
the organism motivated? How does it form its attitudes an 
habits? How are the senses related to learning? AMiat is a concept 
and how are they formed? To what extent does language aid the 
learning of mathematics? Is learning achieved at one trial, or is 
practice a necessarj' requirement of learning? Does the procedure 
of learning transfer to later learning and learning in other fields? 
Just what is a problem, and how does the organism leam to solve 
problems? Do learners differ in ability to achieve, and if so, how 
do we provide for various rates of learning within a given class? 
Must learning be planned or is it a hit or miRs affair? If answers to 
these questions are available, how can a teacher make sensible use 
of them in his d^y instruction? 

The rest of this book seeks some answers to these questions. 


Bibliography 

1. COLE, lAWRENCE E., and BRUCE, wiLLiAii T. Educational Psycholo^- 

Yonkers, N. Y.: TVorld Book Co., 1950. 

2. DASBiELL, JOHN. FxmdamenUUs of General Psychology. Third edition. 

Boston: Hou^ton-Mifflin Ca, 1949. 

3. DEWET, JOHN. H ow We Think. Boston: D. C. Heath and Co., 1910. 

4. QA^s, AHTHUR 1 ., and offers. Educational Psychology. Third ^ition. 

Xncw York: Macmillan Ca, 1949. 



THEORIES OF LEARNING 


41 


8. ... «. P-TCWO,, 0 / //.-.^ ScAa., W».a. Boston: 

0 KoS" on^io. n< J/».oi«7o/:4pss. Harcourt Brace and Co., 

10. nn™!-c... ■■Experience and Meaning.” TU MosopA.'c«! Ban™ 

43: 134! 1034, ;;„™:n Ummg. Neiv York: 

11. MCOEOCIl. JOHN. 3M ' 

Longmans, Green and Ca, iwa. ,)ppr„aeA to Origins and 

13. NaTOSAP Part n. Chicago: Distribnled by 

theUnlt-ersily of C*'''.“|°^J^’„'^En„CATloN. B."”.’"? 

"■ "S'?^^N”rYear^k,P^rtLOHcago: 

the Univereily of ChK^I^^ PryctatogV. New York. 

"• - -- order. New York: 

”‘SSn*Co., 10«.^„^, ,.„ reocAing ririrtmelic. New York: 

studies in Education No. 

MAX Prodadiee TAinKag. New o 

21. WEKnrenAElt, MX. r Third edition. New 

Brothers, 1945. „/ TeocAing. Thud 

veraity Press, 1951. 



2. Motivation for Education in 
Mathematics 

Madbice U Habtdkg 

What impels a person to learn? AVhat starts him into the 
ing process in a particular situation, and how is his 
activity regulated? These and similar problems are common } 
suggested by the term “motivation.” They are among the centra 
problems in a theory of learning. To guide learning emcientiy, 
teacher must have practical answers to such questions. ^ 

Psycholopsts have had much to say about motivation, ine 
problem is a complex one, and psychological theorj’ lacks da” > 
and precision of the land the mathematician likes. Many of the 
terms used, such as “drive” and “set,” seem to be loosely defined. 
Most teachers of mathematics find these discussions hard to under¬ 
stand. Fortunately, in this chapter it will not be necessary to 
consider in detail the origin of motives, the mechanism of motiva¬ 
tion, or issues arising from different theories of learning. However, 
it will not be possible to avoid using some terms froin those parts 
of learning theory which deal with motivation. First, therefore, 
attention will be focused on the meaning to be given a few key 
words, including the terms “motive,” “goal,” and “incentive. 
Second, the nature of a few motives useful in teaching will 1^ 
very briefly indicated. The list includes purposes, interests, atti¬ 
tudes, the need to m^tain and build self-esteem, the need for 
affiliation, and the need for approval. These motives will then ^ 
discussed at greater length with special attention to their use m 
mathematical education. The role of meaning and understantUng 
in motivation will next be considered briefly, and the chapter will 
conclude wth a set of criteria for jud^g motivational methods 
and devices. 

The emphasis here will be upon a critical survey of general 
types of methods and devices in relation to modem leanung 
theory. No attempt will be made to give detailed descriptions of 
methods and devices which have been used for motiv’ation. A very 
extensive set of suggestions and references may be found in the 
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Eighteenth Yesibook of the ^ 0 — 

the Mathematics Teacher, end other sources m P 
literature of mathematical education (4). 

three key terms 

states exist mttun ' „fmn used in connection 

These are called motives. fnliAwne: drives, sets, wants, 

with motivating conditions are t 

needs, interests. 3S-39. Among the different 

connotations see 16i29JII, thirst, and sexual urges, 

motives commonly recognir^ onmarfmotives. They arc inborn. 

These are considered interests, attitudes, and 

universal, and or secondary motives. They arc 

purposes are types emmole the particular interests 

learned and ® may not activate another 

which serve as motives for one person m j 
(15397-98). l,jve motives of which they 

Students and teachers may tmlh «» o„e 

are not conscious. Also a P”®"'“^TeSned by whatever 
another. His >K''avlor then ‘e"da ^ “ „ „gh education ma> 
motive is dominant, f 7f'«o„'^ril' than the basic mot.«s_ 
become stronger, at least J4i„g on something which 

Thus an indiiddual may con'i . jfoodisavailable.Tcacli- 

iSrtahimeveni^^n era 
must rely mainly upon secondary m 

of students. . , learning ,riii le 

^'ttf oTin Sis -Uion. ‘HO " Ltemer 

'the“nrti‘oVfor in the learning o* tlw 

The responses of responds 'o “me i^« ^ 

tried again, and other respon- 
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goal aro selected. It may be said of a'atf 

Lard the attainment of the goal." Thus the ^ 

when related to motives, may be used to explain how motivated 
behavior is given direction. 

Incentii'es. Discussions of motivation sometimes use ‘he.*®™ 
"incentive.” This term refers to an object or condition which 
external to the learner, but which will satisfy a motive wluchw 
operating. \STien, for example, hunger is the motive, food ma> 
an incentive. If the need for recognition and approval is motivating 
a student, a high exaimnation score may in some cases be an 
incentive. A high score would probably t\*in approval from nis 
parents, teacher, and certain other students. However, at the same 
time it may arouse jealousy or resentment, and thus set him apar ^ 
from a particular person or group whose approval he desperate > 
wants at the moment. The goal is recognition and approval, and 
a high score may or may not satisfy the motive and be an incen¬ 
tive. Teachers commonly use incentives in their efforts to contact 
and make use of the motives of students. Teachers hope that 
incentives will help students move in the direction of their goals. 

It should be noted that motives are often stated in terms of 
goals or incentives. Suppose, for example, the goal is to possess 
the approval of others. Then the motive may be stated as "the 
need for approval." Again, a dictionarj- may say that hunger is 
"the painful sensation or state of exhaustion caused by need of 
food.” In this case the goal is release from painful sensation, wWch 
is internal. The motive, of which hunger is really only a s>Tnptomi 
is conveniently stated in terms of the incentive as "the need for 
food.” 


MOTIVES tJSEFUI, IN TEACHING 

Anumber of different motives have been mentioned above. Also, 
attention was called to the fact that some motives are more 
suitable than others for practical use in teaching. The most impor¬ 
tant of the types of motives with which teachers are concerned 
may now be discussed briefly. 

Purposes. Purpose may be defined as the intention to seek a 
relatively specific goal. For example, when a boy decides be is 
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,oi„.tobeco.eR— 

^Treifaftnlu^nnibeh:;^"-^ 

ing his goal, and so his ty ^ Itudenfs awareness 

beaming is often ^atly potential usefulness 

of his need for what is to '«» ’^osihMes of the teacher 
and value to him. One of the m ^ („ encourage 

ie to help students formula e 
students to resolve to reach these goa 

adopt appropriate ,. ^ 5 ,.^ „ecuis very frequently m 

Jntcrests. The term ' '™;,„ection noth behavior such 

educational literature, is of sometUng—he sreksit 

as the following: the person a period of tune: 

voluntarily and that he enjoja the actmtst 

he expresses a '"“thera^bis sort of beha™r suggests 

have the responsibility oto ^ to refer to an 

old ones. ...Hitude” iseornn''’”'^ . a.iitndes, Uhe 

Auiiudcs. Tb;^™ oh hSa emotional co-'te" ’ 

idea or set of ideM or centere of other 

interests, are aln« attitudes about war, ^ , teacher. 

prejudices favorable o , „ot as motives. They 

personally. behavior and hence , i„g easier or 

Attitudes tl^v often make nc\ 

are learned and, m 
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harder to acquire. One of the chief obstacle-s to the ' 

learning of mathematics is the unfavorable attitude toua 
Bubject wluch has been acquired by many students. ^ . 

Need to maintain or build eelf^tccm. Much of a person s 
is guided by his feeUng of personal rvorth. 
and build his self-respect, and he tends to avoid 
lowers it. The things that contribute to self-respect ihffer p > 
from person to person. Behavior by a student which t^ 

teacher's respect for him may actually contribute to or build up 
his acl/-esteem (6«4). Thus a pupil who found long division con 
fusing and difficult decided never to work on another long divisio 
example, and informed the teacher of his decision. This pupn 
tried in this way to avoid a situation in which he was experiencing 
repeated failure wth accompanying loss of self-esteem. The use o 
sarcasm and ridicule by teachers is fro\^’ned on by supervisors ana 
other experts in methodology because, among other reasons, i 
tends to lower rather than build up students’ self-esteem. 

Need for aJJiUation. Most people gain some satisfaction from 
playing a constructive role in a functioning group. The sense o 
behnging to a family, a gang or crowd of his peers, or to other 
groups, is important to a person. The school provides a group or 
groups in which the student is, phj-sically, a member. If, however, 
he is not really accepted as a person by other members of the 
^oup, his need for affiliation may lead to behavior which inter¬ 
feres with the learning task set by the teacher, and with the learn¬ 
ing of other pupils. Often the attention-getting activity of students 
is designed to gain status with the group. Hence even if teachers 
do not exploit this motive constructively, they must deal with 
the behavior wluch is associated with it (14:41). 

Need for approval. People usually put value on receiving the 
respect and approval of others. They want to be considered im¬ 
portant—^to be recognized. This need for approval is obviously 
related to the need for self-respect and the need for affiliation. It 
can become a very strong motive for learning, and it is widely 
used by parents and teachers in promoting learning. 

Interrelalionships of these motives. The motives discussed above 
are not to be considered as sharply distinct or independent. Several 
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Of them may be operative io the same indiridual at the same time^ 
If so they mav tend to assist each other, or as noted earlier, they 
maTconrnct. ivhen, in guiding learning, confi cts can e mdu ed 
and several motives can he induced to operate together to produce 

jointly, to motivate the l^mcr ^ ^ 
these statements is that motives a .v.-rience. This view 

prior to or in the early “ "nf'motives given above, Eather, 

is not in accord with the dclinilion student already has 

the definition suggests that the mo i learning 

are to be eontaeted, or Pf'XrSL eS motives in pro- 
experience. Thai is, the toache Most learning experiences, 

moling a particular learning experien • learning 

howover, involve P’? .“T L^Us also acquiring atli- 
mathematical facts and ski ^.tjon to the subject. Later, 
tudes, interests, ‘‘"d ,P“r=“‘l'?rn"w learning eiiperiences. 
these may act as 1", ” ,^vornble or unfavorable to the 

These .motives may be eitlier i 
development of the behavior desired by 

PUHPOSES AND GOALS 

Modem methods of te“ide1tifirtion and 

tion to the students’ both teacher and s‘udenb 

clarification of aPP™P™“ of students, and particularly 

Purposes growing out of the ' ^ bing goals, are effecUm 
those related to voeatmnal anO sort 

with students in aaa‘>“‘ia'5' ,Hth elementary schMl pu 

are remote and relatively ineffwOTe ^,,tely atlainab e. 

nS Sr goals tend to be of 

Ccntaclm life SeaU. In >"«» 
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derived from a surr-cy of ^“X„udents here and 

1 \sriiming problems wliicl. arc real to the 

..„!;.tucras\"andlmg the -‘' 7,^0 

school cafeteria (10), and studjrng their ‘"™ to as 

tically (3). This tjTO of procedure was “^JfoTwhich the stu- 
functumal teaching—teaching only those things o 

dents could make immediate use. problems in life 

2. Pointing out that the methods of attacking p . j, 
are much the same as the methods of attacking p 

™3. Showing how mathematics helps us to understand our en 


^.TlTldng practical applications of the "“‘'’"T^TaSrarions 
ied and by pointing out the extent of mathematical app 

in domestic and vocational life. a.t.rmine 

5. Having students conduct surveys of their own to dete 
how much mathematics is used in daily life. For examp , 
ivriter described how pupils conducted a survey of popula 
zines to detormine the extent to which mathematics an 


matical tenns were used in them (22). >it in 

6. Emphasizing the importance of mathematical thougni 
philosophy and as a factor in the evolution of civilization. 

7. Using field trips for mathematical study of the 

8. Using visual aids (posters, photographs, slides, and o 
materials) wHch bring out the importance of mathematics 


practical applications (10). ^ 

The major emphasis in this list is upon mathematic as i 
used by and has bearing upon the citizen in his or(^ary 
activities. If the student accepts the idea that he needs to know 
mathematics for successful living, he recognizes a goal and maj 
formulate a purpose—^namely, to learn more mathematics. It 
not be sufficient, however, to give him a general discussion on ^ 
need for mathematics—a sort of pep talk— at the be^nning of the 
year and occaaonally thereafter. To be fully effective in motiva¬ 
tion, this general purpose must be related constantly to the specmc 
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topics or skills Which form the content of the daily 
riences Moreover, these topics and skills must be genuine j 

goals of students. W”™” Actually needed ean be made 

mathematical knowledge a d .late study 

readily accessible to them, and J teacher, such study may 
it, Under the guidance of a synapathct.c teacher, su 

help to clarify goals and extensively discussed in pro- 

Both the above emphases hav^ '« developed in 

fessional books and mapsme s^. _ School Studcr,t$ (9). 

the Outdance He for several reasons. In the 

This document is ^, hich^school student directly, and 

flist place, it is his own purposes rather 

it aims to assist him in expected to accept uncntically. 

than to state purposes "'h'.* ^ error of overstating the 

In the second place, it el enthusiasm for mathematics 

case. Many teachers in their^iMnalOT^^,^ 

have “scared” Z„unt of mathematical training or 

study by overstating the am „ or a profession. 

d“L of skill demanded "“^Trtant ^up of students 
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.hool students than the of 

An indication of what these A-.ew-s maj te was obW j 

bv Crawford by means of a f^P,as the 
gkdnates of 1942 (7:47). The-'o students regarfed^ ^ 

Lst helpful of all Eubiects, wath mathematics ^ 

second. Moreover, 43 per cent 

prls) indicated tiiey would take more situa- 

replan their high-school programs m view ‘>’0’; 
tions. Data like these from rerent graduates arc ^ 
in helping students clarify their ideas about the po 

mathematics in their own Uves. • ..„„.:ve has been 

Kedum in Ming sools. WTien a goal 
attained, and a motive or motives thereby al or 

say that the learning expenpcc was ^ . “do so. we 

incentive has not been attained, m spite of to do . 
consider the learning expenence a failure, or at ,P j,gt 

failure, ^’ow if a goal has been properly chosen, certainly 
both teacher and student want is success 
therefore, not necessarj* to espouse any partnmlar 

theory aa to the role of success in effecting learning m order ^ 

a position in favor of so arran^g conditions that success is po- 


sible and probable. 

The goals selected must be realistic in the sense that 
afainable. If the teacher attempts to set goals which 
cannot attain, or if the students themselves are too optimistic 
choosing goals, excessive frustration and disillusioiment 
result. On the other hand, if the goals are too easily accessi , 
•there is insufficient challenge and less than maxim um achie^ ' 
Under ideal conditions teacher and students working toge c 
clarify the purposes of the learning experience on which thej are 
embarking, and they attempt to formulate a reasonable set o 
goals for the class as a whole and for individuals. Moreover, ^ 
work proceeds they re-examine the purposes and adjust then^ 
necessary, as the situation unfolds. The learning situation tn 
established is quite different from that in which the teacher makes 
a fixed, predetenmned assignment. \STien the student is ^ven an 
opportunity to participate with a group in formulating purpos^» 
a contribution may be Tnarfp toward satisfjing his need for affiU' 
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ation. In this way the general learning J 

partieipating in the goal-^tting process the f <‘ent is net on y 
more likely to be folly aware of what the goal is, hut also more 
ready to adopt it as L owti, so that it can act as a purpose or 
motive. 

INTERESTS AND INTEnEST-AROOSINO DEVICES 

doing so. Unfortunately, [ ,i,| mature of interest in 

from a relatively narrow conception of tne nai 

mathematics. ^r^hablv depends basically 

Genuine interest m mathem P .. problems, once 
upon the problem-solving „ state of perpWty, 

recognized or sensed, leave a ^ solution has 

uneasiness, or tension until y j jj^n results. If mathe- 
been found, rnr^nt 

matics is properly taught, it p - c„tain general 

dance of problems, and it also p enable hun to 

modes of thought and a “‘'Seach successful solution 

described earlier in defining maturity, he obtoms 

As the student grows the power of his methirfs 

satisfaction also of his tools. The term ‘ WP“‘“: 

and the sharpness and the The behavior is relevant 

tion” is often used in this w I 

interest, however because 

riences with matheroatire, personally, 

and to value it for '^^n’l'T^mmended for am^-J 
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ofa.anie.men.ho™ver.the™bi^ctP^^^^^^^ 

investigated by objective - T preferences of thou- 

TanktegbrntheUBt-Inaie^^^^^ 

sands of fifth-grade chi slightly below reading (o)- 

ranked by the girls second and oriy shghtty^ 

The boys gave first place to tod second and 

disliked subjects was examined, arithmetic P 

only slightly imder geography by the prK and u ^ ^ 

in disliked subjects by the boj^- Anttaetic ranxe 

favorite subject of the 543 her preference. 

The children of a l " 

There is no evidence that these 54i macne . ^^ncy for 

special devices to arouse interest “ disliked has 

.^thematics to be either very well-hked or heartily dislikea 

been found in other investigations also. 

In another similar investigation 2164 girls and 
school systems-^ne urban, one rural, “d one mountam pj^^ 
arithmetic first among their preferences in grades I 
VIII. In high school, however, mathematics was ranked 
with English and Social Studies above it (12:34). 

When some of the devices often recommended for u^ 
interest arc examined critically, their limitations for “is pu^ - 
become apparent. The use of material on the historj' o 
matics, for example, is frequently suggested, and many lextD 
contain some materials of this kind. What kinds of . , 

these materials elicit? First, the student reads some biograpp 
information about a famous mathematician, or some facts iro 
the liistorj’ of a particular topic. This activity may or may n 
give him any satisfaction or stimulate him to want to learn mor ^ 
mathematics. Reading about mathematics or mathematicians is 
rarely a problem-solving tj-pe of activity, and thus lacks some o 
the motivation of problem situations. Historical materials are 
probably most efTcctive u-ith students who have already develops 
considerable interest in mathematics, and they do very little 
those whose interest is meager or non-existent. It is true tna 
stories of some of the dramatic episodes in the history of mathc 
matics may stimulate interest on the part of students for whom 
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the subject bus little appeel. They should eert«.dy ^ >«d 'v^ 

gomes, puzzles, and other recreatmos^ , sltiou calls 

a temporary appeal for many ■ on vith problem- 

for behavior which has some «■«>" challenge at the outset, 

solving in general—there is PST* ™ > However, tricks generally 
and satisfaction at the succesful • directions, and 

demand only the giving or j “ trward methods. If 

puzzles are not usually . .u. students are likely to 

tricks and puzzles are It .„.tics. They think that 

get a distorted idea of the * of tricks. Some teachers 

mathematics consists largely o puzzles that 

have such faith in the tkg standard processes of 

they use these terms in 'to to the reduction of 

mathematical work. Thus j.2xv + ’/ ■*" ^ ° 

fractions, or the replacement o devices and the wisdom 

"trick.” The motivating power o ^» “ 
of using them are both open to q accessible to 

If a theoretical “P’''"**'™ jf ‘ „f couL become a genuine 

the student, the discovery "S^hich works for aparticu- 

problem. Investigating " ''f„c in general, may be much 
lar set of numbers iviU problems. It is to to noted 

more interesting than manj P ^ ic derived not , 

however, that in this mathematical or prob- 

Lt'lL'nE"beWor tot is ''“^jcc courses are adaptations 

llorof to games used in ™toi»t.csc 

of other non-mathematicaU cnce. T^^^^^ 

skills rather than P™"^" u^n factors such f/'>'= 
tiveness in motivation ■* , jntisfies the need or 
which playing them “Tn^ to teeogn “4 “ 
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it is upon mathematics. mathematics clubs may 

In this connection a few heavily upon 

be appropriate. Although ^ er that the mem- 

recreational activities in mathi^marics tte fla^ 
hers will acquhe a distorted tot mem^rship in 

counted. This conclusion IS base Onlv students ivho al- 

the club is almost invanably volimU^- .j These 

ready have rather well-developed P.^'^^lnees in 

students have had many suc^tul and of math- 

regular mathematics A m-tu^rttian those 

erotics are. on the average, r^re rounded mato^t^ 

of their regular classmates. .r°^i”4p^s bv offering expe- 
the interest and understanding of these students by u a 

tZ suited to their special '"“X" 
problem tor the club sponsor, but it is of aU 

regular classroom. The teacher of matheMtics may 
stoents could be as weU motivated as the ap- 

the same time, the experienced teacher knows tot M 
propriate for a mathematics club may be meffective m 

teachers think of films, filmstrips, models, 
displaj-8 of clippings, pictures, posters, and the rimarily 

motivating de^^ces. These should, however, be regarde P 
as learning aids, and their role is more like that of the e 
That is, they serve to clarify concepts and processes, ^ 
a principle works, or bring background situations and jgjjts 
the outside world into the classroom. Because they help 
gel increased meaning and understanding, these learning ai ^ 
to increase interest and promote the development of m'O 
altitudes.'Moreover, they bring greater variety of 
the learning situation. Their concrete and visual charac e 
attract attention, and it must be remembered that 
cedes interest. Motivation is almost invariably improved 
Itipv nrp Tf tlipsp Tnatpri«l!? wprft nrimarilv dCSlgU 


cedes interest. Motivation is almost invanably impro w ^ 
they are used. If these materials were primarily design 
motivation, a longer discussion of them w'ould be appropna^ e 
The greater importance of these materials as learning aids jus 
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the inclusion of a much more extended discussion of them in a 
later chapter. 

The teacher of mathematics who wants to help students acquire 
a deeper interest in the subject may legitimately make use of all 
of the devices mentioned above. Variety will be more effective than 
the excessive use of one or a few devices. This is true not only 
because the over-use of a single device of this kind dulls its appeal, 
but also because some students who are not interested by one 
device may be reached by another. In the last anal^-sis, however, 
the teacher must remember that these are, after all, only devices. 
They are, in one sense, a diversion from the main stream of mathe¬ 
matical learning. The development of a deep and permanent in¬ 
terest in the field is more likely to be fostered by regular and 
successful experience in solving representative mathematical prob¬ 
lems. 

ATTITUDEa AND SUCCESSFUL ACHIEVEMENT 

All teachers are familiar with the fact that people usually have 
a definite set of attitudes toward mathematics. These attitudes 
may be quite favorable or strongly unfavorable, but they are rarely 
neutral. Parents often say; “I am not surprised that my child 
isn't doing well in mathematics. I had a terrible time with it 
myself while I was in school. I never liked the subject.” Since 
attitudes are often taken over from others, children are likely to 
acquire the attitudes of their parents. They may also be influenced 
by awareness of the attitudes of their schoolmates and teachers. 

In a recent study by Dutton, written statements of attitudes 
toward arithmetic were col]ectcdfrom2ll pro3j)ective elementary- 
school teachers (8). Only 26 per cent of the statements were 
favorable to arithmetic, and 74 per cent were unfavorable. The 
language used was expressive and emotional, revealing deep-seated 
attitudes that had persisted from childhood. Prominent among 
the causes given for the unfavorable attitudes were lack of undw- 
standing, failure to provide enough application to life and social 
usage, poor teaching techniques, poor motivation, and feelings o 
inferiority and insecurity. Some of the statements clearly revealed 
that these students had been influenced by the attitudes of their 
parents. 
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Successful Expenences. Students^often a^uire 
result of repeated experiences of a mathematics 

well kno™ that repeated successful ei^nen “ experience 

may lead to favorable attitudes, =‘>?d/rlarij. ^^e 

which is unsuccessful and unsatisfying is y viget For 
development of an unfavorable attitude 

example, in a study of the attitudes of students in a ^ 

arithmetic course, Biffig found a definite ^sitive ';«’=‘^°“^j?eve- 
tween attitudes, as expressed m wntten statements, 

"'Tte^Ititudes toward school, toward ®?mdiievf- 

an education, of 200 children selected to “ fi 1), 

ment ability patterns were studied by Kurtz and Sue t 
They found these attitudes to be more 

students’ achievement scores than to their abiUty ( _ i. :q 

test) scores. The same study showed considerable agree 
the attitudes of parents, teachers, and children. • . ^ 

Success in achieving purposes is generally preferred, by f 
and teachers alike, over failure. Fdlure is seldom jg 

selected as a goal by normal individuals,-and fear 
generally not regarded as a dearable type of motivation. e\e 
less failures, in one sense or another, do occur, and some a 
must be given to this problem. The argument is sometimes 
fons’ard that failures in school are justified as preparation 
inevitable failures in life outside school—in other words, t e s 
dent must learn how to adjust to. failure. It should ^ 
however, that life outside school gives ample experience in f^^ ^ ' 
and that it is not necessary for the schools to provide^ addi itm^ 
experiences. Moreover, in life outside school the individua ^ 
some freedom of choice and action and can substitute ano 
and more attainable goal, while schools and teachers tend to ore 
children into repeated experiences of failure to reach the sa 
goal (14:52). _ 

Successful experience helps the student maintain his integn i 
and self-esteem, while repeated failure tends to tear him do^- 
Successful experience contributes to the building up of attituo 
favorable to the task, and of interests in it, while failure 
utes to unfavorable attitudes toward the experience and inhibi 
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the development of interest in il. Successful experiences uin ap¬ 
proval and recognition, while failures often call forth disapproval. 
HeniK if these varied tj^KS of motives ate to assist purposes and 
continue to operate in promoting learning, the experiences must 
on the whole be successful. 

Security, order, and system. If achievement in mathematics is 
reasonably successful, the student can develop certain feelings 
of security which tend to promote favorable attitudes (1), Children 
can leam to check their onm answers, so they feel confident the 
result is correct. Feu’ if any other types of content have this 
characteristic to the same extent as mathematics. It is important, 
however, that the teacher help the student to see the importance 
of cheeking his work in terms of his own satisfaction. Far too often 
he regards checking as useless drudgery, and such an opinion 
may lead to an unfavorable attitude. For example, teachers some¬ 
times require pupils to check multiplication examples by long 
division, and conversely. The checking process then becomes la¬ 
borious and loses some of its value in contributing to security. In 
checking such examples roost adults prefer to run the risk of 
repeating an error by going over the work, but they nevertheless 
satisfy themselves that it is correct. The possibilities mathematics 
can provide for developing favorable attitudes toward correctness 
and precision provide one of the stron^st arguments for giring it 
a prominent place in the curriculum. To encourage achievement of 
this favorable result, teachers must provide the student with ap¬ 
propriate methods of checking and the time to use them. Over-long 
assignments, which drive the student to cover the material in a 
hasty or superficial manner, must be avoided. Speed must not be 
sought at the expense of accuracy. 

An unusually interesting study of the attitudes of young chil¬ 
dren toward mathematics has been reported by Plank (17). The 
case study method was used with 20 children, some of whom M-ere 
retarded while others were accelerat^ in arithmetic. Of special 
significance is the evidence of the relation of personality character¬ 
istics, such as insecurity, anxiety, and rigidity, to perfonnsnoe in 
arithmetic situations. Among the conclusions occurs the following: 
“The insecure children show a definite discrepancy between their 
scores in reasoning and computation in their achievement tests. 
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They can neither stand the 

nith computation nor the emphasis on speed whdethej aretrj g 

"Siueal situations, the 
caS rvith a hasty or partial answer. Often a person^ 
response is entirely satisfactory—for example, The 

meat of like or of dislike for a or a 

student may also be encouraged to produce P nvpnues of 
express his own personality. In and 

adjustive hchasdor are greatly desirability 

satbfacdon are not so easy to attain. Thns^hef m *0 d^^J 
of precision and correctness must be slowly and carrf 5 d ^ 
oped. If this is not done, premature demands for high p 
and correctness may lead to unfavorable attitudes owa 


The order and system of mathematics, when it is 
meaning and understanding, usually is a source of satisfaction 
security to students. The manner in which a new topic ^ > 
and builds upon prc\'ious learning can be made e^^dent. 6 
increaang complexity of concepts and skills as one umt or co ■- 
biulds upon another, but the number of really basic pnncip ® 
Eurprian^y small. At the same tune, this characteristic maj 
source of extreme insecurity, ante if one or more^ of the 
concepts is not learned at the proper time, a very serious hanmcap 
is imposed. In a less orderly and systematic subject, such 
omisaon is Iks likely to lead to learmng difBculties and frustra on 
later. Thus the sj'stematic nature of mathematics can influence 
attitudes both favorable and unfavorable to the subject. 

An appropriaie cuniculiim. The relation of successful 
enccs to attitudes, and hence to motivation and learning, 
one of the strongest arguments for curriculum reorgamzations. 
suggests that content too difficult for a particular group of studen 
at a particular time should be relocated at a more favorable time» 
or in some cases omitted entirely. It demands the use of methoos 
and materials which farilitate learning. It lies back of efforts to 
care for individual differences bj' grouping pupils in various vra>’S» 
by offering two-track programs, by use of differentiated assign¬ 
ments, and by other methods. There is a tendenc>' for the cumeu- 
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lum to remain static while teachers frantically search for devices 
to make it paJateble. Although some of these motivating devices 
may m appropriate circumetances increase the likelihood of suc¬ 
cessful learning, they are probably far less effective, in the long 
run, than efforts to adjust the content of the curriculum to the 
learner’s purposes, interests, and capacities. Most of the chapters 
that follow are relevant to motivation insofar as they include 
discussion of ways of accomplishing these ends- 

SELF-ESTEESf, AFFlUATtOS, A^al APPROVAL 
The need to maintain and build self-esteem, the need for a 
sense of belonging to a group, and the need for recognition or 
approval, have all been discussed above in connection with other 
motives. The teacher of mathematics may help or hinder the 
student in his effort to meet these needs. In many cases in a learn¬ 
ing situation the role of the mathematics will be less prominent 
than the role of the particular methods that the teacher employs 
in handling students. In other woids, it is probable that the edu¬ 
cational philosophy of the teacher, and the inHuenee of this phi¬ 
losophy on student-teacher relations, is more influential than the 
subject matter bemg studied. 

Incentives. One method that many teachers rely on to promote 
learning is the use of incentives. These incentives take many 
particular forms, but rewards, punishments, and competition are 
usually recognized as general types. The relationship of incentives 
to such motives as the needs for self-esteem, affiliation, and ap¬ 
proval has been extensively discussed, but the desirability of using 
certain kinds of incenti\'es in school still remains in the domain of 
controversial issues. 

Incentives are used by parents in the home and by workers with 
youth in the community. Parents reward their children for goc>-l 
behavior, and punish them for bad behavior. Often the reward is 
only a word like "Good!” a smile, or a kiss; but sometimw it 
takes a more tan^ble form such ns candy, money, or a new piece 
of clothing. Punishments are equally varied, but frequently in¬ 
volve the wtWioIding of anticipated rewards. By means of incen- 
lives most parents regulate the beharior of their cliildrcn not 
only in the home, but to some extent elsewhere including the 
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schoolroom. Similarly, orgamrations m incen- 

the Boy Scouts and the local recreational ai^ciation^ 
tl^es to learning and achievement, usual ym ^ badges 

and prizes. The practice is more or less taken for gra 
In v-iew of these circumstances, it is not 
teachers using incentives to promote learning in ' ^jj-j^yed 

of the teacher, praise for a job well done, a piece 'jg \he 

upon the bulletin board, a favorable report to ‘be P^ 
publication of tbe student’s name in the b°''«'’ 
occasion serve as incentives. Students have learned 
to expect incentives of some land to be in evidence. , 

However, in recent years there has been a strong 
among educational leaders to challenge many of ‘be co 
practices of teachers in connection with rewards pun^bme ^ 
The following quotation from Hilgard and Russell (14) states 
of the questions which concern thoughtful educators. 


That rewards influence learning is beyond doubt. The qu 
comes how they can be used appropriately. One of ‘be problem ^ 
edsts for the teacher is that of the byproducts of reward, whm 
is viewed as part of a total social situation. A teacher-planned re 
extrinsically related to the learning task is a kind of bribe and maj 
to the attitude, “What do I gel out of this?” That is, an acUvi J - 
worth while for the remuneration it brings in praise, attention, 
cial gain. Then there b the question of what happens to those who 
to get the reward. If there b only one prise and many contestan^ s, 
problems of the losere are to be faced along with those of the 'WTim - 
Perhaps the winner will be encouraged throu^ the effectiveness o 
reward, but what of the others? Is the price in disappointment to them 
worth what the gfttti was for the winner? Rewards are almost alwsj's 
competitive: If everyone receives the same recognition or ^ts the same 
mark, then the reward value goes out. Even in the stress on group 
achievement, the group may be set in competition with another group, 
in order to maintain the reward value of special status (p. 48). 


Marks. Now it happens that the variety of tj’pes of incentiv^ 
admissible in schools is much less extensive than the set av^labie 
to parents. Candy is rarely conndered an appropriate incentive in 
schools. ^loney rewards are limited to scholarships and a 
prizes. Punishments are restricted as to tj^pe and severity. More- 
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over, the incentives available for use by teachers of mathematics 
are somewhat restricted in comparison (o those of certain other 
fields. Musical and dramatic organizations give public perform¬ 
ances, athletic teams play those of other schools, ivork in the shops 
may produce useful objects, and the product of a seuing clas.s 
may be a ne\Y dress. On the other hand, matliematics as often 
taught lends itself to frequent and precise testing. The correctness 
of an oral or u-ritten answer to a mathematical exercise is usually 
easy to check. AUliough test scores and school marks are not the 
exclusive tools of mathematics teachers, marks have often been 
one of the principal incentives relied upon in mathematics classes. 

School marks, if properly determined, can be useful in a limited 
way as evaluat}\’e summaries. In practice, however, marks usually 
become incentives also. High marks as incentives may satisfy the 
need for recognition and approval. They help to build up self¬ 
esteem and, if they are truly deserved, add to the student’s sense 
of personal worth. They are symbols of success. Conversely, low 
marks operate to reduce self-esteem and probabi}' increase rather 
than satisfy the need for recognition and approval. An unfavorable 
attitude toward the subject is a common result. Since only a few 
students of any group ordinarily receive the high marks, the total 
effect on the group can be more unfavorable to future learning 
than it is favorable. Moreover, emphasis upon marks as incentives 
sometimes leads to undesirable forms of behavior such as cop 3 'ing 
homework and cheating on examinations. 

Although many schools have abandoned school marks of the 
traditional kind at the elementarj' level, the high schools and 
colleges will doubtless continue to use them in the j’cars just 
ahead. Teachers should therefore seek to turn them to maximum 
advantage. They can, for example, empliasize the evaluative 
rather than the incentive aspect. They can avoid putting too 
much emphasis on high marks, as such, and be careful about hou 
they give public praise to the students who cam them. A ^trilten 
note on the student's paper, or a word of congratulation in a 
private conference, nill usually provide adequate recognition and 
approval. Similarly, teachers can avviid publiciring low marks to 
the class. In private conference with low-ranking students they 
can at least try to refrain from wring words that express disap- 
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proval and loiver the self-esteem of the ouT^^^ 

attention to positive aspects by "S “’I L taS 
culties and the detennination of steps that can be 

" c“n. The use of competition is rather ^ 

sidered a means of motivation However, Joti- 

“Competition itself is not a motive.... \X”and 

vated-it is a response made to certain motivating “"^itions a 
exists because there are others who are ™-,„y 

(21:618). For some people, competition may sery 
approved form of aggression. Competition is possible becaute tn 
successful competitor usually receives some form of social 
nition or approval and a heightened sense of personal ^o™. 

Although most authorities agree that competition often 
to get results, evidence is accumulating that it also can 
harmful eHecta. It tends to produce excessive 
interferes with cooperative efforts—working 
group—and thus comes in conflict with one of the citizensmp 
objectives of the school. , 

It seems probable that most of the undesirable aspects oi coi 
petition in schools may be side-stepped if no pres^re is pu up 
the students as a group to enter into competition with one ano • 
If, for example, a superior student voluntarily enters a contes 
other form of competition, the atuation is quite ^fferent from one 
in wWch everyone in a group is put in a competitive type of si u 
tion. Moreover, it seems obvious that a contest between 
ably well-matched individuals may be so controlled by intelhgen 
management that the beneficial effects are at least equal to any 
possible harmful consequences. 

It ■was mentioned earlier that the use of competition as a mo^ i 
vating device is based on the assumption that the mathematics 
itself is not interesting, and thus the student reqmres the extra¬ 
neous tj^pc of motivation implicit in competition. In defending tne 
use of competition in schools, it is well to avoid analogies 'vitn 
the business w'orld where incentives in the form of financial pronts 
are quite acceptable. 

In summary, incentives in the form of marks or prizes, and 
the types of competition which tend to be associated with themi 
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are less favorably regarded today than they 
is true because educators have become aware of 

‘’‘toe of the newer Sh^^^ 

of data in the eommumty, ^rded for coopera- 

people of other conununities, ^ assume responsibility for 
tive group activity. Each me results may then 

a small but different Port“"* , , Such methods are designed 
be pooled and wSng to a group. Recog- 

Srar"a‘:t:rmsofthei^^^ 

matics classes, but is S™'" 6 ? a^yva of research fields. These 
dynanucs is now one of the m t ^ group to 

studies have already "“^e cto factors inllu. 

accomplish its F"^.*!t M^^feml^ to each other. In part.wlw. 

cueing the relationship 0 the m®M 

the individual’s F'^M^nced to maintain h« P«»nal 

This concept is t»i< hisneedforapproval.Tcac 

»,Wsneedforaffi.iat.on,«ndto_^^ 

ers of mathematics who wash < os thej 

r r c£«on o. the mom obvious motives su 

,\a time goes rrcl^d more 

nize the importance ” ft. Unfortunately. 
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tion 13 now actively engaged “ 

these objectives. Later chapters have much to say “ ^ 

weTaU discuss only the relation of meamng and undemtandmE 

to motivation. .. i, i, ct„r6pd the develop- 

E>cperimental investigations wluch have ^ti^ation 

ment of meanings and understanings deeper 

was easier or better in groups wluch were help^ 6 

meaning and better understanding. It is easy ? ,v ; 

” c^. All too frequently students who 

mathematics have not been given adequate ’'"'P Jts 

ment. Failure to reach a satisfying level all 

in lowered self.esteem. In contrast, tain and 

students gain meamng and understanding tend to 
enhance individual and group self-esteem. . . 

When students gain meaning and understanding ^ p . j 

learning, there is a better chance that the elements of 
attitudes wilt be formed and new interests aroused. A «oent t y 
undertook to develop an instrument for the objective measur 
of motivation in mathematics. Scores on this . lu. 

correlated xvith a number of other measures including an m 
gence test score and scores on several well-known aptitua 
acHevement tests in mathematics. Among these measures 
scores on a test of underslandings in arithmetic. The coirc 
coefficient obtmned in tWs last case was much larger tMii 
others. When understanding occurs, better motivation tends 
along with it (19). This in turn may affect later learning ex^ 
riences in ways which increase the level of achievement and a 
result in total altitudinal and interest patterns of a desirable so^ • 
Most discussions of the desirability of developing meaning ^ 
understanding in connection with mathematical learning ^ 
sire the mathematical aspect. It must be remembered that ^ 
meamng of an experience includes more than the mathema i 
concept or skill which is the supposed object of attention, 
purposes, altitudes, and other motives of the learner influence 
meaning of the experience for him. The mathematical meaning d 
not change from person to person or from day to day. The to 
meaning of a mathematical experience does change and is affect 
markedly with the circumstances of a given situation. Much o 
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the earlier discussion of this chapter has been related to meamng 

and other learning aids exhibited. ^ 5 institutes, workshops, 
such materials in professional ma^ - making a 

and summer school ch^, ^ 

few learmng aids of their oi -n- ^ renewed energy for teach- 

of enthusiasm for the motives of these teach¬ 
ing mathematics m gene • interests, new goals, neiv 

era were aroused. behove that this 

incentives, and new made for themselves, 

all came about ^ explained only by 

a few teaclung ai^. This P „ew meanings and under¬ 
recognizing that thKo tcachere q methods of 

standings from their <^*1^™ renewed interest as a result of taking 
Uaching. .ruction of a learning aid, and solving 

a problem, such as h® ‘™^.eer, they found nays of satisfy- 
it to their own with other teachers worked in 

ing their need for affihatio worth was enhanced through 

groups. Their feeling of professional improvomont 

Lir participation m i a whole hod new mean- 

and satisfying “““ , certain that those who have had 

ing lor them, “^t the^^as a result, 

such expenences are h^ 

cniTEBiA von EVAL ...m„k of a class cannot Ignore 

The teacher in P«=P'“;i“^''„y possible procedures -“S' 

L^'rS" e orr wdi. - trtSe:“°“ 

r-r.==“i££-itrr 

r*" 

b. IB it designed to utmw 
the learner? 
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c. Is it appropriate for the m ‘^,'=byThe Lmcr. and 

d. Is it based upon recognition of a goal y 
does the learner believe he can achieve the goal? 

e. Does it motivate many students or just a few? 

{. How long is the motivation likely to persist. 

2. Is the motivation of a desirable l„»„inc experience 

a. Docs it lead the student to value the learning xpe 

' itseU rather than external rewards? , 

b. WiU it widen and deepen the . .j,. con- 

c. Does it tend to develop desirable attitudes towa 
tent or skill and toward the teacher? 

d. Are the goals which are set actually f n.ecssan' 

e. Does the motivation tend to strengthen attitudes 

for democratic citizenship? mod 

f. Is the motivation consistent trith the promotion o goou 
sodal relations between students? 

3. Is the procedure practicable? _ . ^ 

a. Is the required expenditure of time and monej withm 

means of the school? ^ 

b. How well can the procedure be controlled in y 

c. Does the teacher know how to administer the procedure 

In listing these criteria for judging motivational 
there is no intention to suggest that the questions in 
to be formally answered in connection with everj’ propose 
vadng activity. This is obviously impractical. Rather, the U- 
to be viewed as suggesting the kinds of questions teachers sho 
have in mind as they think over possible procedures which occur 
to them. These questions may also be useful in evaluating mo¬ 
tivational procedures and devices described in the professio 
literature or in profesaonal meetings. . 

In conclurion, we may reflect that the interests and attitudes 
of most children when they enter school arc favorable to 
mathematics. Some of them learn to like it. Others learn to ^ 
it. To change an unfavorable attitude once formed into a favorab e 
one is a difficult asrigmnent. Efforts on the part of teachers o 
arrange conditions so that unfavorable attitudes are not learneu 
will, in the long run, probably pay generous dividends. 
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3. The Formation of Concepts 

Heniiy Van Enoen 

IN-mODUCrOBY STATEMENT 

Eves a superficial study uM 

covers the existence ot a ctelyjj possible to dip 

horv or other '^“f„tent:tering^u^ ternrs as 

into the field ever libation,'* “learning,” “under- 

“meaning,” “nbstracUona _^ntion onlv a few. There is of 

cepts or the formation of co^^- „oo„i„g set of 

In addition to iKing of words, at least m some 

words one is conscious of a fu > agrrament M 

instances. If there is no ^ ,,.„ads. For e,xarople, Wood- 

to tlie precise use of so™ ®'' ^„„aapt formation.” This use 
worth (63) speaks of ^ aa a surprise to 

of the word “induction , . [omiation, generalization, 

teachers.Smoke ,”^donotuse the term"generah- 

or concept learning. ji„ate it to the term “““P*', , 

aation” in this iray “ f ( 48 ) in commenting on 
“concept formation. Vinacke ' ',y understood says, Thu , 
that concept formation, M J ,■ ^,,tion' are 

rthe%rhin;Tmath^™««^^^^ 

rrcrn"-3ahout..^^^^ 

suit is much confusion ^ 
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ivhethei everybody is tte tem^n ttoseS 

cially true if one investigates the use of arithmetical 

which deal predominately with the deve -iVemer, 

concepts, although there are 

52). Such terms as "meaning,” they were synony- 

are frequently used ■''‘®''=‘'“Beably as though t y ^ 

mous. Hendrix (24) called attention to this “^,,3 terms 

colics readier for November 1950. She P“"‘^d banco, 

“meaning" and “understanding” are apt develop- 

to nse them interchangeably in the discu^i s„es. So, in 

ment only serves to block the ““.f’“t^vS^seem best 
order to facilitate the communication of ideas it „ .^j^tand- 
to clarify first the use of the terms meamng md 
ing”—at least, to designate how these terms mil 
chapter of the yearbook. 

the meaniko of “sieaning" in mathematics 
A word or a symbol is not always used in the same way. 
bol may have a meaning according to the way it a use 
tion to other words, or according to how it is used in , pjd- 
objects, or according to the purpose for wlucb it is ’ _„;nE:.” 
ingly, it is customary to speak of the ‘‘dimensions o m 


1 .^ The Synlaclic Dimension. Words and ^bols 
because of the way in wluch they are used in relation to 
words in a sentence or formula. For example, “Vi’ind 
thing in the sentence, “Wind the clock," and another , < 12 " 
the sentence, “The Viand blew hard.” Sinularly the sym ° 
means one tlung in the equation “a;* + 5 = 6 ” and ye an 
thing in the equation, "x, + 5 = 6 .” ^ 

2. The Pragmalic Dimension, Words and sjTnbols wiU va^ ^ 
meaning according to their purjwse and consequences m 
a particular individual or organization is concerned. The . ^ 
“economic royalists,” “capitalists,” and “socialists” as use 
political speech are Ukely to be so used in order to arouse the e^ 
lions of the listeners. Propaganda, both good and bad, is usual j 
filled with words which function in their “pragmatic 
WTiile this particular use of words is of little interest to the ma 
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ratios teacher, as a 

nretic pteblems If “Sc »lfaLh instances the 

■■pragmatic” of he tem 

term "anthmetic s likeij ipamine. Expenences m 

overtones which wll effective > j^gg for the pupil, which 

and out of the symbols. These meanings may 

meanings become associated 

he used later for a td the "ghesf as 

ness the “big bad man, Mathematics as mathematics 

used at times by unmsc pa pragmatic sense but the 

does not use ““^^1 ■■mathematics” for the pupd is 

■■fringe’ “'.“'"^, f*,u,^cher as an educator. . 

of supreme interest to the tone dimension of 

3, The Semantic the teacher of mathematics, 

meaning of primary . , mathematics, or a secondary 

whether an elementary the child learns to com- 

teaeher of mothcmatira- employing words in the s^- 

bine symbols to ‘ „y sensible theory of instruction 

tacticsl . lewn that the individual symbols 

would insist that the child lew" „ mental con- 

represent objects other cymtalsj^ °d 

structs. These objects, ^ father points to a eto wd 

the given word “,6'™,,^’^ ehild then soon ^ -js 

makes the noise Th h^eh one sits, 

""xiie referents may not he 
;^:;fdt:-hdeeiassof^^^^^^^^ 
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«•*»«_ ” and “X,” roust have 

s;i;rrsssi“' "»-■ “ " “ “ 

“£3=r« i; r*2S'»i 

renr^ent colors, love, hate, or gree • „rnof ” “variable/ 

constats, such us ^iled by mathe- 

“function,” “'^ -1. ^ these classes of referents 

nraties teachers. The S 

is important to remember. In ^ ‘ He Mtually hears, 

meaning of the word from ^nson cxj« referent is 

sees, smells, or feels the referent In the ,^ri- 

a mental construct which may have its ori^ 

ence but these ori^ are develop the 

of the sensory experienc^hich helped the P"P^“ 

mental construct for are those ^rrith 

veloped the concepts for such numbers as 2, ^ , ra¬ 

the ^cept of a mathematical system and a mathematica v- 

has been stated preiiously, the teacher of 
especiallv interested in the syntacUc and the ^the 

ate of meaning. In the one case she is mter^ed m teactan^ 
child by means of sj-mhols wHch derive their mea^g 
way in which they are used in connection with otaer j ^ ^ 
Tor example, the symbol “ as used in the aquation u -i- 
7. In the latter case, she is interested m makmg ve^ 23 

child the referent for a sj-mbol. For example, in **1® a™ 
the 2 represents two groups of 10 objects while the 6 rep 2 
3 of the same kind of objects. The referent then becomes x 
bundles of 10 items and the 3 single items. Or to take ^ . 

abstract example, the algebra teacher interested in 
alwa>a very sure that when using the formula, C *= 3n t ^ 
cost of n threc-cent postage stamps), the pupil knows tha 
represents any positive integer and only a positive integer an 
consequently, the C represents only those positive integers 
ible by three. That is, the teacher is making sure that 
knowa the referent for the symbols used in the formula. | 

teacher will never let the child draw, in this instance, the usua 
straight-line graph for the formula C = 3n. 
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There can be little doubt that in general the teacher of aritli- 
metic and the teacher of mathematics spend a disproportionate 
amount of time on the syntactic dimension of meaning to the 
neglect of the semantic dimension. Jfathematics is too often 
taught by drill on the mechanical features of mathematics. This 
places the emphasis on the syntactic dimension of meaning. Be¬ 
fore the pupil is ready to use a symbol in connection \vith other 
symbols the teacher must have established a referent for the sym¬ 
bol in isolation. For e.vamp!e, in arithmetic, why drill on the 
combinations (syntactic dimension) before making sure that tlie 
child knows the meaning of such symbols as 4,8, and 9 (semantic 
dimension). What are the effects on the child when he is drilled 
on combinations (syntactic dimenrion) while the teacher totally 
neglects to establish the referents for such sjTnbols as -f and — 
(semantic dimension)? 

Generally speaking, the teacher is confronted uith the problem 
of establishing the semantic dimensiOR of meaning before estab¬ 
lishing the sj-ntactic dimension. In many cases however it is not 
possible to cut up a teaching situation into three parts using the 
three aspects of meaning as a “knife.” Syntactic and semantic 
dimensions can, and do, coalesce. Hotv^ver, the teacher of mathe¬ 
matics must keep in mind constantly that words when used in 
context do not have the same meaning as words when used in 
isolation. Having established the meaning of a uxird i^hen used 
in isolation the teacher is still confronted with the problem of 
establishing the various shades of meaning of that word when 
used in context. 


As an example of the shades of meaning which a sjTnbol takes 
on when used in connection with other sjinbols, consider the use 
of the symbol x in the following situations; (a) 3, (b) 2x + 

3=5. (c) 1/z, (d) (i -b 2)» « X* + 45: -f 4, and (e) (x + 2)* = 
X' + 2x + 4. When considered from the point of view of tlie firet 
semester coui?e in algebra in the high school the x in (a) desig¬ 
nates any number selected from the class of real numbers. In (b) 
the X represents any number selected from the class of numbera 
^vhich has only member, namely, 1. Other restrictions can l>c made 
to fit eramplcs (c), (d), and (o). In fact, in dl cnscs etcept M 
and (d) tin class of nurabera from nrluch numbero rosy Ik fdcclcd 
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!! be substituted for the variabie . 

rS'btrof the waylTis used in conuectiou with other 

it is true that the mathematics teacher. ^ a mathe¬ 
matics teacher, is not concerned the ^ this 

meaning, as an educator she must te ^atiy concern d 
dimension. Too many children and adulte, "eeze 
think, or hear, the word “anthme ic.” ^ ^ery 

some pupils the word "anthmelic” or "“^,t of 

dearable emotional responses. Th^ ^ experiences 

experiences in the classroom, and the results of th^ expe 
must be kept in mind by all teachers of mathematics. 

A OLAHinOATION OF THE "MEANINO” OF UNnERSTAnWO 

To discuss the “meaning” of understanding by 
the various ways that the word "understantog 
would be of Uttle value tor the teacher of mathematics, T 
problem centers around how the word may be used by , 
in the elementary, and secondary-schools. What are *6 ™ 
ological implications of remarks made by children and a 
cents, such as “I do not understand it,” “What do you 
and “I know what you mean but I do not understand i • 
questions, when used in a mathematics classroom, have 
significance. The pupil who asks, ‘TVhat docs this mean 
searching for sometlung different from that which is 
when he says, “I do not understand it.” Of course, the^pupi 
. difficulty may be a combination of both “meaning” and ® 
standing” but for the sake of clarity it will be best to consi e 
these problems separately. , 

From the way these two words are used it is evident t^t t ey 
can have different meanings. One speaks of “the meaning o 
symbol” and not “the understanding of a symbol.” Similar y» 
one says “I imderstand your proposition” and not, “I mean 
your propoation.” ("I mean your proposition” is a stateme 
designating a proposition wUch has been introduced into 
discussion. It merely points to a ^ven proposition.) ^ . 

Understanding refers to something that is in the possession o 
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an individual. The individual n-ho ""tom ha'tg 
fj-ing feeling, a psychologica c » j^urse, this psychological 
fitted everj*thing in its proper p • j- * understands 

cleaum must be tested bemum “ considered 

when he does not understand. This problem may 

elsewhere, however. ^ . .waccpwinn of the cause and 

The pupil who and the sequences of 

effect relationships-the logical ™P ‘ ^ ^ „f the bonds 

thought that unite i' ^en to follow tom 

of logic. The statement wtach d 

statements accepted , X, a„ "if-then” relation- 

view it is seen that eannot e-xplain how a 

ship. The P"P« "ho p U aho understands can ex- 

given "it" implies a then. T p P however, hmib 

plain the "then” by nresns of w - Hadsmard 

Md degrees of undorstanding. In Hus 

^"insider tlic following exam^i 

The pupil, or adult, is ^“^STshow 

vou add 10 to the miauend and ^btra 

readily do the subtraction- ^o" and the 1 (ten) 

That the 10 is added to the 6 •" ^^^e statement (pla^ 

rl2Saa&«^^ have reached 

• Meaning is that wn 
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The pupil reauzes that the symbol is a -b"-^ 

?t1s" "triadic relationship 

referent. Understanding is more nearly P ' j: _ tg a set 
'ctepts-placing them in a " "f/XS proc- 
of criteria. Meaning, m its semantic sense, is a 
ess It is a substitution of symbol for object, or ^nal 

bol or symbol for concept. Understanding is an organization 

" From these considerations it would seem 
know what you mean but I do not .j know the 

play of words. In a particular imtance the ^-hy it 

referent; he may know what to do but he may not l t„.een 
should be done: he cannot make the logical connecti 
the “situational need” and the response. „„rlerstanding 

The teacher of mathematics will teach for both u ta 
and meaning. This is a trite statement, of ®“\"kat does 

a teacher do when she teaches for ‘ understanding 
she do when she Uaches for “meaning”? An examjrie m > 
establish the essential difference in objectives m these 

Assume the teacher is confronted with tlie task 1 

theorem in geometry relating to the measurement of =>" 
angle. Now if she irishes to establish the meaning of the si 
raent, “An inscribed angle is measured by half of its 
arc,” she would make sure that the pupil knows that if t e 
is 80° then the angle is 40°. For this purpose, visual aids of van 
kinds are very important. The pupil quickly forms vanous 
scribed angles on the visual aid and in each case finds that 
measure of the arc is twice the measure of the angle. 

But at this point the pupil can still say, “I know what J 
mean but I don't understand it. Why is it so?” Now the teac 
is confronted with the task of showing the pupil how this sta 
ment follows as a consequence of having accepted (and un er^ 
stood, let’s assume) previous statements about central ang e. 
and circles. In other words, to help the pupil understand the sta e 
raent, “An inscribed angle is measured by one-half of its inter 
cepted arc,” the teacher helps the pupil to fit it into a conceptua 
structure already in the pupil’s possession. If the pupil does no 
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“"S'ss. , ,. f 1 |„ reaUze the difference 

The teacher of mathematira that certain 

between these two ' j,™io„ment of understanding 

methods are appropriate for „_riatc for the development 

and still other methods may be app P^^ methods are not 

of meaning. She ttedetlpment of both understand- 

necessanly appropnate fo ^riftkes these distinctions and 

ing and meaning. The ‘<==‘*or ;bo “essity be a better 

adjusts her methods “'“^'"F irives to "teach meaningfully, 
teacher than the one who bhndly 

the nature of a concept 

x„ spite of the fact that the 
confronted with the that is no‘ “'y 

ical and otherwise, state of affairs is not due to 

about the nature of a to a failure of intensive inves- 

a lack of interest in the P^™ adults develop th 

tication. The problem of how , problem is made 

ability to form a “7”the processes whereby concepts 

more difficult by the fa'V ‘ 010 ?^ child as it is tor ‘be 
are formed may not ^ “ that the pe™P*"-“’'"*“hTn 

would probably ® found in (49) Instead 

statement about the nature 
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eedure should prove to be more 

n'^'^V^ltr^TriethAteoueeptaurenotsemsoryd^^^^^^ 

are'-that somethiuE” R-hich results f"™X"eveI- 
periences wHch are can be supported 

Tped. The argument that tte f^’Xn and by citing 

bVth by biinpng lope to bear upon the situation ana 

common classroom experiences. ^ nWlitv to develop 

The child, seemingly, is bom mth ^ innate 

concepts. Sensory experiences arc essential to ana 
abiUty so that conceptual development concept of 

tiiely shut off from the world would not de\elop the 
‘S-tcause the sensory experiences am Uctang out of vrteh 
this concept must arise. If he mnnol feel ^ 7 which 

hear a dog he does not have the fundamental units from 

to construct a concept of “dog.” vin.cVe t48: 3) 

Experimentally, it U easy to demonstrate, as Vim Von-ever 
shows, that concepts are an elaboration of seii»r> da , 
citing classroom experiences rather than expenmental recite ^ 
sen-e a better purpose. Every thinking teacher hM 
situations in which a child is blocked from respontog . ^ 

a lack of sensory experience—usually referred to under the 
heading of experience. Of course, from an experimental 
point such situations are crude examples but they sene ® , 

the point. CHldren tail to distinguish between colors, m 
least, because they have not had sufficient experienre, ^ 

perience, with a particular color, or particular colors. 

(except for color blindness), for many children it ' 

possible to piclc out the color magenta for one of the lo o 
reasons: (a) they have not experienced—^have not seen ^t ® ^ . 
magenta, (jo) they may have experienced the cotor but have n 
associated the "word “magenta” vrith the sight experience, or ^ 
they have not made or consciously compared the color sensa m 
produced by a magenta color -with other colors. In any 6 

child is blocked from malang correct responses (ignoring 
chance factor in this instance). 
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Teachers of reading have 

wide background of „ot possess. This wide 

or read about concepts ^ ^ l^j.gg collection 

background of ^ the possession of the child 

of sensory e.xperiences wtach are ^ P to. 

and available for recall upw concepts possessed by 

From this it *"■ 

the child rvill depend “P™ P . j „„ two children have the 
Furthermore, i" “ACrthat the concept "dog" 

same experiences, m toto, it ^ concept dog 

possessed by individual A , consider two geometry 

possessed by individual B. « P triangles and 

Ldents, P and Q. ^ triangle have the same 

noticed that any two pairs in the other tnw^e. 

ratio as the ■“™=sP°''?“‘?,She corresponding sides of smlar 

Student Q has only noticed that ^ “ t p wiU have a t^f'«tent 
triangles have a triangles than 

and more complete concep ^ aifferent this 

Why? Because student P „ u„yer formal teaching 

similar triangles than has etude^ in a “deto; 

difference 1“ “j^^cLul'ar triangles may ^c„c 

tional experience. That i5, pa,rg of lines 

fined as being similar if, correspondine 

triangle arc proportiona definitions found m 

the cither triangle -tlmr than a 

geometry classroom. ^.tnengle" wall be the 

res'pondVvariouasU^mnhmt^ 

cepta is readily ■'f,“^^?in much the ^ 

the shouted word “ The geometry stude 

react to the Bight^.y that he rcacm * In this 

s.a.s. condition in Etiroulus so as to 

ditiou iu spite of the fart ^ ,yn„„ghly mtegrated 

case the two sUmuh have oo- 
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elicit the same 

the pupil integrates the “"P , (by him) properties 

r£;ss;s" 

accomplished through a s>-mbohc process, at leMt ‘ ^ 

in natL. In the ease of the human (sjun- 

usually accomplished by means of A\ords. Diflere \ 

S fn many instances elicit the same response from the or^an_ 

ism. Many simple instances of the >nte?rabon of 

ences to fonn a concept can readilj be gi . , , jnany 

together the sensory experiences of the adults of ‘od > ^ 

ways. The pleasurable experience of the Sunday of 

the experience of the near accident, or the miunes re d _ 

accident, are combined to form a total concep 

type of overt or emotional response released . which 

^1 depend on the particular integrated set of t 

are sySiolized by the word 'W-in other words, the eoncep 

” Mathematical instances of the symbolic integration of 
sensory experiences which are essential to the f°™o‘'°“ ^ 

concept can be readily given. The child m Ms early 
elementary school has many experiences with the [ 

dated with taking % of some phydeal object such as a sh 
paper. Later this same symbol may bring forth a cMeren 
sponse—that of taking of a number of objects. In this case 

symbol ties together different, but related, sensory experience 
4. There can be no doubt that sensory eiqieriences play 
important part in the development of the primitive concep 
an organism. On the other hand, for certain very abstract co - 
cepta the sensory experiences are so far removed, or so intangi , 
that the sensory origins of some concepts are hard to loca • 
fact, from an introspective point of view there is reason to ^ 
lieve that the more advanced concepts of the human, orga 
do not depend on sensory experiences. Such concepts as proo 
in mathematics, or the concept of a mathematical system am a 
least far removed from sensory experiences. The concept of 
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plication" as used in mathematira wou M ^ ^ 

insight into how words are used thanj^_^^ Woodworth 

ST. ”.™ « r-.."—- -■ 

nught help characterise a concept there are 

which seem important. mechanisms-a "sieve" through 

a. Concepts represent selective ^ symbolic re- 

which external ^‘““'‘““^^verse situation may obtain, 
spouses in the pupil- Also the response. Thus the 

tL symbolic response blackboard, thereb) 

child ^y see the rr^ponse which w« selecmd 

arausinK the response tnangle, ^ i,cbi gnen, 

Zrtll myriads of other 

or he may hear the word tnangle an ^ 

' b"“miie oxperiments mai®^ 

ably makes this Po^ “"^/tatidnals may po^. 
evidence which evidence of the po gmoke’s 

and yet not be able „f “’T^ge °™teace of 

r ^e»4°^sirco“n.rt 

pmS^rph is tot o con«Pto " '“”„“”‘r“lh“k. 

To tWs conconutot com, ^ rondiUon 

but the tag is on the Eubvwrbal Im e 

The eristence of “uceP‘= ” ,tan« to the ‘'0™“ ,sion of 
that should be of “‘to . ^dence ”‘^“Ln, w solve nu-. 

times, reaets by saying. 
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too complimentary statement, 

dumb?” In teaching. Hendrix f it is 

that this awareness of a generalization be . ^ ^ gen- 

given a name. Many times teaching P™*^® Tiumose of making 
eralization and then giving instonces for the purpo. 
the pupils aware of the generalization. 

A summary statement about the 
order. For this purpose one can do no t’^tte'’ * 

(48) do the summarizing. However, it should 
Vinacke docs not. seemingly, recognize the possessio 
verbal concept by an organism in his summary. 

They (eoucepls) must be regarded ^ selectiv-e 

mental organization of the mdividual.t^gtoge ^ But con- 

thus aiding in the identification and classification 
cepta involve more than the integration of Mth 

the background of which recognition occura, for ^ ^ 

symbolic responses which may be activated inthout the P > ^ 

ence of external objecte. That is, concepts can be given n^« 
detached from specific instances, by means of a ''■“"*Tf^„^tion 
manipulate experience over and beyond the more simp 
function. The symbolic lesponse, however, stands ^ 

been Unked within the pre-vnous experience of the orgaiusm and 
upon how that past experience is organired (p. 5). 


THE ATTAINMENT OF CONCEPTS 

The development of concepts is basic to grovrth in 
capacity. In general this growth in learning capacity is a gro 
in conceptual development. For this reason it is important o 
a study of how concepts are formed and to make an app ca 
of this knowledge to the methods employed in 
Any such study must of necessity conader the activities ® ^ 
stracting and generalizing, since these acthrities are inevita > 
part of the total process of concept formation. 

"When a pupil observes common sensorj' or perceptual qua J 
in a number of different situations, or objects, he is abstrac ng 
that quality from the total rituation. The concept of ‘ green 
is acquired by seeing green in connection with many diHere 
objects and colors and then focusing the attention on the one 
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1 firpen then eventually is 

element in common—namely, ' j. generate and apart 

thought of as a ;'thm£ m ““‘’^befly be acquired 
from everything else. The con p ^^j^ach the number five, 

in much the same way. ® J ^3 the five fingers of the 

for example, to “ “haT"W’ applies to other groups of 

hand. Later he observes that h™ W ^ ^ ..fiveness” whrch 
objects as well. Eventually the ^ one-lo.one cor- 

is common 'to those hnown that 

respondence vnth the j abstraction, 

there are primitive tnbes “arrent groups equal m 

They apply different riurnte make up the 

number but differing m the kmd ot o j 

group. . rtnnt role in the classification o 

^Abstraction plays an upon as the criterion for m- 

objects. A common P™!*^ p E^h item is then 
eluding an object m a 8"'“^,? For example i ^ p™?' 

to see if it should be i“o]“dedm the gmup^^^^ ppp,^, , 

hers ore to be olassi|ied as pn®O ppjJ,nther than itself wd 
examined to see U itclassified ss a P"™ 

one. If it tails to pass this tj^ie of *vs.b.Wy ^ 

otherwise it is not “P"”®' how each number uas 

the abstraction whrch deterrmned 

classified. , nrocess used in concep ua . j 

Generalisation >s auo her pro^.^ ^^3 been 

Generalisation 

llT:i&sotreIaJedoh^f^^^^^^^^ 

Jiegs of a risht 

to respond similarij , -he hypotenuse an polygons as 

polygons are constme edon thej^ ‘ha 

triangle the sarne abstm pj.thagorean ^jeed to 

. ita area equal to the sum 01 tn 
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.„.w 0.... ..0 .FS’iSS “S 

that an abstraction which he has ■ ^gjable other cases, 
limited case (the squares) also ® and abstraction 

How are these two processes theories are 

used in explaining the formations of ^ole of 

commonly recognized. The one emp Miz ^ phasizes the 

the individual and abstraction, while the othe P ^ jn- 
active role of the individual and tletion can 

phasizing the passive role »'"^ual ex¬ 

best be stated by quoting directly from Hull s ( ) 
periment on concept formation. 

A young child finds himself in a certain intS- 

approach say, and hears it called “dog.” After “ >" jtuation and 
vetting period he ftnds himself in a ® w different 

hears tot called “dog.” Lfter he fin^ h.^U tn a ^menhat dj^ 

situation still, and hears that called dog . . :pj,g appear- 

tinucs. The “dog" experiences appear at irregular intern a ^Th^P^ 
ances are thus unanticipated. They appear inth no ° „ore 

their essential nature. This precipitates at each neu f be- 

or less acute problem as to to proper reaction.... -bsorhing 

tween to “dog" experiences are filled inth aU sorts ,p, 

experiences which are contribuUng to the formation of ' J^^^d 

At length the time arrives when the child h^ a “'“““8 f ‘ ^ 
dog. Upon examination this “meaning is found to be actua y 
acteristic more or less common to all dogs and not common o ’ 
and teddy-bears. But to the child the process of amving at to 
ing or concept has been largely unconscious... .Such in one 
standard or normal-type of concept evolution (p. 5). 

The active role of the individual and generalization 
sized in the theory of concept formation which stresses a 
concept originates as a hypothesis which is tested bj apP 
to members, or supposed members, of a class of objects or si 
lions. 

^Vhilc these two theories stress different features in the conctp^ 
formation process, actually it seems better to unite the tv.o 
form an eclectic theory of concept formation. This course is in 
cated because it is difficult to distinguish between gencrahza lo^^ 
and abstraction in t!»c actual beha\nor of an indi\ndual. c 
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b^der's (23) ^ 

both processes operate “7‘of perception-ab- 

son to believe that for the statement of affairs 

Btraetiorr-Eeneraliration is more nearly a true statement 

than it is for the adult. formation has achieved a 

Heidbreder ( 15 ) in studjnng co P ,vhich 

number of very significant According to Heidbreder 

adults attain certain tyjKS o . ), ji,|, abstractions could 

those concepts were attained of things such 

be made by reacting to she found that 

as trees, faces, ‘^Thv reacting to drawings of tot™— 

abstractions could be mad y altogether un-thing-hke. 

.'something less than a thing ^ were used in her 

Such forms ^ chcles, =7““ ^fficult of all the concepts 
experiments in this >°stanc . . _ had to be attained 

studied were those tjo^s of objects (numerical quan- 

luch ^ 0 . this oi^r^f 

thiCsto“eoX^ 

“One answer immediately 182). The concept cirde 

vance to direct motor the'concept 

is attained significant y . L;|:»y stage even though i i 
drcle is beyond the U manipulated nnth he 

eepUhie as ‘»= X^^Vgred. The drawn on the 

WnmTac^ceptseems tobemoreta^^^^^^ .orfs. 

lability than with perceptibihty. to ^ .h 

Dominance in "ot with maiimat >« 

maidmal openness m’ttri”"' "'"'"hich human being* tt""' 

ceptual espcncnce, hut "nm ,.h,ch hums 

montpuZeiten, that k»n italics added). 

acteristically employ (P- ^ 
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Reactions to the world of i^al'’arises. These 

stones from which the so that they 

reactions are refined, reorganized and the orig- 

become even more useful and even P° , refinement 
inal response. The part o the McCon- 

isri-h”" ™«b? s™.»p"“” 

.. .K. .1- 

in the development of concepts of the fi^ order 
importance to the teacher. Children and adotoute u 

latory experiences to develop ^rorld of the 

cepts which are more nearly related to the acUo 

cVfild are the ones that are more **^1^ f^™’Xctormathe- 
would seem that any effort to improve the . ac- 

matics must take into consideration thw rather 
cepted point of view regarding the attainment “““Pfaed in 

weakneS^ of mathematical instruction as commoriy pract 

our schools is more readUy observable m ^^pe^t to th 1 
adequate activities for conceptual and the 

any other respect. Books, paper, pencils, blackboard , 
drill exercises which usually accompany these ,, j- 

are not sufficient except, possibly, for that f 
centage of pupils who are symbolically mmded. To y vjah 
rooms are barren of those small inexpensive objects 
provide those opportunities for perceptual and ™®“P“' 
iences from wUch the average child can abstract and ge 
in order to take the firet steps in formulating a concept, 
harrenness is further accentuated by'the lack of P’“*'“^f’“ , . 
and filmstrips wluch can be used to picture the concep - ® . 
actions as a second stage in the learning of abstract ^ 

This action-picture-symbol sequence in concept formation is 
quently ignored in its entirety and the symbol introduced , 
diately. No other method can so thoroughly block concep 
learning, especially for the average and the slow-leaming pup^ • 
The present day emphasis on multi-sensory aids has a 
foundation in the point of view expressed by Heidbreder, 
and other pisychologista of the opierationalists’ school of thoug 
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The manipulatory acUvrties procedures provide 

and models are widely used m » are more readily de- 

the essential elements “ u^^nsory luds does place 

veloped. However, tins emph^is ai^gjaatics which must be 
a responsibility on the teacher o j^tory activities now 

given careful thought, hlany o ^lliemstics instruction do 
"going the rounds- in the w-orld develop the 

not inciude those '"“’P“'“ Tthey mre developed. As te^ 
concept, or concepts, for uhich y « so aim do 

books, workbooks, and ““^u„Uidwldchdoesnotaid ‘he 

visual aids. As one example of a following may he “ted 

child in developing the desued concept them 

as a horrible example. first-eraders are bring aug 

Sometimes one finds tha •> piotme device. 

"what subtraction means by 

00000 - 00=000 

operation pictured , Laying five , .f Now 

from five marbles as illus ra • establish ^ j 

and giving two of lhem^™='^ has perfo^ej the 
the child also knows this Mca ^,ny tunM^^ , 

giving two of his five *"-^T ce" s It blocks 

fhe "earning -d''.“h^Sn‘he 
meaning of subtraction ‘f ' the real hfe “'t^ 
learmng because it does ngubtractio 

in(hcate to the child wha 

„-coucnrr "^^dy co^ “ 

Previous sections of the concepts 

the fact that the dfff®^®^®® ^ whereby . Therefore, the 
form concepts and the pro of • g^ybreder M 

are Ukely to be one .^ew «t f®* by ^ ^pp„pnale 

action-manipulatory ^ . chapter are 

quoted in the last section 
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for the processes of concept fo^ ^ ^Ten 

the adult. In fact, there is „eesses than they 

more characteristic of the child P ^ purpose 

ore of the learning precedes of actions and 

of this section to support the ^in ohild’s con- 

rLnipulations are dominant in the formation of the chi 


to the part that actions pky in ^ mtellcc 1 d^^ ^P^^ 

the child Attention has already been called bj ^ 

‘to\h“oie of actions in the int^ectual development 

rvhen this development is considered ? ^H"f„^aation 5 of 

mantic point of view. However, the psychologic' fo^^ 

the “action basis” for leammg must also be Pven . 

cration. This is forcefully brought to mmd by ‘!'® P , j ^e 

'r^; action system” which Gesell (10) ^ 'Xnotes 

growth aspecte of the mmd. For GeseU, behavior 

“the total organism as a gomg concern, particular y 


capacities, propensities, and patterns." 

To those teachers who have thought of 'ea^S ^ 


To those teacners wno nave ^ 

“specific habits" “driU” and “teaching by tellmg 
somewhat of a shock to learn that probably all mratel “e^^^ 
itfi roots the actions or manipulations performed m a 
situatiom GeseU (10) makes this point as follows: 


It is probable that all mental life has a motor basis and a „fied 

The non-mystical imnd must always taU hold. Even ® ^ « of 

realms of conceptual reasoning we speak of inteUectual 
symbolic apprehension. Thinldng might be defined as a 
and rnani-pvMion of meanings. Accordin^y, tbou^t has ite 
in infancy. We have already noted the germ of mathematics w ^ 

in the one-by-one behavior pattern of the year-old infant. Coun 
based on serial motor manipnlations (p. 58). 


The principle of action is tightly interwoven into _ 
description of the growth processes of the child (mental, p 
and emotional). Tor example, he says: 


This principle [of motor priority] is so fundamental that 
behavior ontogenelically has a motor ori^ and aspect. VisioD, o 
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ample, has a motor as wll as a sensory basis; likewise speech, mental 
imagery, and conceptual thou^l. Even emotions trace to motor atti¬ 
tudes and tensions (p, 65). 

These quotaUons taken from the latest of Gesell’s publications 
furnish much food for thought for those interested in the con¬ 
tributions of classroom experiences to the growth of mathematical 
concepts. But before considering these implications in some de¬ 
tail it wili be profitable to conrider the point of view of others 
who have given this problem considerable thought. 

The next source from which quotations will be taken is not 
strictly a study on concept formation. It is rather a study on the 
development of reasoning in the child; yet thinking is merely the 
mental manipulation of symbob which represent concepts. The 
close relationship existing between the mental manipulation of 
symbols and the ov'ert manipulation of objects is apparent upon 
reading Piaget’s (35) classical studies on reasoning and judg¬ 
ment ia the child in the light of the discussion found in the pre¬ 
vious sections of tlus chapter. Although later studies have failed 
to corroborate Piaget’s studies ia all details, it is nevertheless a 
pioneering effort which set the stage for many investigations and 
can be relied on for its basic point of view. 

Piaget emphasizes the close connection between manual oper¬ 
ations, or actions, and the thought processes of the child. In fact 
he holds that the child thinks by picturing, mentally, the manual 
operations that took place in a pven situation. Thus, Piaget 
(35) says. 

So that everything we have said in this work is to show that the 
thought of the child is less conscious than ours hsa ipsa facia led us to 
the conclusion that childish thought is devoid of logical necessity and 
genuine implication; il is nearer la action than ours, and consists simply of 
mentally pictured manual opertUions, which, like the vagaries of mo\'e- 
ment, follow each other without any necessary suewseion. This will ex¬ 
plain later on why childish reasoning is neither deductive nor induc¬ 
tive; it consists in mental experiments ntich are non-reversible, ue., 
which are not entirely logics... - (p-145-146) Iltalies addedl- 
These moveojents and operations are a preparation for con¬ 
scious reasoning in so far as they reproduce and prepare anew the 
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opcraifon, 0 / U . coni;.^‘^ (P- 1'*“ == 

added]. . 

This is strong language; it ' 

plications. Can it be supported? Werner (5 ) J 

The cm. concepts alwa,. b.-e a con^e-tenb^ 

cept are an indicisMe unity. 

thing are not distinctly Ecparatd ^m i - conceptual 

the child’s need of adjustment to adrft lauguag 

forms uhlch arise out of conmte ^ metaphors and yet 

perception and conception. ^terms of concrete ac- 

really are not.... To conceit and dme A character- 

tivity is in complete accordance with tn 
isUc of the chUd (p. 271-72). 

Here ag^ one Buds the action and the place of 
development of the concepts of the child. taten 

developed this way? Consider the following quotations 
from Werner (52). 

rrequentlywefindthatabstrart^tingto^antrf^sn^^^^ 

or even motor configuration and ordermg of groufs among v 
peoples and, indeed, among ftej^tre bopnd up 

The formaUon of a 'number system “ ahetraction; 

nith two developmental facta: First, with the ® ^ concrete 

the number concept becomes mote and more irteased from ft 
configuration and the qtiaUUes of the ohjccta. Second, wit^ 
meat of a scheme for the number order in particular (p. 

In view of the importance of the topic and ■“ 
portance of the contribution to the field it may be we 
Heidbreder’s (17) findings and her interpretation of these 
from a source not previously quoted. 


Defimlions referring to concepts of nxnnber were especially instruc 

There are thus indications that in attaining concepts of 
Bomc subjects reacted first chiefly to pictured objects, nert 
spatial arrangements, and eventually chiefly to 
thus traversing in arriving at these, the last concepts attained, t e 
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who? eventa indicated by the egscriraental data conflidered m g 

Taken together, the quantitative data and the definitions are inter¬ 
pret ns indicating that in successive stages of an experiment, the 
subject's reactions were critically dcterniined by successively less thing- 
Iike aspects of the drawings as reaction determined by more thing-like 
aspects proved inadequate (p. 137 ). 

"iVJuie Heidbreder's experiments dealt \vitfi the atfainmeat of 
number concepts in adults its sigm’ficance for the development of 
the child’s concept of numbers cannot be overlooked. The re¬ 
sponse to a spatial arran^ment prior to the response to the 
numericalness of a situation is particularly instructive. It would 
seem to indicate that configurations play a fundamental role in 
the development of number concepts. 

Judd (28) points out that 

Number ideas arc, in fact, more than imagesj they depend on the 
preseoco of reactions. A child does not leam numbers by having them 
Impressed on his organs of sense. There is no such thing as a number 
sense. Number is acquired only when there is a positive reaction. One 
must respond in a definite way to each item of experience which is to 
be counted. The definite positive response which one makes to each 
object counted is reduced to an inner reaction in the course of educa¬ 
tional development, but it conlinuea to be a reaction (p. 49). 

From these quotations one can include that the perceptual, 
manipulatory activities are of utmost importance in the develop¬ 
ment of number concepts as well as concepts in general. On this 
basis one can again conclude that in this respect instructional 
practices in the elementary school are in general very rreak. 
The usual blackboard-chalk-paper-pencil methods for instructing 
the child in arithmetic are entirely inadequate. Making marks 
fn a workbook is not a functfonaf activity in the Jirsi stages of 
concept development. Neither is continual drill on abstract com¬ 
binations of symbols functional. These quotations show, clearly, 
that the manipulation of objects is essential in the p$t stages of 
number concept development—especially in children. Abstract 
definitional approaches should be abandoned by the elementary 
teacher and secondary teacher for an approach which emphasizes 
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definition or designated by a conceptual learning 

The effect of this in teaeWng child- 

is nicely brought out by pre^n y P ^ stage m 

ren to count. Too prevalent is the idea tn ^ 
counting is the memorization of q -number con- 

Nothing could be more erroneous, P^ J 1 ,^ 

figurations” play in the devilopment of ^^^^t 

not been thoroughly investigated but tore 

that a configurational awareness of number snouiu p 
sheer memorization of number names. 

mPUOATIONS FOR THE TEACHING OP MATHEMATICS 

What is known about concept formation ^d the ™P “ 
lorithematics teachem can P^rt —zc 

nomically. set forth m a few statements winch in part, 
what has been discussed in earber sections ^d, m pan, 

statement of the results of f"'*®?“fn,ln4ig state- 

^cussed. When new results are mchided m the following 

ments a reference to the bibUography wiU be given. 

1. Mathematics teachers have not made enough . 

Heidbreder calls the •■thing-Uke” aspects “i to 

The imtial experiences with a new concept should 
the "world.of-action” characteristic of the pupils ^Is 

ing processes. The ease with which concepts are acquired de^_^ 
to a great extent on the “relevance to direct motor ^captio . 

2. There seems to be evidence that the more mteUige 
pupils, the more they are able to deal with language s^ > 
and that they rely more and more on such symboU ™®.P 
lems become complex (8). The fact U not surpnsmg but it n« 
particular significance for the teacher of the slow learner, 
pupib are weak in the use of ^mbols and yet the instnic 
tools placed in the hands of the pupil deal almost exclusively 
language symbols. Concrete-action learmng equipment is 
in any attempt to solve the problem of the slow learner, 
slow learner needs the manipidating experiences which deve ^ 
concepts. He also needs picture sequences to encourage mm 
become independent of the concrete learmng aids. 
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3 Verbs! instractiofls increase the variability of response (8). 
Icachers should be conscious of the fact that pupils infetpret the 
meaning of words in terms of their otv-n experiences and that these 
expenences are not the same as those of the teacher. Hence, visual 
aids will help to “unclog’’ communication lines, avoid misunder¬ 
standing and decrease the variability of response. 

4. “A combiMtioa of abstract presentation and concrete ex¬ 
amples fields a distinctly greater functional efficiency than either 
method alone" (27). 

5. "During the evolution of concepts, mildly attracting atten¬ 
tion to the common element 'in situ’ coasiderablj' increases the 
efficiency of the (learning) process’* (27). 

6. "A set to learn meanings as well as names yields a much 
higher rate of learning and degree of retention than a set to 
leam names only" (36). 

7. Concepts logically learned are learned more quickly and 
are remembered longer than are concepts iilogically learned (86). 
Commenting on this fact Stroud (45) says, 

Material high in associative v^uc is for that reason comparatively 
easy to leam and for the same reason easily recalled, relearned or recog¬ 
nised afterward. Logical material, material capable of meanlogful or¬ 
ganization or reduction to some kind of system, comes within the opera¬ 
tions of transfer of training, operations that facilitate recall as well as 
leaminB Cp- 53Sj. 

8. A given situation will favor one concept over another and 
the ease of attainment of the concept will depend on how readily 
discernible the essential features of the concept are to perception 

. (48). 

Teachers might well keep this geDeraliza^on in mind in evalu¬ 
ating the visual aids used in tbeor classes. Too many visual aids 
in use today do not Jughligbt the essential features of the concept . 
they are supposed to teach. In many cases the essential features 
are too imbedded in the total situation. In still others it is merely 
a visual aid, there is no relevance to the development of the 
concept. 

A simple example may make this clear. Teachers frequently 
provide counting experiences in which the actions essential for 
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establishing the “to ^rception fre- 

cesslble to ordinal and cardinal con- 

quently causes the pupil to \ children in a row the 

cept. If teachers ask the PUP''® ““ ' essentially ordinal not 
predominant features in this si ua which can be put into 

Ordinal. However, in counting six blocks whicn ® 

cessive member of the group as an individual. . , ^ent 

^Negative instances are not neces^^ 
of adequate concepts but may be include as c e t],e 

In teaching the concept of adjacen “B ^ common 

teacher may include <iraMT^ o^g ^ instance inas- 

side but not a common vertex. This is g , jjqwever, 

much as it does not fit the deMUon of “f^^es does 

research has shown that the inclusion of ’ 7 “ 

not materially affect the development of the con^pt. 

10. Conceptual development IS a growth proMSS. a 

to develop concepts. Hence the tlon^pts are 

pupil to develop a mature concept m a they may 

developed by reviewing vimous i^tanras in w j.„r. 

occur under varying conditions and vnth 7 "® j„finitions un- 
thennore, concepts are not established readily by d 

less the pupil is mathematically mature. „„raIi7ations. 

11. There are such things as nonverbahzable genera 0 
Hendrix (25) and Smoke (43) have discl^=ed the ®nsten 
nonverbal generalizations. Hence the pupil who says, 
what it is but I cannot say it," may be telling the truth. 
more developing the awareness of a generalization prior 
balization facilitates learning. . 

12. The background of experience of the pupil is an 
factor in the development of concepts. TMs is amply i x-yni 
by the pupil who has done some art work and knows ^ ® _ 

“perspective” as it applies to representing three-dimensiona 
jects on two-dimensional paper. This student when confron 
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with the teim^ "prapecUve" ae used in coUego geometiy is ollen 
confused. He is iooldng for the third dimension and there ia no 
tnird dimension. 

The child who has had many and varied experience nith money 
encounters much less difficulty wth the “arithmetic of money" 
in the primary grades than the child whose experiences have been 
limited. Similarly the child who has been given many varied ex¬ 
periences with number ideas nill have less difficulty ivith the ab¬ 
stractions presented at a later date. 

From this point of view it would seem that it is the teacher’s 
duty to gi\^ the children many varied experiences with the con¬ 
crete objects and the manipulations and actions which are essen¬ 
tial to the development of concepts. Such activities are essential 
to good instruction in mathematics. 

13. Conceptual thinking is not necessarily harder than con¬ 
crete thinking but it is easier to manipulate the concept of Sam 
Jones than it is of Mr. A or of a. Murphy (33) makes this point 
very nicely as follows; 

The abstraction "man" or “Mr. A” is actually handled less efficiently 
in logical rclatiocs than ia Mr. £)dn*8rd Jones or Mr. Harold Smith. The 
results of experiments in rcasomng.in which the same rational processes 
must be carried through first with concrete and then with abstract mate¬ 
rials show gross difierences. Reasraiog depends not on the /onnal ability 
to take the necessary logical steps, since the connections required to 
solve the task are the some in the two cases. But sometimes, in thinlting 
in terms of abstract things like x’s and y's, or Mr. A and Mr. B, one is 
unable to control the concepts and handle them in pure form. One is 
trying to do two things at once—concrete and abstract. In the concrete 
tasks one manipulates spatial relations in pictorial or other form which 
keeps them in (he realm of immediate experience rather than abstrac¬ 
tion (p. 391). 

Algebra trachcra should keep Ibis in mind. The beginning nl- 
gebra student has learned to think in terms of individoal numbers 
sueh as 3.14, but he may have dilBculty in tMnklng about an ab¬ 
stract sj-mbo! which represenU that number, such as t. In par. 
ticular, symbol i represents a class of numbers which may come 
considerable difficulty. 
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4. Sensory Learning Applied to 
Mathematics 

Uen-ry W. Syer 

SE.VSATZOK, ATTENTIOW AND PERCEPTION 

It seems liardly necessary to justify the importance pf sensory 
leaming—it is an essential pari of all learning. This is true if one 
defines the “senses" as any means by which the individual receives 
stimuli from the environment, and defines “learning" as any 
adaptation to or acquirement of control over that environment 
due to training rather than maturatioD. Sensory ieaming is con¬ 
cerned uilh the role nhich the receptors hav'c in all types of 
learning, and it is also concerned with any improvemcDt in the 
tccluiiqucs of using the senses. These two meanings of "sensory 
learning" appear in many books; we accept (hem both. Thus, 
sensory learning is concerned with the plo-slcal aspects of the 
environment and the ph>‘sical aspects of the individual which 
arc important for learning. 

Sensation is any c.x 3 >erieQco wluch results from stimulation of 
the senses; all sensations which arc vivid and clear are said to be 
those to which one is pajTng attention; and the totahty of sea- 
sations from n given situation, often from different senses, and 
organized into a pattern, is a perception. On the basis of per¬ 
ceptions, one abstracts and proeraUzes to form concepts, carries 
such concepts in the memory, combines concepts to form higher 
types of abstractions, and juggles such concepts in mental trial- 
and-error to form the rudiments of thinking. But we are wander¬ 
ing away from sensory learning merely to show that the senses 
and their sensations are the basic data of all experience and 
thought (32:17G-S4). 

Tiicre arc eight senses which me shall distinguish; visuaJ, au¬ 
ditory, olfactory, gustatory, cutaneous, static, kinesthetic, and 
organic (8; 311; 12; 87-95). 

The receptor for visual sensations is the eye, and the stimulus 
is some sort of radiant energy. With the eye w’e make discrim¬ 
inations of color (hue, brightness, and saturation), distance, and 
depth (3:57-301;33:78-105). 
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The receptor for eudilorj- {jy partS 

lu3 is a longitudinal ™of sound (pitch, lo^- 

^The receptor for 

is a solution of the , odors: fra- 

ceive odors formed by 3 . , 45 . 53 . 33 :117). 

grant, acid, burnt and capo js the tongue, and the 

The receptor for gustatory ^ ,, 3 ,^ the tongue 

Btimulus is a solution of the four elemental tastes; 

™ perceive tastes '.Tim 3 . UO-IG; 33:122). ^ 

sweet, sour, salty, and hitter (8. 100. 3.140^ , 

^h; receptor for “^aneous se^tio^ « the^._^, 

BtimuU are prcssui«, extreme s^n we make 

d , 1 , .nd a.. «tadi« ? “,Jd“iV,i.d» .da 

•With this mechanism ive make discriminations 

equilibrium (3:176-84; 33:13'7-40). ..ritUn the muscles. 

The receptors lor kinesthetic sensations he 
tendons and joints of the body^VTith 173- 

discriminations of position and movement of the bony 

76; 33:134-37). ^ ♦>,«» abdonunal 

The receptors for organic rensatioM he "’'Jlu e 
and thoracic repons of the body and the stim ^gcause 

them are stiU not completely ^demtood ®“’^^^They 
the nerve endings are so buned m the depths of ,^=ca, 

lead to perception of such sensations ^ ^^I'Vg’asations, 

vascular experiences, respiratory expnences seimal -ens^^ 

and the general “feeling tone” of the body (3. 172 

33:131-33). between 

Among sensations of any one type we can “^jen- 

diSerent sensations by the four characteristics of quauiy, 

Bity, duration, and extension (32: 176-78). -.rcco- 

These sensations are the building blocks from which pe 
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^ons, coRMpts, ideas, thoufihts and /earning are constructed. 
Iney arc the basis of all learning and find their greatest impor- 
tance m the fact that any attempt to trace “meaning" back to 
Its ongin, or any attempt to clarify "meaning” by explanatory 
examples and applications eventually leads us to concrete objects 
and experiences which have involved the senses. True, abstrac¬ 
tions may have been built from other abstractions, but somewhere 
back in the formulation of these ideas is a foundation in sensory 
perceptions, and often wc rush back to these perceptions when 
the abstractions become vague and confusing. 

The busy, buzzing u-orld is presenting us with a flood of stimuli 
constantly, and we are equipped to make selections from these 
stimuli and attend only to (hose which we find interesting or 
important. Thus some sensations are in the center of our atten¬ 
tion and some arc on the fringe. It is important to know the fac¬ 
tors which control and direct attention (8: 518). 

These factors may be in the stimulus or they may be in the 
obsemr (8:523; 32:182-84; 12; 87-129; 33: 67-76). Factors in 
the stimulus which are important arc those of quality, intensity, 
duration, and extension—the same characteristics ive noted form¬ 
erly, However, and probably more important, attention is more 
apt to be caught and controlled by changes in these characteristics. 
Thus certain colors create more attention than others, but any 
change in color is apt to be compelling. Other changes or differ- 
ences in proximity, or in contrast with the background material 
are important. Changes in duration such as sudden appearances 
or disappearances of the stimulus, and especially motion of the 
stimulus with respect to the background are attention-getting. 
And naturally the extension or size of the stimulus is important 
the bigger, the more attention-getting. 

The factors in the indiWdual which control and direct atten¬ 
tion are not so easy to identify. For our purposes we will distin¬ 
guish three; the novelty of the stimulus in terms of the experi¬ 
ence of the individual, the present interests of the individual and 
the organic state of the individual. Any stimulus which is very 
familiar, any stimufus which differs from a present, compelling 
interest of the individual, or any stimulus wWch is presented 
when the individual is iU wiU have less effect than otherwise. 
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Now that we have tta^l The stimuli «ill 

pvesented. and the factom id, lielp to organize 

attended to, we slionld ,l,e perceptions 

these stimuli into pcrceptio . needed in learning, 

of space, time, and movemen ^di to education and to 

Unfortunately for ‘''<= ”P^ t,,n „sponsc and reaction 

psychology, it is impossible ‘‘>. 1 '''^“=*' tl,n results may 

to a given set of stimuli. Even in the litions of that 

differ at different times due to ‘ ^ nP attended 

individual, which serve to determine i„ ov- 

to shall be organized into a , -L „ 130 ; S2) came to 

perimenting with drawnngs made by ehildre ^ 
the conclusion that perception deals on y ^ 

ingful parts of the object being attended »• Jh ^ , 

triism until one interprets it ^pto a per- 

strength need not be remembered or . i Liopror 

eeptimi to the same degree. These perceptions which belong 

fit into a pattern are those which are organized 

Certain factors determine whether perception. ^ ^ 

into a pattern, (a) a constancy «'“LS tte per- 
figure-ground relationships; and (c) the contes 
ception is presented and the esperience of the P®™‘'^rtance 
This whole subject of perception may have more imp 
in the teaching of mathematics than in most ^u 1 
there is less inherent meaning in a subject which m ,,er 

abstractness. For example: the Pa''''=P‘'™ /.''P tter 

164327463 as 16427463 or os 163427463 is not a tnvia 
which could be remedied after the stimulus is reiMVe . ^ 

other hand, partial perceptions of words may be sufficient, 
not any of the following be sufficient: “somthing, 

“smething,” “sometng,” “soraethnig,” “Eoemthing, or 

“smethng,” or “smthng?" „ont!ons 

mat are the chief types of patterns into which percep _ 
are usually organized in the teaclung of mathematics? 
the most important are the perception of space, time an m 
ment. Space is most accurately- perceived by the eye, time °y 
ear, and movement by- a combination of these two senses 1 . 
188). 
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visus. space 

following ciglil factors. < is ’accommodation in the eye, 

size, relative a„i sensations of convergence in 

binocular differences in the cj^ , ,;c discriminations of size, 

the c>-e (S: 03-71). These arc used to make 

proximity and direction. ^ discriminations of 

Auditory space I«rceptK>n b to maK^ 

direction and distance- ^^( ^“jcrenccs, and phase differences; 

enccs to the two ears, intcMitJ d If j.^bcc) 

the latter are based upon the mten. j 

of the sound (8: 91-^2)- patterns into which we 

Wo are aware of '>1= ® u^ity, succession, length, and 

organize perceptions of i • 

rhythm (3; 2W-00). dependent upon 

Perception of movement is dct« However, this stim- 

Intion of various ‘'"'''/."‘^'"^oving object (such as a to''*”® 
S^til';rete”Tl3“ 2oV73h^^ the psychology oi^ sen- 

teaching «3rSthe l-tors wluch^ * “t 

organized into pereeptio.^, a" 

space, time and mo ..cnom 

helationshifs pp*„Nma 

Lest one think **-^-^X^ns in 
ing, or that the P ^ pliotogmph '"S'.®*'? ‘ jp beings, it « 
phonograph accord learning m hu a ^ ptal 

Uose of improto S c^^uneetio" ” to‘u _ 

itnportantto co^^ 

-”="*win8 higher tyPCC of icarmng, 
by using tne 
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lln,, the use of mental concept., probfem-solvin,. emotional 

activities, and imagery . of the individual which 

Molimhon. Motivatmn .s the “Hhe^^d uhich defines 

points him toward the practice o P j {jensorj- 

Se satisfactory completion of the t^312 .^^ 

learning in motivation is to define the in ^ 

lation of concrete objects which ■ necessary 

tasted, or perceived by some other sense. This is onen 

in order to clarify the purpo^s g J if the goal 

tivation. How can an indundual point towara a g 

Fof Imple. if a pupil is ashed to ^cover h-^^om- 
a triangle are needed to determine the tnanfi e, expect 

bilXL of sides and angl« will do 

him to want to do this if the phrase end 

meaningless? Changing that ph^ fo * for many 

shape of the triangle” might mahe it clearer. How ere , 
peo% the attempt to fit sticks together to ^ will 

rially different triangles can <jra!wTng 

clarify the idea even more. A little eide 

triangles with a side of. 10 inches, an angle f 
of 20 degrees, and a side opposite that angle of 6 
help to clarify the question even more. By now the pupi 
ready to solve the oripnal problem under ^ca- 

he is motivated to do so. The motivation foUowed th® 
tion of the problem and the clarification WM the r^lt "f 
preting the original problem as a combination of visu^, ™ 
ous, and kinesthetic sensations. Do the sticks fit together 
ruler and protractor be manipulated to ^ve one and only 
triangle fitting the conditions? 

Naturally, the mental triangle, its properties and the conditio 
which determine it are the important part of this learning, 
the phj’sical manipulation made the problem real and thus ma 
the motivation possible. Often, for clarification, a problem 
be redefined in simpler terms which are less abstract, but are no 
sensations to be experienced and manipulated. ^ . 

Afemorizinff. “We have more real evidence concerning 
than we have concerning most types of learning (22; 5S-66)* J 
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concentrating upon memoriang one can find correlations bet^en 
tnc mental phenomena of learning and the physical phenomena 
oorerved m the receptors, nervous system, and effectors. It begins 
to look as though^ a phj'sical explanation of learning is possible 
m terms of conditioned reflexes, synapses and such physiological 
concepts. Indeed, such correlations arc probably more valid the 
more mechanical and simple the type of learning. Since memoriz¬ 
ing is apt to be more mechanical and simple than higher types 
of learning, we should be able to use the senses to a greater ad¬ 
vantage in memorizing than in establishing such advanced types 
as esthetic and moral learnings. 

For example, the learning of addition facts is essentially the 
memorizing of the results of combinations of objects which are 
understood, abstracted, verbaUzed; and then memorized. If one 
learns to count as the basis for other arithmetical Jearning then 
the fact, ‘‘five plus three is «ght” can be arrived at by inter¬ 
preting five as ///// and three os ///. Thus five plus three is 
shown to bo ///// /// which then becomes //////// through 

the meaning of plus. One then can count "one, two, three, four, 
five, six, seven, eight" or, more probably, "five, six, seven, eight" 
since the first group is known. The result is then recognized as 
eight. In order to detach this from the particular sticks, circles, 
or marks made with a typewriter and generalize to the final 
meaning of the "addition" fact, it is necessary to present the same 
abstraction in many forms. Thus, pictures of chickens, apples, 
chairs, pennies and groups of many other obj'ects are presented to 
the class so that no particular sensation will be attached to the 
arithmetical abstraction. Because objects are moved around by 
the pupils as they learn, we are also presenting groups of cutaneous 
sensations and kinesthetic sensations as well as visual ones. Audi¬ 
tory sensations could also be used, but groups of sounds or musical 
notes are so ephemeral that they are not very suitable examples. 

An older theory of learning would probably want to explain 
the use of sensoiy learning in the memorizing of addition facts 
aa follows; The facts are repeated to the children aloud many 
times and thus the auditory sensations strengthen the learning of 
the facts; they are seen on the blackboard, charts, and textbook 
many times and thus visual seasations strengthen the memonz- 
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; facts and Miite tlicm many 


lOG 

ing; the children say the tacts ana .“‘""."“a'anic, add to 

thus more and more le^rninc is a permanent 

the learning. The results of all this sen. O • connection be- 
memorizing of the facts. This is ^ pn^senting 

tween sensory learning and memorizing nhicti «e are h 

of Mental ConoepU. ,’®.c“''J)‘idien ‘the 

^t:^ory learning in the development of coneep^ h^^^^^^^ 

tinned several times in this discussion ^ 

however: All concepts are abstractions " ta are 

from perceptions experienced by the senses. Simpler P 

those which are nearer to the original sensations frorn 

were all abstracted. Or. to buM m the “ceptons 

with uuUvidual sensations which arc organized into ^ P , 

and abstracted to form concepts. By adding more 

combining concepts we have a hierarchy of “"“P^ ? the 

further and further from the physical stimuli which are 

‘’^ne example of concept building is the meaning “f."®!'® 
three” previously discussed. Another, quite different, is the con 
cept of a derivative. This concept has fundamentally no more 
do with the tangent to a curve than "five plus three” has to 
\nth marks on a piece of paper. The marks are an examp f ® 
concept; the tangent to a curve is a particular use of a denvatn ^ 
Nevertheless, the derivative is usually introduced by 
tangents to curves because it is more concrete. This is the sam 
thing as sajing that it is nearer to phj-sical stimuli. Which of ^ 
following two statements is more apt to suggest \Tsual and 
esthetic sensations? (a) The tangent to a curve is the limit o a 
secant through the point of tangency and another point on e 
curve as the second point approaches the first as a limit, or ( ) 
the derivative of a function is the limit of the ratio of the incre¬ 
ment in the value of the function (which corresponds to an incre¬ 
ment in the independent variable) to the increment in the inde¬ 
pendent variable as the latter increment approaches zero. Is i 
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any wonder that the first approach is used as an introduction? 
ifie same reasoning is used in good teaching to introduce the 
defoite integral by means of area, the concept of mathematical 
induction by talking about knocking over a row of dominos, the 
concept of subtraction by the phrase "take away,” the concept 
of percentage by the picture of a pan of fudge ten squares on a 
side, the concept of a coordinate sj-stem by locating positions on 
a map, and the concept of fractions by circles or pie plates cut 
into sectors. All these show the use of sensor)’ learning to build 
concepts. 

An “application” of a concept irhich has been well understood 
and established is, by my definition, a step from that concept in 
the direction of perceptions. If it is a simple concept, the applica¬ 
tion may take us back to such perceptions in one step; if a more 
complicated concept, merely in that general direction. 

For example, the concept of measurement as the comparison 
of an unknown quantity with a stamlard called n unit may iiavc 
been built by measuring desks, blackboards, pieces of paper, chil¬ 
dren's heights and flower pots in the schoolroom. Then the class 
could be asked how one could measure easily the distance from 
the school to the firehouse down the street. Someone might come 
up uith the idea that the yardstick (their largest unit) could be 
used to measure a piece of string (which «ns considerably longer 
than the yardstick) and then the piece of string u.«cd to measure 
the distance to the firehouse. The concept had been understood, 
and the application consisted of a description of the physical steps 
that one would go through in creating a new, larger, and more 
convenient unit. Indeed, if you fry this nith a class, you mfl}’ well 
find, as (he writer did, (hat they put in m.nny details of how to 
hold the string, how to (ally by marks on the hl.ackboanl the 
number of 3 ’ards found in if, and other descriptions of the sensa¬ 
tions which they expect lo experience in applying the concept 
of measurement to (he fire house problem. 

Problem-Solving. One u«c of £en«orj* learning in prohlcm-solvmg 
is tlic translation of a problem into some .<ensory analogue or 
model, with manipulation of that model, cither plo-sirally or 
mentallv to solve the problem. This pro^s is sinnLir to the 
method’of anabdic geometrj'-^ problem m gcomclry is trans- 
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lated into algebra, the ™^^h^I^erto*the problem, 

is translated back mto ^ Algebra is more abstract than 

This is similar, but not the • S ^^thod ot analytic 

geometry, farther from percep . describing- 

geometry is actually the because the algebra is easier 

Analytic geometry is powerful, therefore its rules 

t^4alire. but because it is I^d more thor- 

of manipulation are more completely understooQ 

"rsrJi 

language ot n-toensio^l to do with our 

tenAiimensional space hM notog merely a roathe- 

perceptions of the space m which we ' „ of three-diroen- 

Mtical shorthand which appcaU to our pcrrap ^^ring a 

sional space, and, by anidogy, gives a 

certain algebraic inequahty roncernmg thinking about 

learning is used to supply ^ !Sth our *"• 

abstractions which have nothing to do . models of 

PhysicUts use tlus method all the time m 
the atom. Another example is their insistence O" 
of light or a corpuscular theory or some combi «nsa- 

theoiies which can have an interpretation in told 

tions. Recently, mathematical exp^on® still yearn 

the only claim to “reality,” but the less esoteric of us still y 

for the physcal models as explanatioi^. ««rtinilarly 

Cole and Bruce have some quotations -which are p 
apt here (6:517-18): 

The building of the model, the draudng of 
imapnatlon or with physical materials-is a ciucial step m IM n 
thought process. The architect thinhs rath his drarang OM 
instniments, the machine builder with his model... .It is 
to build a thou^t model which Iransforms the direct, bungling, 
ering behavior of the unthinTdng child into the thou^tful, p * 
masoning behavior of the adult.... What a thou^t model » 
addition to ^ving us something to manipulate in our plann^, ^ 
provide a host of euggestions of possible manipulations.. .. 

...a Bjtlem of models, ^Tnbols, relationships; and, once we 
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mustered its network rf relaUonsUps. we turn to it quickly when we 
are confronted with a problem. 




or the nth term of an arithmetic series, 

J _ a + (n - 1)'^ 

.oaaiso for deriving the sum of the hrstn tern., 

!_• 1 . ;e hflscd upon an 

solving is the construction 
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^ or MATBE..ATICS 

iz __ tn tViP nrobleins- 



Emotional Aolinli.. Next. ,ve should 
ncctions bcUvecn scnsori- learning appreciation and of 

shall consider the development of aesineuc vv 

''^Aesthetic appreciation certainly the 

tion of paintings, sculpture sensations- 

n-orks of nature, good eoolong. are discussed 

Even the elements of ='PP7'"‘‘!'®“'l’’®/“.ai„a are rennniscent of 
in order to reach a deasion of aesthetic value, ^aity, 

phj-sical stimuli: balance, ^^"ataiive art 

and contrast. These terms arc apph^ *" Jto represent 

as well as representative. As soon as the and 

photographic fidelity in the graphic arts, cook- 

perfume, and the semblance of somctlung which aitli 

ing, then all the senses are called upon to inake “ P “ ;5 jn- 

the object licing represented. This show^ that vi 
tended to be lifelike or “pure" or whether it is 1“'^^ ^apon 
standard or the other, the judgments are 
concepts which have their foundations in sensoo' Icarm g- 
The examples for aesthetic appreciation is 

from the teaching of mathematics are few; not 
no connection, but because little use of them is made in . 
The balance of geometric forms is a standard cliche in 
mathematics to art. \Mial tcaclicr has explored the possi , 
teaching rhythm and its appreciation in mathematic c 
Certainly a consideration of varions rhj'lhms on the ru 
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renio,rnro“rrto ..H<ie.taHd it. Asalysis .cads to 

appreciation, ..livlties to be considered, "de- 

The second of ouv ” ‘ l™ extent only indirectly 

velopment of attitudes, is aug subjects, 

in mathematics, moral, and religious atti- 

is responsible for the soc ® ’ 1“ . ’ "Attitudes,” nor 

tudes of students. Since no cou ^ 

should it be, this phase of ■ „„ share of teaching 

fectly fair question whether “J* . J ,*.5 its part this way— 
these general attitudes. ® incorrect undeistand- 

incorreet attitudes ^incorrect sensory perceptions 

ings which, in turn, arc ba- ^vnr'rienccs " Hh mathematics.^ H 

Attitudes can he '™"' Incel n mil result in frustration 

te approach could encourage correc 

attitudes. ^ peculiar to mathematics and 

There are attitudes wInch ^are^^ c^mpIc 

which have a definite bas« - ^ j "numerology. In 

to use Here is jen^ this subject i'W'- 

Rtrictest pscudo-scientinc •- . . , . j},g prefcnt date, lus 

decisions concerning ^ I,cm the 

mathematics? Their interest 

(or U3 lies m tiic 
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t ni tlirpo dcfltbs coinii'P 

,eA.ou for doing so. t.fonf clovers cveo^ 

tofreihcr many times; N\ncu thej * . ^^ol^lSisunUicKv 
tiling turns out imicli better t ^ is unlucky because 

ILouso there wore 13 » o', a hnn^ments knot 

there ere 13 steps to n gol o nnd 13 r 6 the 

Here is a defimte “PP'^^sk is to turn tins same 
superstitious attitudes. The experiment to test some 

trust in sensory learning into ^ i„.Xnat mathcniatics he 

rSnt'ln the scientific method would he 

‘^'Tmag^y- Our final connection cfassify 

htgherVocessesinlearning^^crn.^^^^^^^^ 

images into six types, after-image , u^nnacogic images. 

images, ''”.'‘8'"“*'°" Sa^^’nt just one of the typf o' 

Thus imagination will fall into piaw a j t«rms of visual 

rrnage (3:30(Wi8). Imagery is usually d'^cussrf " |crms 
imagery, but it can result from any jpo •• perception. 

In gmral, an image is the reproduction of a po Pe P 


he reproduction of a past perceptmn, 

ip'^hororin part, in the absence of p;'f^!^„';^3'‘i?ter the 
lingering of the perception for a feu seconds images are 

Zulus is removed is called an alter-image Met«o;; 
remarkably clear images which persist o"or I attended to, 
moved which carry details apparently "ot oripna y ^ 
and are sometimes under the control of the i u 
images are the most familiar type and are 0=® eto th 
images or eidetic images but can be recalled afte g .^-es to 

of time. Imagination images combine parts of "'™ ^ the 

create images which never were experienced m that 
result of an external stimulus. Dreams are images ^ 
while we are asleep, and their origin in past perceptions i 
and not fully understood. Hypnagogic linages are ann'^^ 
nation images but occur in that half-and-half state bet 
ing and sleeping. For the teaching of mathematics the ^ 
portant types of image are the memory image and the unag 

Memory images are economy measures. It is certainly 
efficient to be able to call up the perception caused by some v 
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stiinulLWithouUh^abmtyth^ 

ing, only experiencing. The ataU 1 individual. 

\\Trannot ampWy'tMs subject of memory vathout losing the 

images (among other things) ^re memory images 

manipulation of mental ima^ ( S importance of 

based upon sensory perception), , 01 . success of Ic-aming and 

sensory learning for ormcalling such images 

thinking depends in part upon the e 

and the clarity of such images n„d„ which the 

and clarity Mill depend upon t p,j„„ hns been ivell 

original f,, „d also into the experience of the 

organized, both iMtlim i anti dear, 

individual, the the rule tor adding signed 

Let us apply this to f''® j ° ^eVto orgonire the perception 

numbers in beginning algebra. In examples, using both 

well tvithin itself we ‘?,X't|,7mnbers plus, both minus, 
small numbers and large, . ef larger ab»- 

ivitli the one of j„i„„a „„e the 

lute value minus; mth the p ,„3 „„„ to the left, 

plus one below, the plus and Knallyndth signed 

with possibly fraetionaUnd eule we msh remero- 

algebralc expressions. f that should be strong and 

bored will emerge tn a memmy the experience o 

clear. In order to organize thc^ P concepts already known 

The other tj-pe of ‘"'“f/ -ven more important, m 

learning and I*''"’''".®’ • „s not identical '^^tncali loo-c 

arrive at new “np(l must have the abiO . gi„ation 

vioiisly expenenced, a PUPP ,l.cm into new, imag 

parts of memorj* images 
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images. This type it bT^mS'Ch as the 

Sve painting. The "St. If pmetical and 

image before it can ^ ^th aelive imaginations, what 

artistie progre^ la nrade imagination? ... 

can mathematics do o e ^ to suggest possibilities 

Imagination is needed ^5 

tor proofs of originals >“ S«metry^to ffi 
factoring a quadratic ® t things to buy from 

. should be "ir" in a *" “fe best wfy to place the 

the playstore m arithmetic, * 0 .=?® moblem in analytic geom- 

comrdinate axes at the P sitna- 

etry. What role does sensory learmng ^ 

tions? In solving geometnc ongma pf geometric 

flejdble devices to illustrate possib ® ® /.ardboard wooden 

parts in the figure. Su* 1^23 ■ 37&-95) pve insations 

rtrips, and elastic, as theBums^ards (23.37^95) 

■which can be changed at a speed nea flexible methods 

changes from one image ^ another than do e^ ™ 

tended use of such visual aids is just as weakemng to 
tion as the refusal to u* them at all « stilhn^ 

In factoring quadratics it may 1« well W ha 
spaces left blank and other cards "eombina- 

in these spaces in order to show, visually, the possible com 
'w whiSi should be considered as factors. Even a 
of such possibilities may .P"P'?.%'”Sg Up a 

make similar exploratory Usts later for h^lf. “““i 
word problem, a blackboard demonstration <>' 

7„r “r” mav l4 lone and unwieldy, but it lays the framework tor 



for himself. At an elementary level we want " mts 

their own problems in addition by playing store .aba."''*.™® , 
of items to buy. Before they do this in their imagination it is n p 
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ful to have real objects, tin cans, bosK, and ma'W 

irith nrices for the children to manipulate and add. Later the 
imagination images of new combinations of 
addhion problems for the pupils. In teaching probl m ^nal^ 
geometry it is well to solve the same Sas on 

the axes in different positions and to see u la mlution 

the simplicity and neatness of 

Later the students can mahc Without 

with their imagination sugpstmg t at 

the experience of the actual sensorj ^ which to base its 

one toe, one’s ^a^ination 
creativeness. These examples show the neeo 
to stimulate the imagination in nm teachers should con- 

Thcre are other Xt tefchin^ Some people turn 

sider the role of imagination i memory 

very abstract toms are very aitlBcial. 

and use of j. . ..udy of the number forms 

For example, Galton (") m relationships between 

which some people create to - 1 at their left elbow, 

numbers. Some people tbm • o ^ sweeping curve out in 

and then the numbers 2 ^p^ec in a well-defined 

front of them, other numbere ,ljjt same form to help 

curve which stays in their toS|‘""T,,eher; need not encmir- 

tliem with their quantitative thmkm^ I they 

age suol. imagination imagra, tot toy 

exist in the imagination o .j [ imagination images by 

Our last appeal to an the feeling that ercative- 

the mathematics teacher is based po s^tjects, 

ness and expressional activity can be - ^mted to such 

and that mathematics is one jj succession of m™ory 

activity. Instead of mabnS our ^ ^^t„„ity to encourage the 
Images, we should search perceptions, “urage 

free imagination, the ‘y hapiOT if, the shan^ deh^t 

to think and talk about what for new P>> 5 ™.“' ‘J, j 

of the new idea, the explonato en (he totoS^“‘ 

tories transtomd to th<i „ot only what it has b«n 

mathematics is also what y 
• made. 
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”1-1. Xuti;U-£S'“ 

.Toundusandhaveended^h 

learning becomes a part ^ ^ memorizing, the understand- 

”1™—.™ '■"» —r ” ”“'“ 

OF THE SENSto 

and tried to show ^^h> this >p ^ l^firp tliscnssion to im- 
of learning. It is 

C^n'rin to?-bfect, but wc 

™Xr^-ir?a: to%”ro? nratbcmaties contribute to 
sensory learning in general? citizcnsliip, bealtli 

Schools have a responsibility to iinpro j,,„ugl, 

habits, and the use ot the senses to ml these w" 

perception. There are other '•“ 7 .“'“'^,; ’ ^vade all sub¬ 
serve to illustrate the types of object 

iects. Ot course mathematics teachers do teachers', 

lie three topics listed above, malor e p ^ 

We may get teachers to agree tha^t the major re p 
each tolic lies in one area-citizcnsliip in d„es 

habits in physical education, and se^o earning n » 
not science use sensory learning Jmment of 

English in descriptive rvnting, French in imitat 
pronunciation, commercial education in tyPO""‘ ‘ tVherc is 
in map reading, and physical education ’" “"J 41 ,„ senses? 
the opportunity in mathematics to imprm c ‘''O “ eliall 

In order to give definite e.xamples lyithin ™‘hemat.cs 
show how the teaching ot mathematics can help j dis- 

motor shills, to improve attention, to improve P“^“P‘;;“lie„s. 
crimination and estimation, and to eliminate pore p 
In order to make the examples from the teaching 
clear and distinct, from now on they will bo numbered 
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Development of Motor Skills ^ 

Some writers prefer to call "motor 

met;fois“™lng the shill and s^ciBc P-hce 1— 



Fie- 3- 

• ■„ the teaching of mathematics when 

are many informal occasions' 

motor skills are used and f^mulas for 

Example 1: Some of „f the volumes and = 0 “- 

be illustrated by construe tag JTdried ,vldch fill «« 

paring the amount of saU^^„g dried spht^^^ 
models. The pupils m ® base and altitude to sh 

a pjTamid to a prism wi volume of the pnsm. 

that the pyramid has ^ ijmade of a cone 

at the left is holding a shows the same reW-'®” ^ 

with the same base and aUit»d= ” eanlboard would do 

These models are made of plast . , -ces, such as 

well. , js-n of computi^S 

Example 3: Tlie construction 
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Our contention here is that the improvement of attention in 
many separate situations by many different school subjects is 
the only way to improve attention in general. It is impossible to 
design exercises to improve attention without ija%'ing attention 
paid to something specific. 

Improvement of Perceptual Discrimination and Estimation 

The improvement of estimation is essentially a responsibility 
of mathematics teachers and one that has been greatly neglected 
because notliing very definite has been suggested to them. 

All measurement is really a comparison of an unknown amount 
of material with a standard called a unit. Estimates of physical 
quantities are really rough measurements when a low degree of 
accuracy is sufficient. 

There are four ivays in which estimating is used: (a) estimating 
results of arithmetical operations, (b) estimating values by using 
judgments based upon past experience, (c) naming the number 
of units w'hich characterize a given amount of physical material, 
and (d) choosing an amount of physical material which is equal 
to a given ^lumber of units. The last tw’o are those which we call 
‘'estimates of physical quantities” and are the ones which can be 
improved through sensory learning in mathematics. 

It is impossible to form correct concepts of the meanings of 
physical units without some concrete experiences with objects 
measured in these units. Moreover, in order to assure some pro¬ 
ficiency is estimating physical quantities, specific practice in these 
skills must be given in school. Pictures of the material needed for 
Examples No. 5-8 will be found in Figure 5. 

Example 6: One of the basic decisions used in estimating is 
that of "greater-less.” We can devise an exercise for the kin¬ 
esthetic sense by taking a series of boxes (eight is a good number) 
about 1" X 3" X 4", and all exactly alike, and weighting them 
with lead dress weights. Put no weight in the first, one in the sec¬ 
ond, two in the third, and so on. Fasten the weights together and 
to the box so they will not rattle. Fasten the boxes shut with 
scotch tape, and paint the numbers 1 through 8 on the bottoms 
of the boxes out of sight. ShufOe them on the table and ask some¬ 
one to arrange them in order of weight. When be has finished. 
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turn the boxes over to cheek the order 



. iust the l^t and last, various levels of diffi- 



the learning of mathematics 

holds her hands a foot “Pf ‘ as'far apS^'rhen^hey 

tells the class to hold their hand , jj teacher 

measure the distance on their J^ practiced, 

ivhat it is. Various distances arid ^ long as 

Simpler exercises such as dramng lines ractice in esti- 

those on a mimeographed piece of paper, g P , . ^f 
mating distances closer at hand and show new techniques 

^Erampfe 7; Flags on sticks ."’“f“"pH ^can he 
pared for an exercise in estimating lengths. The p p 



asked to place two hags 20 feet apart and the result rnaasu 
with a steel tape. Then another pupil could be asked to move u 
nags to a new position and a third pupil to estimate how mr apa 
tlicy are. These two exercises illustrate the two types of estimating 
of physical quantities. Each exercise should be followed by onoug ■ 
discussion to as-sure that the class knows ways to improve ski 

in cslimaling. v'cinl 

ExampU 8: Tlic estimation of shape is a complex skill, n 
estimation can l>c improved by liavinR a paRC of shapes 
oRraphed, only one of which matche.s that of a larpcr | 

up Ijeforc the clx's. This exercise can be made ca-sy or difneu^ • 
TliC discus-sions which follow arc verj* interesting and reveal no' c 
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^vays of estimating shape. Blocks cut out of plywood and nailed 
to a plank provide an interesting blindfold exercise. Two of the 
shapes on each plank should be the same. It is easier if they are 
in tJie same relative position, but they need not be. The pupil 
is to find the similar shapes using the cataneous sense without 
visual help. 

Eiowiplc Or In Tigure t» \\ntt be seen a number ot measuring 
devices which have scales which need to be read and which require 
some perceptual discrinunation. The rulers, tapes, micrometer 
caliper, and surve3’ing instruments can all be understood by 
secondarj'-school pupils and can be used to measure distances 
and angles both inside and outside of the classroom. The discus¬ 
sions of tlie construction of scales, the reading of scales and the 
uTij’s to improve accuracy in readings are verj' beneficial. 

Bzaffsple 10; Field exercises (28) with the surveying instruments 
Just mentioned can be used to improve the perception of auditory 
stimuli by planning for complex commands to be transmitted by 
pupils to each other. 



Fig. 7- 


Example li: A fascinating CJrcrcfee is that of finding how many 
ways one am cover a plane using congruent regular polygons (M: 
59-07 • 38 * 273-8*’) If they must all hav's the same number of sides 
there kre only a few solutions, but if several types may be usd 
(the only restmDon being that each tj^ have cangment regular 
polygon; of the same number of sales), then many pel erns can 
be made. Figums 7 through 12 jUuslratc some of the results. The 
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ckss may ivish to make potales from some of their desiBns to sub- 

™ TtefamTult’few oVtt of eaereise M 

dev^ to improve the perceptual dis crimmatou and ab.Utj 



Fig. 12- 


c I. rxcrci'cs v-ithin the mathematica 

their pupils to ®"Uin other subjeets as uell. 

class should impro' • 

Eliminalion of Perceplool atlcntion. and cstimahou 

The improvement of the indii-idual. Were are 

relate to ehanges uhich «u ^ “’^'^Sc'the to- 

«,me arransements of ehmu‘ „„L.,dc 

MTong perception that the 
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dividual. These arc called om senses 

MTong because ^ „ence of these illusions cannot 

convince us of our error. _ nunils that their sensorj' 

be prevented, but we can “"""d /gainst more objective 
learnings sometimes need to be ““ ® j ,lel lines and 

means of observation. The usual ’"“’".“fthey are so familiar, 
unequal distances will not be given here since tney 





Example 12: The center of gravity of a figure 
fectly understood but our senses place it in 

136; 30: 25). Try finding the center of granty of *e drawmy^^^ 
Figure 13 using your eyes alone. The geometnc construe 
them are shown in Figure 14. Vfe have used the notation M (A, 
to mean the midpoint of the line segment AB. X m each ^ 
the center of gravity. In using these in class it is helpful w 
pieces of cardboard in the shapes shown, and to check the ge^ 
metric constructions for center of gravity by balancing 
boards on a sharp point or by hanging them from two d er 
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poinU on their edge nnd using n plumb bob to find two verticai 
iincs which will intersect nt the center of gravity. 





ircle tvill roU along a fine ^ ^ 

ame distance from to them they doubt it. 

, 0 . Even when the shapes 
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Actual experiment is S^^toTem, or 

which these figures nre (24:178-79). 

they could be asked to work! . , ^ jing about conic sec- 

Lample W A common “fja parabola and o! 

tions is the difference .‘’“‘f™t^cuffrom a cone made of 
an hyperbola. By shomng how as 



Fig. 16. 


clay or the wood themselves. The next best way is to let the 
watch such a procedure and handle the results „„„eptual 

By using sensory learning we can eliminate some J 
illusions and reduce the possibility of others. Once a p 
convinced that Ins senses are not to be trusted in all cas 
fine degrees of accuracy are needed he v,ill beware falling g. 

perceptual traps in the future. A rational use of the senses is 

times necessary. Lu^tr^atics 

These 14 examples have tried to show teachers of matne 
how sensory learning in their subject can have general e 
improving the uses of the senses as well as specific uses in 
learning of mathematics. We have found examples from the 
velopment of motor skills, the improvement of attention, 
improvement of perceptual discrimination, and the elimination 
perceptual illusion-s. 
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IMPROVlNa THE TEACHIHG OP MATHEMATICS THEOEQH BETTER ESE 
OF SEI^ORV LEARNING 

It ^ems to be about tune to get to our real reason for the pres¬ 
ent discussion—the improvement of the teaching of mathematics. 
On the other hand, the three sections preceding this one should 
certainly have some effect on matliematics teaching. The first 
section summarized the background in psychology upon which 
the later discussion is based, the second section showed how more 
eorople-x types of learning depend upon sensory learning, the third 
section considered the inverse problem—how mathematics can 
improve the use of the senses, and the present section illustrates 
the preceding discussion with examples from the teaching of 
mathematics. 

We shall not attempt to introduce any new psychological ideas, 
nor to present any new mathematics, merely to bring the fields 
of psychology and mathematics closer together by very definite 
teaching suggestions. In fact, this whole section will be nothing 
more than one e,xample after another arranged in the same se¬ 
quence as the ideas in parts I and II. 

Improving the Teaching of Malhematics 
Through Visual Sensations 

Example 15: We hai'e already noted that geometry is more 
concrete than algebra. Thus, w'hcn possible, algebra should be 
interpreted in geometric terms to clarify the concepts. In factor¬ 
ing, each pupil could be asked to mark a piece of paper or card¬ 
board as in Figure 17a and cut it out with scissors to see that 
(a + &}» = a* + 2fl6 + 

In the light of our present discussion it is important that (a) each 
pupil does tills for himself, (b) actual cutting be done with scissors 
since it is much more effective than merely fitting together puzzles 
which have been previously cut out, (c) any demonstration by 
the teacher be presented after, not before, the drav,-mg and cutting 
by the pupil. The other illustration, Figure 17b, shou-s a smuiar 
dissection of a wooden cube to illustrate that 

(a + by » tt* + 3a»6 -f 3ah' + b* 
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It is probably too much to expect that this model be constructed 
by each pupil; instead, he -will merely watch it being demon¬ 
strated and then manipulate it himself. By using these devi^ 
properly we can also show the expansions of (o - bY and (a - b). 



Any verbal description of how these pieces should be manipu¬ 
lated is very long and involved compared with the experience of 
trying to manipulate them, and that is just the essence of our 
argument—the sensorj' learning b more ^rect and easier to fol¬ 
low than the verbal generalization. 

Example 16: The three diagrams in Figure 18 are geometrical 
representations of the atom. In what sense are they mathemati¬ 
cal realities and how are they attempting to use visual sensa¬ 
tions? Certainly no scientist would proclaim that we might some 
day design a microscope strong enough so that an atom can 
be perceived by the eye in the form of one of these pictures. They 
are ^'isual aids to thinking. Some of the properties which we have 
discovered in the atom are remembered and manipulated mentally 
easier by associating them with the particular \TSual sensations 
from these diagrams. It seems appropriate for us to use these as 
examples here because so much mathematics we trj' to teach is 
highly abstract and needs visualization (or other sensorj’ associa¬ 
tion) similar to that shown here for the atom. Indeed, let us not 
be too quick to draw the line between mathematics and its appli¬ 
cations lest we cut deeply into our subject and, fearing to teach 
some applications, exclude some mathematics. It may be well 
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worth the time m mathematic to draw “nstruct diagr^^^ 
for atoms, discussing why cubes, circles and ellipses have 
chosen to represent physical concepts. 




Fig- W- 


/mprcrfnp the TcacMnp c/ Molftcaiatica 

Through Audim concerning area 

we ir: A very "i„":rand clay. A cu^ 
and volume can be and its aiea 

of clay two inches on attjdgc « ^ 

24 square inches is to become 32, 40 and 48 scpare 

and eighths the area is shown ^ demonstrates tlie 

“ her-M'e the vol^e ^^‘"tont volume inerc^j - 

idea that the to ahow W * 



pUcation, we ignite equal a volume “V;,"■ 

note that the time „t the size of particles of the gu 

density of smoke are fun demonstration, 

powder. The class never forBCK 
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Example /«: Oial 

varying practice by using the . arithmetic prob- 

spumed because one is of presenta- 

lems after merely heanng them. <,trencthened because they 

tion; and the facts to be "‘^“ftoTmany avenues 

are abstracted from many tjToso . drill have been 

of sensation. Commercial recoris of anthmeric^dn^^ 

made available, but there is stil ^ r rirpsentation ivhich 

gation open to detemnne the stories which 

are interesting and effective. Are 

should he available to schools as we _^sptg? What back- 

pictures we now have to introduce HHithe- 

pound in the Hstory and present-day .pholarly 

Ltics should become available on ht increase 

information and professional radio performance B 

their value? 

Impromng the Teaching of Mathematics Through 
Olfactory and Gustatory Sensations _ 

Example 19: A glass of water at room of 

before a blindfolded student. Another student adik a 
“gar or salt once in a while and the blindfolded 
it every so often. It should be tasted more often than ^t ^ 
is added. The number of grams when the tete is ta 
should be recorded. A distribution for each 3 tu- 

class will lead to discussions of statistical concepts. ^ 
dents are found who are fairly consistent “ 
might be well to continue the experiment wnth differe “ . , 
of water to begin with and to see whether the amount °f ^ 
and the amount of water seem to be linear functions of ca 
Another series of experiments can be devised ^ the ti 
a given substance (ammonia, vinegar, or oil of citrone ; 
detected at a given distance. 

Improving the Teaching of Mathematics Through 
Cutaneous, Kinesthetic, and Organic Sensations ^ 

Example 20: Previous discussions have referred to the ° 
lbe«e sensations. A great deal of fun and learning of mathema 
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.in result from -l^rimcuts toH. 

Wcbcr-Fcelmer I,aiv m psyclioloBj (27m >ua ^ 

law says, ■.'Enual “ ^^0^ is increaseil 

proportion bctxTOn f*™"'' ^ judged to be heavier 

gradually until 7o per ten threshold of discrimination 

than the original. W e shall^_ted for 80 grams and 
for 40 grams. The same Us will lead to the topic of 

tor 200 grams. The B™P''^ other experiments 

exponential variation and logarithms. Jlany 

are possible. people find it necessary 

to" araddition facts for some time after they 


J 2 3 
U S ^ 
^ g P 


Fig- W- 

tre understood. In 

^SsSSifSHH 

The danger is that such im ^ d ,o S it; it « » 

sist. Thus pupils should have to > d 

on their finders or ‘'■™“«Vn?m"'o^. >>“‘ . 

it may he possible that 
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Example S3: The entire subject of models to 1)0 used in Oic 
teaching of mathematics is connected mth the ^ 

learning. Geometric forms may acquire considerabij 
ing it they are handled in concrete form. The models m Fig« 



shon- some regular polyhedrons on the right and some plaster 
models of spheres on the left. The regular polyhedrons can leaci 
to fascinating discussions of relationships between the number of 
edges, vertices, and faces. Euler's theorem can be arrived at m- 
ductively with a little help and checked for non-regular pol>' 
hedrons. Pupils can be asked what figure results when the center 
of each face of a polyhedron is connected to the centers of al 
faces adjacent to the first one. TMs is a little difficult to visualize 
without the help of a model. If the model can be touched an 
turned about, the learning is that much easier. The concept of 
reciprocal figure can be built as shorni by the following table: 


ORIGINAL 

POLTHEORON 

VERTICES 

EDGES 

FACES 

INSCRIBED 

POLTHEORON 

Tetrahedron 1 

4 

6 1 

i ^ 

Tetrahedron 

Hexahedron 1 

8 

1 12 

c 

Octahedron 

Octalxedron ' 

c 

12 

8 

Hexahedron 

Dodecahedron 

20 

30 

12 

Icosahedron 

Icosahedron 

12 

j 30 

j 20 

Dodecahedron 



SENSOKY LEAHNING APPLIED TO MATHEMATICS 


135 


After the table is built by laborious counting, tl.c P°''Y 
thodical tl,inking can be cmpliasircd by deriving some » 
difficult facts from some of the simpler. " 

faces of a dodecahedron can be counted fairly easily, then the 
numbe; of edges can be found by saying, “T'f 
five edges gives 00 edges, but each edge of the solid figure serve 
two faces, therefore the solid has 30 edges. 

painted with white enamel, one can 'P • of these 

triangles, quadrants, and erase them The mampulati 
figures is just as important as seeing them. 

Improving iU Teaching of Ualhmolics Through. Iho 
Uoo of Muooulor SkilU 

Emmpic $4: The concept of should be 

following manner, V”, “ piece of white paper, about 

placed in the center of a fairl> ^ P jp „acc the lines of 
20' X 30'. A very small eompi® is pp.pt to, 

force from one polo to the „ fascinating occupation 

point until the locus (levclojw. pupils to 

and once a diagram is **“'’*'?,''',^„,ttem of lines as time allows. 

work on and to build as com^ a P“ 'em 
Figure 21 shou's a tjT^al result lor 



• of 

BiompleJS: Another 'Jfiflhc^'’^«''i!. 

rbSfo SmScal ideaa wMch^a^-^^ pp,^n 

d they arc sho^Ti in Figure 
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and iU diagonals. By niAfferent f 

a variety ot designs results. The secon ^ 

traced by its tangents. In order to drav ® .-chUne (the 

tersecting lines and steps off equal line se^e 

aegments on the two Unes do not need to be equal but 

ally are). Ckinnect any one of these points on one 

one of the points on the other, then move f™” P°“‘ ^ter 

on one line going toward the point of ‘I^etion 

moving away. It is notTiecessary to have the point of “t® ' .. 

the end point of any line segment, but it I; 

The third diagram shows a curve of pursuit. Start mth ^ . 

a point, P, not on I; and a point Q on 1. (In our dia^ j 

straight line but it need not be). Then let QQi - p ^ 

and Pi lie on PQ, P, lie on PiQi, P» lie on PiQt, so that P i 

PiP, »» P*P». Then these lines outline the curv'e wmcti ^ 

BtarUng at P would take U he alwaj’S aimed at a j ^ 

at Q w-ho runs along curve I at a constant rate of speed. O' 
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a circle and P as its center; investigate the elTect of changing the 
ratio be“een the speeds of the tn-o. Have "" 

matical thinking vnW result. 

Improving Attention by 

^\xampU 26: The stimulus 

intensity or its contrast. ^ c P presented 

;sfg ->■ ^“ 



¥1«-S3. 


. ..cacted to the diagram and to search for 

jeetory is a parabo . ^ strings arc propo_ ^ j 

i,nal distances; the , 

scuarcsone.four nmc etc A ,he form of pa 

tods at tlie ends of the stnngs 
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This is an interesting statemrat to prove the 

td parabola htted to it Then it " ^ o^rO^ourse, 

which the stick is hdd IS the same as tot ^e nozto 

tlus takes some time to plan p. 

to plan this demonstration 'snth his jmpils and t p 

front of the class without discovering tot chrn^ ^d ro ^ 

in the stimulus will command the attention of the pupils. - 

matics will pick up in interest from tot day on. 


Improving Atlenlion by CorUroUing the Observer 

Example S8: Everyone has seen a ^ndulum ’’^‘"^ring. 

forth in a clock, or seen a stone surn^g on ^.-tion. 

The interest of most indi\idiiak vnW be caught b> ^ 

‘TVhat .E the function connecting the length of a pend ^ 
the time it takes to swing back and ™ ‘ and 

pendulums, from two inches to forty feet, could be .- 
measurements made. There will be plenty of interest an 
tion, and finally the figures will jdeld the results; 
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Later this may be made more Eopliisticated by sbomng that 




EvSyone knmrs about mirrors and mb be caught 

bv^re^nt oMryiug to bud a formula councctmgM 

in decrees A, at M'hich two mirroi-s arc set, and the ; 

of images of a light, L, arranged as in Figure 2a. It .s wise 



A-60* 

Fig. M. Light KflKicd in foWinR mirror. 

ti.nt A is an exact factor of 360. It can 
the original assumption that A is an 

be then found inductively that 


iV 


360 


-1 


It is important to this fiKeTsto' 

themirrLaudstopubcneverauother .mag 

pupils' attention until the , handle; inside ts « 

In Figure 2r,a uc have »''‘^^' i^three places. If this is plaMd 
loop of thread attached to ^ the loop broken by 

in a soap solution and »« i„op „I11 take the form of 

tho corner of a piece of pajw dramatic and convincing 

a circle as shoivn in Figure 26b. , pv n 

demonstration that the c.r* . » „ 

perimeter. The reasoning go« possible, sinre 

the soap film tends to make thrt a « 

t,.irire^ra™Etocedt^-”'::::p.rof,hutitiscoov^ 

large as possible. Ui couiw? 
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Fig. 2S a and b. 

It catches that interest and attention, which is a prerequisite to 
learning the mathematics. 

Improving Perceplion Through Better 
Organization of the Stimulus 

Example SI; The perception of the number of “ “ 

group is very important. One of the roost important ^ 
making this perception easj- is the tj-pe of organmtim in 
stimulus. One set of examples -vvill be seen in Figure 27. rlas 




of these before an individual and increase the time of presen 
tion until the correct number in the group is perceived. Then ^ 
him to tell how he detenidned the number. Here are some of 
typical responses received when this was tried with co ege 
students: 
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(a) 1,2, 3, 4, 5,0.7, 8,9 

(b) 3, G, 9 or 3 times 3 is 9 

(c) 4 and 5 is 9 

(d) 2, 4, G, 7 or 3 and 4 is 7 
(c) 2, 4, 0, 9 or G and 3 is 9 

(f) 4, 7, 9 or 4 and 5 is 9 

(g) 1,2,3,4,5,0,7,8,9,10 

(h) 9 minus 1 is S. 

„I K-slrr '■ —•' 

to achieve belter percep i <,orrcsponding sides of eon- 

plane geomclrj’ figi res. Bj S j ^ shading m areas 

drnpre™, .peefnl Wfona « 

Example S3: The deve opmen ot ‘to « 
bers is essentially one use of idsual number scales 

tics. This is evident m the extension of this number 

to represent the ordinal scnle nna 

scale to negative numbere. question, “Wtot is 

Example 34: U ia Xence °f “ f , 

the locus of n point on the c ^ the first 

ndthout slipping the ansivcr unless they can act 

time and many inH tobm^thc ^ oue,„ 

ally see the curve formed as m r go __ 
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along the chalk tray and letting a piece of oha^ wWch projects 
through a hole in the circumference trace on the blackboard. 


Improving Temporal Perception in Maihemaiics 

Example SB: In discusang problems of temporal perception a 
great deal of mathematics can be learned, and the improvement o 
temporal perception vnW improve the learning of mathematics. Ke- 
action time experiments (27:207-18) are a good illustration. Have 
a row of pupils line up each ynih a pencil in one hand. Each one 
watches the pencil of the person at lus left and raises his pencil 
when he sees that raised. The time for a signal to p^s from the 
left to the right of the line is determined and, by dividing by 
number in the line, we find the average simple reaction time. This 
can be compared with the simple reaction time for auditory and 
tactual sensations. Then the dhcrinunation reaction time and the 
choice reaction time nught be investigated. The ideas sound com¬ 
plicated but they are not, since we need not enter into psycho* 
lopcal explanations of “why** or “how," Arithmetical calcula¬ 
tions will have more meaning when attached to such perceptions. 


Improving Perception of Movement in Mathematics 
Example SB: It is somewhat difficult to see the path of a ra¬ 
pidly moving projective and to analyse its movements visually- 
A mathematical discussion and justification of the parabola vnu 
sharpen the perception of all trajectories thereafter (1: 75-7ol- 
We carry away from a situation what we bring to it. In Figure 29 
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wo ECO a graphical ray of cxpiaininE the parabola: The horizontal 
distances are equal because ra shall assume that any initial push 
fr iiat direction remains constant; the vertical distances are in 
pro “to the squaras (1, 4, 8. in. etc.). This latter sequence 
is explained thus: 


0 

2k 

0 

0 


1 

2k 

2k 

k 


2 

2k 

■ik 

Ak 


3 

2Jfe 

Gil: 

9fc 


4 

2ib 

Sk 

IGit 


5 

2il: 

lOfc 

25k 


t ••• 
2k ^■■ 
2lk■^^ 
Vk-’- 


tional to the average velocity: 

3 „ ^ 0 + I » Pi 

By changing the amount of bitial verti- 

niiy be obtained, Graph.cd^t|^=^ 

cal pushes, and uch more satisfactory way to 

^tlforirparticles th^ oomplicated avpeHments 
ii-itli photography or eleetneal sparks. 

Improving Molivalwn in ^ motivation is aided 

Ermmpic ST:Jfo ''“™ our eimmples should, there¬ 
by clarifying the 8““'/“'* „f jcosory learning m mathe- 

forc, h,ave demonstrated ^„„„over, here are two rnore. 
matics to improve „ of the easiest to rnotivatc 

Tlie concept of shooting craps, lotteries, rou- 

through references to bndgeh . 

lette, one-armed bandits, “"j”^motUion is Buffon's needle 

concrete (i.e. sensory 7“?^^^o”cdle of length i is drop^^ 
problem (16: 24fM7). A “ jj ooits apart, where K is 

upon a plane surface ruled ’"‘J ^ performed and the ratio of tte 

areater than L. If an experiment is^rio 

Lmber of times “f that this value approaches 

dropped is computed, I jo appro- 


number 
is 

the number B is 




144 


THE LEARNING OF MATHEMATICS 


ciatc tlm fact that the theory of probability 
rsulJ’of experiments -Wei. may be v^- on, or « 
carry out. Hence one is motivated to stud,> the 
accessible topics of probability. ,. , 

Example SS: A familiar problem, but one "‘"Vj,; 30 

capable of motivation is the G4 = 05 problem shou n m Figure d 




a 






Fig. 30. 


It a square is ruled into 04 smaller squares and cut M shouTi, an 
then the four pieces rearranged into a rectangle which is o J 
units, we seem to have shown that there are now 65 small square^ ■ 
The interest and the subsequent computation of the angle 
the comers of the rectangle by simple, right-triangle trigonomctrj, 
serves as ari excellent motivation device for that subjec . 
cause physical materials have been drawn, cut and rea^ange.. 
one feels that this is a convincing proof. The triumph of rna . - 
matics over the senses in final conviction is no less important a 
the initial feeling, due to the sensory presentation, that this is a 
problem worthy of attention. 


Improving Memorizing in Malhemalics 

Example 35: Memorizing still is, and always will be, important 
in learning mathematics. Recent attacks have rightly criticize ^ 
mcaninglc.«is memorizing. After meaning is established, drill is 
necessary. Many recent devices in the form of games have been 
produced for arithmetic teachers. Figure 31 shows a number o 
these. The important point is that meaningless repetition of num- 
l)er facts, even though using a large variety of the senses, an 
those very intemely, will be of little use compared with the 
plajing of meaningful games during, and after, the .significance 
of each number fact is established 
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.u »/ CCH- 

ExampU iO: '’5\”cher, cannot be transferred 

ccpts, clear in the mind o ‘ ^ slow and ingemou 

in that form into the Sions of the concept must be 

presentation of examples jhe mind of each 

given in terms of “^’^^rincept, A Bood «a^ 

teTotTeprona^e 

United States e»vernmenM ^ f„„ach md d 
if one counted one per « ^ ^^^re laid end 

piWIuD. how long a strip, if the a 
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The success ot the establishment of 

the amount of familiarity the audience has mth the coun g, 
siTe Tnd iveight of dollar bills, and also rvith the power of the 
imagination of the audience to extrapolate these sensation 

'^'lilmplc 4t: The concept ot complex roots to 

tions is complicated enough so that all sensory aids to '^de 

standing are -worth considering. In Figure 32 we have a 



of constructing such a visual sensation to strengthen the concep 
for the equation j/ = z* - x - 6. The figure is composed ot a 
horizontal complex x-plane and a real 7/*axis. The graph m e 
z-planc is a hyperbola and consists of all values of x which are 
complete complex and which give real values to y. These real 
values of y lie in the right h>T)crbolic cylinder whose elements p^ 
through the h>T>erbola in the i-plane. These y values form the 
two complex branches shown. By appending the graph of y for 
real values of i, wc have the total graph and the complex roots 
shown in the figure. Even though this explanation is complicated 
and needs more detail (10:288-01), it would be much more so 
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witliout the visual model to accompany the explanation. A tac¬ 
tual model would be even better. 


Improving Problem-Solving in Malhematics 
Example 1^'. One of the most effective 
a problem situation is through sensoy Too °f‘^ 

problems for solution are verbal^ and tog 

form before the pupils get them. The ‘ XthTtCb 

that there is a problem in the situation of 
lem, and of sloughing off the ™ 
by the students. Here is an example of 

present such a problem. Stand an ^(go- 2S). Kock 

the physics or chemistry 

it back and forth and show that amount of time, they 

zoiital. Ask tho class why? J pipire 33 . This shows 

should be able to draw a diagram similar to gu 



FiR. 33. 


the mathematical statement of 'is'n^tT^^^^^^ 

need to define the word „'’tical"; and the latter as a 

of geometry, as perpendiMlar ^e earth, 

line through a given P “"‘,^1 and AB and CD are equal, 
If the base of the balance is hon^'^ ^1x0 equal; and i! EFO 's 
and AD and BC ate eontinuous p^ ^ 
continuous so that there are P , nre also honsontal. 
can prove that the top ‘7,S 'blem from the physical situ^ 
polishing of the statement of this P j ten probl^ 

«on and its proof may “f.^'^stract form, but the former 
which have been presented mm y,, should certai y 

experience is, at times, much more va 

not be excluded. 
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Improi-ing Emotional Learning in MMemattes 
Example J,S: The auditory rensations arc 
here is an example using them. for 

two notes, then three, and possibly inorc, should “ P > 
the cla.ss. In each cx^c ti.ey should rmte down whether thacom 
bination sounds pleasant or unpleasant. Absolute 
tween members of the class is neither expected nor 
In fact, the degree of pleasantness or unpleasantness m.g t w 
discussed on the basis of the votes. Combinations 
clearly considered to be pleasant or unpleasant by a ."'“1°" ■ 
should be analysed further by introducing the frequencies ol t le 
notes. The ratios of these combinations should turn out t 
simpler for pleasant combinations than for unpleasant onc.s pa. 
339). Such relationships between the arts and the sciences ma. 
open the doors to other interests for many pupils in the class. 

Example U: If we wish to approach the question of beau 
in design by means of regular repetition of geometric forms, on 
way to do this is to talk about the kaleidoscope. This leads to ui 
problem of repeated reflections in a number of mirrors (7i '“-'Wh 
Since a plane mirror is the perpendicular bisector of each im ^ 
segment connecting a point and its image, \vc arc immediate > 
at the mathematical statement of the problem. In Figure 34 we sec 


i 





r*'\ 


1 /l»^ 




the results of reflecting a point in four mirrors forming a square or 
in three mirrors forming a triangle. The regularity of these figures 
is responsible for both the geometric beauty and the geometric 
simplicity. The diagrams on paper are not enough. Pupils 
be encouraged to try combinations of mirrors and a lighted cand 
and then to justify mathematically the images seen. 
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Shakespeare or the appropriate phrase in Beethoven; one element 
of iraaginaUon is its spontaneity and elusiveness. There is far too 
little of it in mathematics; that may be one reason our subject is 
sometimes considered cold- The example, Figure 36, is completcb 
inadequate without the accompanjing text and fellow drawings- 
It is merely an invitation to see the oripnal. 

Example 47: Some mathematical concepts defy the imagina¬ 
tion. How would you draw a curv'e which becomes infinite in 
length but is closed, continuous, and surrounds a finite area? Figure 
37 illustrates a curve wWch docs this. By continuing the process 
begun in these diagrams, we get a curve of the desired Ijli® ^ 
the Hrrut (15:343-55; 29: 83-85). Is not the connection tetw«n 
Ecnsorj' learning and imajpnation clear? How could one imagine 
the pathological answers to the questions posed above without the 
\*isual presentation of the method by which these cur^'cs arc con- 
ftructeil? Of course, a verbal explanation and description of tlu-' 


SENSORY LEARNING APPLIED TO MATHEMATICS 


151 



presentation. „ . , , .tlemDt to give specific, concrete 
Now we have finished em^ed in the teaching 

examples of how seMory teaching which we all 

of mathematics to ‘“P™ . ^j^e use of wsual sensations; audi- 
dcsire. We have apphed to to to 

tory sensations; olfacto ^ .^ajations; and to to use of 
static, kinesthetic, “'‘“^“vementofattentionbytontrol- 
muscular skills; also to to improving perception by 

ling the stimulus and to to improvement ofspacial 

better organisation „„d the perception of to'™® 
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ing, understanding of concepts, problem-sohdng, emotional learn¬ 
ing, and the formation of imagination images. These are the 
contributions of sensory learning to the teaching of mathematics. 



SENSORY LEARNING APPLIED TO JIATBESIATICS 

ment of motor sldlls, improvement of nttention, perceptu 

:rteSnS"pereeptoV"^^^^ 

to higher t^es end emotional learnin 

but it is verj-, veo' important. 
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5 ., Language in Mathematics 

InviN H. Brune 

WHAT IS liANGUACE? 

Language can help and language can hinder learning. IntclU 
gent living requires that we transmit thoughts; we communicate 
by means of language. Through language man has sliarcd Ins dis¬ 
coveries, widened his understandings, preserved his learnings, 
developed his civilizations, and educated his children. Thus an- 
guage has benefited mankind. Yet, because at best it rc\ea 
meanings imperfectly, language has produced misunderstandings, 
bred dissensions, and even fomented wars. The power of language, 
like the force of fire, can effect good or ill in human affairs. 

In the teaching of mathematics language has also both suc¬ 
ceeded and failed. Whenever it has led pupils to enjoy the satis¬ 
factions of thinking through a mathematical situation, language 
has helped. ^Vhenevc^ it has engendered lack of clarity as pupils 
seek to solve problems, language has hindered. In this chapter ue 
shall consider a few principles of communication, and make a feu 
suggestions to teachers. We shall aim to help teachers and pupils 
scrutinize language. It will be a terse treatment, but even a modest 
study of language helps us to perceive the power of words. In the 
drama of thinking, language plays the lead. 

Suppose that we consider examples: 

1. An experienced teacher merited recognition. For 30 years she 
taught mathematics to boys in a correctional school—a place 
where one tries hard to salvage youthful deviates. Of couree the 
teacher sought no honors, but some of her friends gave a dinner 
for her. When pressed for the secret of her success, she spoke 
neatly: “The boys and I have alwaj’s understood that right is 
rigU:* 

2. A pupil in algebra also spoke neatly: “Irregardless of its 
sign a number squared gives a positive result.” 

3. Another pupil erred often by making hasty generalizations. 
“All generalizations,” he said, “are false.” 
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Tim handled a child's syllogism based on a thorough under¬ 
standing of certain numbers. 

Discussion by a group tests a statement. The eighth grade re- 
thought and altered their words until they produccfl a high > 
refined statement. u 

Sally’s description of a circle qualified as a good deflation, it 
contained simple words; it put circle into a cla^; it distinguished 
circle from other rings; it was brief- 

Teachers of mathematics know that mathematics says^more in 
fewer symbols than any other language. The examples 5, 6, 7, 8 
and 9 we have just examined attest to the clarity, conciseness, and 
precision of mathematical statements. Spitzer lists three state¬ 
ments that show how the language of mathematics enhances a 
report: 

a. During recent times some of the original soil of our cultivated 
slopes has washed away, (b) During the last five years two inches of 
our original soil has washed away, (c) During the last five years about 
one-fourth of the eight inches of the original soil has washed away (29)- 

Mathematical language facilitates thinking by complem^ting 
ordinaiy language (as in Spitzer's example above), and it also 
suggests solutions to problems. Let us look at an example. Mc^- 
urements have shown that gold loses about one-nineteenth of its 
weight if it is weighed in water rather than in air. Similarly, silver 
weighed in water loses about one-tenth of its weight. If, ^ 
quantity of an alloy of gold and silver weighs 12 ounces m 
and 11.16 ounces in water, how much of the alloy, weighed in 
is gold, and how much is silver? The power of mathematical 
symbolism appears when we let n represent the number of ounces 
of gold, weighed in in the alloy. Then 12 — n represents the 
number of ounces (weight in air) of silver in the alloy. And the 
equation Kn + tb(12 — n) = 11.16 both states concisely the 
conditions of the problem and suggests clearly how to solve the 
problem. As Sol Worth explained to ilatt, his younger brother, 
“To solve an equation, you undo it.” The results, n = 7.6 and 
12, — n ss 4.4, represent ounces of gold and silver in the allo}’- 
Mathematics as a way of thinking concerns itself with language. 
Mathematics begins with terms understood and accepted without 
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definition by all concerned. "Number," "counting," "same," 
"equals," "plane," "distance,” "point,” "patb,” are among those 
often thus used. Using undefined terms as key words, students of 
mathematics then agree on certain definitions. A locus, for ex¬ 
ample, is the "path" of a "pmnt” moving according to certain 
accepted conditions. If the "path" is restricted to a "plane" and 
if the "path" must everywhere be the same "distance” from a 
chosen "point" in the "plane,” then the locus may be given a 
name, such as ciVcfe. Further assumptions, often called postulates, 
are then agreed on. These statements can be linked together to 
form proofs. If, for instance, we agree that (a) equal circles have 
equal diameters and (b) areas of circles vary as the squares of 
their diametere, then ue must agree that (e) equal circles have 
equal areas. 

This kind of reasoning lies at the heart of mathematics. The 
conclusions, of course, come from the assumptions. Obwously, 
faulty language can addle the process. \Vlicn meaning eludes us, 
correct conclusions can evade us too. 

A few examples indicate Jiow language stymies conclusions: 

10. “Like signs give plus." Pupils glibly say these words, and 
reach WTong conclusions in algebra. 

11. Mr. Parfit joined a cult'and testified that "the new order 
changed the course of roy life 3(>0^” Somewlierc, somehow lan¬ 
guage led Mr. Parfit to a ridiculous conclusion. 

12. A junior high-sebool pupil averred that he could solve a 
problem about ages, "by mathematics but not by algebra. 
Language apparently threw him for a lo^ here. 

13. Usually no fewer than 90 per cent of a high-school class ^rill 
choose an income of $4000 annually with ah annual increa^ of 
$200 as preferable to an income of $2000 semiannually wth a 
semiannual raise of $50. Language makes the anrsc proposition 


seem to be the better. , 

14. A lad argued thus; If the seventh problem la u-orked Mf- 
rectly, the answer ia 12.1 got 12 for the answer when I wor^ 
the seventh problen.. Therefore I worked the seventh problem 
correctly. Here plausibility of language replaced validity of rea- 


sonmg. 

aiathematics deals with clear, consistent. 


concise, and cogent 
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language. But language does not always help ^ 

whkh it is mathematical. The statement “aemann s strmght Im 

i endless, but finite” is consistent. Yet 

understand it. Its meaning doesn’t transfer 

lack experience with lUemanman geometry. Bertrand It^ 

■TteTuber of a class is the class of all those classes ttet am 

sinular to it” (28) met out of context al^ U Juy 

pupils again lack background; they aren’t ready 

For language succeeds only when meanings trai^fer. T - 

must say what he means in words that suggest to e 

what the sender had in mind. 

Accordingly, students of language count any device for tra^ 
mitting meaning as language. Signs, gestures, simken wor^. ™ 
ten words—all serve as symbols to suggest and recall 
•When Jack surreptitiously spells out words to te ^ 

fellow members of the Beaver Patrol he deals in c;,, 

surely as a senator does when he puzzles people with polysyua 
profundity. So also Jaek uses language when he sens« a 
states it, translates it into equations, and resolves it by so B 
the equations. Further, the Zulu beats out messages on 
and the florist distributes cards listing the language of Howe 
All people use language of some sort to exchange ideas.. 

The primary purpose of language, then, is to convey mea^^ 
Any device which does so is language. And we wish to ° 
language a benefit, not a detriment; it should help, not lunue . 


WORDS AND MEANINGS 

"Words are ImTcs in the chain of communication. We lememher 
reading in hongfellow’s poem that Paul Revere arranged wit 
friend: "One, if by land, and two if by sea.” We know that » 
smoke, drums, pistol shots, dots and dashes, red and green hg » 
pnH the like, convey messages. We realize that a glance can 
a shrug may mean much. We note, too, that non-verbal sig^^ 
usually derive their meanings from verbal agreements. , 

vere knew what two lights meant because he and his friend 
made a verbal agreement. Red and green lights ori^nally 
“stop” and “go” lights; the words were clearly visible against ® 
colors. Words underlie all thinking and exchange of thoug 
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Words represent agreements among people. They avail much if 
Spoken° vord^re symbols. They 

symbols for reality. Arbitrary sou^ We" 

Written rvords represent The process of 

secs on a printed page are The words “John’s 

using symbols lor designate a physical actual- 

height” may represent sound i.i,_»„ height To designate 

ity^But one may use o^m^ write: M, K 

John’s, Bill's, Susan s, and . y of symbols enhance 

respectively, p-eso sy^boU of ,„„aer 

brevity, clarity, and ^ 1 h, so that further con- 

symbol for the symbols + 

cisenesa results: 

j f«r ti»^ results of an operation 
Thus a single symbol syn^bols of mathematics are 

performed ou many „^„pu. 

greatly condensed, Bon't=‘ ^ ^ 

latable. Economy m ““'““fienuitlcal words often mprfent 
Teachers need to recall ,^ 3 . One does not experience 

mental constructs rather t through o”®’® 

pure number or Boome common to W and l 

“Five” represents a Pro^ y o ,7? 

“planes” meet in a line , _ “Point," “root," circle, 
pLts, lines, and planes f ^^tractions. We note that m one 
mathematical usage, ''P"®" i„„o,. consist of rero-dimensiona 
sense lines, though yoe, are interseclioDS of two 

points. Again. tuS of 

dimensional planes, o ^ j words often do no r 
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stractions. PercemBg an idea m sees 

the Dunil make abstractions himself. When BUiy rr^j 
four apples, lour ehildren; handles four crayons 
four rings, four tallies; counts four 

four notes, four blasts; he can note for himself that Jou 
people, objects, or marks; it is a group Ji^t so big. 

Let us now look at other mathematical words. 

Suppose, tor example, that John Curious, a 
pupil, encounters the word “root.” This word repr^ - 
wMch in turn represents a thing. In ^ 

ence to date, the thing “root” sugg^ts to John is that 
tree which grows underground and fixes, supports, MU^h^_ 
the tree. For him the phrase “root of an equation , 

fetched* If, to date, his life in school has enco^aged ^ ^ 
curiority and not, as is often the case, stifled it through 
and verbalising, John may seek to get at the rMt of 

“root.” Did he not hear in Sunday sehoolthat the love of 

is the root of all evil”? IVhy did the teacher of Intm re«nt 
refer to the Latin root of the English word “percentap ? Cl 5. 
a tree successfully transplanted, roots itself finJy m tte 
Is tMs related at aU to the mild upheaval of earth occurring 
a hog is smd to root? Don’t checr-leaders exhort all pupils to 
for the team? What has all this to do -svith the root of an equation 
"Come to ttiinlc about it,” muses John, “we found square r^ 
numbers last year. Is the root of an equation a square r^t. 

The teacher who really helps pupils with language ^ 

matics will go beyond the minimal requirements of the siwati 
in which the words “root of an equation” are to be taught. 
to tell John that a root of an equation is a known quantity wluc ^ 
satisfies the equation when substituted for the unknown quan i i 
in the equation will not suffice. Such a statement is concise, cor 
rect, and clear—to an adult versed in mathematics. But to Jo . 
whose experiences with mathematical language are slowly sp^ S 

and spelling meanings for lum, an adult’s pat phrases and n^ 
formulations may be practically meaningless. However, if his m 
stnictor requires textbook talk and/or teacher talk, John can 
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int'/uorize it. IJctter ttifl, he can receive credit for his memorizing 
iiiiincaningful laiigtragc; he can, in fact, if he memorizes well, even 
win schwd lionors and rewards from his parents. 

IJow, then, should the leadicr help pupils to understand the 
word ‘ W"? In the first place pupils fhotild have much experi¬ 
ence with iimny criuatioiuand should ha\e dbeo^ered for them- 
f^lves that in mnie ca^es a ringle value saliilies the equation and 
in other ra-NCS two or more solutions can be found. In discussing 
and bununarizing their work, pupils will probably need a word 
which they can ms: to distinguiJi the answerfs) to an c{]uation 
from other kinds of answere they obtain in mathematics. Then, 
and no earlier, should the name bo given. Tiic idea that one or 
more valuer Mtisfity an equation is important. After it has been 
discovered, tlic naming of sucli values is an easy matter. PupiU 
udio ad the idia and then name it tend less to become confused than 
pupils who aUempl (o learn terms rcprescnling ideas vhieh arc as 
slrarigc as the terms Ihemsehet. 

Ana thcr way in which the teacher can help pupils to understand 
the word "root" is to diseuM some of the word’s many meanings. 
He can encourago his pupils to pool their knowledge of the word, 
lie can direct their attention to possible relationships among the 
variovw meanings. Is there some similarity of meaning among the 
phrases, the supjiorting part of a tree, the basic part of a word, 
the root of a matter, the root of oil kinds of evil, the root of a 
darn, the root of a tooth, the fourth root of 250, and the root of 
✓j + 27 « 51? Arc thcic in turn related at all to the ideas of 
becoming fi-\cd, or implanting, or causing roots to grow? Where 
too docs tlie idea of eradicating come in? To help pupils use lan¬ 
guage intelligently teachers must take the time to contrast mathe¬ 
matical meanings with non-niathematical meanings of words. 
Fortunately mathematical words usually are very simple in fonn. 

In ordinary .‘'pcccli and wriUng, usape indicates wliat words 
jncoii. In mathenialics careful defining sharpens vrord meaninp. 
For c.vample, "run" may mean to scamper, to flow, to smuggle; 
or "run” may be a stream, a score in baseball, or a disaster m 
hosiery. Cut mathcraatically "run'’ is U»e bonzoutal component 
of the length of a rafter, or it h a distance covered m a period 
of time. 
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Instances of words which represent technical as well as orchna^ 
meanings abound. “Root" has already received some 
this chapter. Accuracy, precUion, error, base, carry, borrow, . 

difference, product, foot, common, concrete, round, prime, ord , 
principal, rate, reciprocal, soUd, representative, sieve, sigmtont, 
similar (the list could go on and on)—these are . 

which take on precise meanings when used m mathema 


^MuUipUcity of meaning we naturally expect. No two peo^e 
have exactly similar backgrounds of experience. We learn uo 
in diverse settings, and hence no two people can associate r 
identical values with a given word. To understand one another 
all, we have to fix meanings of words arbitrarily. Usage, more o 
less agreeable to all, settles meanings—at least for a time. ^ 
the technical words of mathematics, even though they 
semble ordinary words in form, are more rigidly defined a 


ordinary words. , 

Further light on the understood-by-agreement nature of woros 
comes by studying shifts in the meanings of even technical wo • 
We suggest only a few: “rem^der” in subtraction as comparea 
with “remainder” in division, square “root” versus “root” of an 
equation, “hypotheas” as a part of a geometric theorem as^op- 
posed to a hypothesis to be tested by experiment, “statistics as 
facts on the one hand and as a procedure on the other. Even 
“sum” refers to a subtraction that Alice did for Hump y 


Dumpty (21). 

A billion, moreover, means a thousand million to an Amenc^* 
To a Briton, though, a billion means a million million. A perfec 
language probably would embody the principle of one word for 
one idea. To date no such language is in use, and mathematics ^ 
no exception. Of course mathematics is relatively precise in 
use of words and symbols, but even the simple 19 X 8-i- 4 X - 
can be ambiguous. In such matters the teacher cannot aim mereij 
to be understood. He must express himself so clearly that he 


cannot be misunderstood. 

Another w'ay to sensitize pupils to the arbitrarj' nature of w’ords 
seldom receives the attention it deserves. Most pupils respond 
readily to occasional references to foreign words. One can request 
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them to select, for example, the “ 

carrd, tetragonas, Viereck, ^ jn the list, the 

pupiU who know one or more of ™ tten to be 

selection of cour^ milword would be 7teraJ:, 
brought out IS that to a word in the list. 

rndee?S.t:“irnt ^ 

“Ch^'^ldful of the arbitrmy 

SLSrS "-tl. the words 
‘t "^“d m"5ve nreanings exactly as they were 

TtytVen word h. " "r neoessarUy under- 
4. Children who state the coneci an. 

stand the concept(s) in ‘l““““jw„rds doubtless indicates prob- 

A person’s abiUty to ^es. The efforts of makers 

able success in the bear witness to this 

of intelligence tests to „f much reading, hearog. ^d 

relationslup. Yet. when by,-Jf ‘ “ “ ^ others’ words-when 

saying, a pupil merely mmucs ““ “ 3503 but Uttle towari 

he resorts to Tf who rlcites #bly how to factor the 

maturity in thmkmg. A P“P“ . mceeds to evaluate 87 - to 

difference of two squares and thm^ verbahsmg rather 

by squaring and a mathemaUcal idea, 

than understanding of the race, and sharp 

‘ XL are tools, forged “^Jf^rLdividuals use them; ^d 
enrd by agreements among they may let themselves 

iadividLals mny conversation between Humpty 

be misunderstood. Let us reca. 

Dumpty and Alice: risty-tour days 

“• • ■ “ ■Tgel'^n-bWW''^ presents." 

when you might g There’s glory for 


^°“i don’t know what you 


mean by-glory.'"Ahee^d- 
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Humpty Dumpty smiled contemptuously. "Of course you don t 
till I tell you. I meant ‘there’s a nice knocknlown msument 

“But ‘glory’ doesn’t mean ‘a nice knock.dovvn argument,’ ’’ Alice 
objected. ^ . , 

“When I use a vvonl,” Humpty Dumpty said, in rather a scormm 
tone, “it means just what I choose it to mean—neither more nor less. 

“The question is,’* said Alice, “whether you can make words mean so 
many different things.” 

“The question is," said Humpty Dumpty, “which is to be master— 
that’s all" (21). 

SEilANTlC 

Old Man Memorizit is dead, as dead as a fossil. 

Teaching is more than telling and explaining, and learning is 
more than imitating and memorizing. During the last 60 years 
teachers of mathematics have gradually sensed that, above all 

else, their pupils should leamtbemconfn? of mathematical terms. 

principles, operations, and patterns of thought. 

Mary wasn’t bothering to understand geometry. Ten years of 
schooling led her to believe that memorizing must be the best 
way to earn passing grades. Of course the definitions, assumptions, 
theorems, and proofs of geometry were novel, but her study habits 
weren’t. So she completed the test item, “A circle is_— 
wTiting “a clothed curve." Alary’s memory had tricked her. 

Jack memorized a rule that one may “cancel like factors in the 
numerator and the denominator of a fraction.” So in a quiz in 

trigonometry he wrote =, Jack had carried* 

cot X t 

mechanization too far. 

Cross-multiply was a land of magic to Frederick. The sight of 
fractional coefficients was a sort of quick-trigger rituation for him. 

Hence| = ^ -f 5 set him to writing 4a: = 3i -f 5 and a: = 5- 

Did he check his result? No- **A ince whole numl^r like 5 must 
be right.” Frederick had manipulated without understanding. 

Sally was furious. She had reduced ° ~ ^ by writing 

0+6 fl + F 

and then by writing o - 6, and Aliss Blanck herself had later 
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read a - as the correct answer. Sally also had fallea for mean- 
“®p"ip“s.«fr about lope, lo him this reasoning 
was valid: 

It an official is honest, he nill r^uce taaea «or reduced tases 
during hU first term. Therefore, Mr. Mayor is honest. 

Per^. felt that 

then every isosceles tnangle is equilateral. Perry 

vestigated converses. . , ,e „ ^.^re notoriously out- 

It shocked these pup.U to learn tlmt thy 
oWate. In colonial days pupils me jato their 

learned the rules by heart m century, however, the 

copybooks. Since the turn of the self-reliance, 

trend has been toirard *oroug^ measure, estimate, 

and thinking. Pupils nowadays o^^i situations-hve 

solve, check, and reason. The) 

problems, not busyivork. , ^ ,j. in 1945 the Com- 

Indeed, busy work is P“ftr'‘Si^ Council of Teachers of 

mission on Postwar 1''?“ ° . j- teachers believe. The Commis- 
Mathematics summarised what 

Sion wrote: a ™rr corr/al alWW'» <*' 

ire niusl yfre more to accept gUb verbalnm as 

devdojimenl ol meanings ...» directly 

evidence of sound '““f. N„r can they be P«t- 

Meanings do not just ^ toemonze t^e 

from teacher to pupiU, as by ^ ® j^lead, 

terns in which meamngs are Ida own 

experience, as that expenen ^ ^ child ^ those 

in the thinking of are perforea ^ 

meamngs; accordingly ea teacher to critical ele- 

of guidance. It U the fun to isol 

relevant experiences and to ^^red understand gs 

ments and to build them m <j'eachers 

Nowadays “lachers aim^d^^g^ y^j, „.ords are think 
that, although worda bear close 
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tools. So teachers cootrive situations in wUch 
mathematics. Pupils see for ^ that a cubic 

eight, that there are four sevens and Uo left in thir y, ^ 

inch is a kind of measuring stick, that fractions can ^ 
out rvith diagrams, that Euler’s diagrams test “ m^uring 

that measuring an angle precisely is usually easier 
e Une precisely, that division by zero “if ^ 

through years of growth in mathematics. And teachers M 
“radequfte words. They need words to describe problem 
situations, words to question pupils’unreined ht 

to encourage further pupil research. Tcachera hun , jmd 

the flame of curiosity which incited pupils before pat 
answers-in-alahaster smothered it. Teachers plan daily to 
lenge, to ask why, to doubt, to interest, to evaluate and to expio 
numerous ways to further pupils’ growth. Good languag 
lenges: it does not bore; it does not frustrate. And teachers B P 
pupils to handle words: 


Men use words to solve most ol their perplexities, U not ^ I' 

But it is not easy to use words properly in solving ‘ V.tn 

helping studenU to think reflectively, therefore, the teacher shouiu V 
them to understand the use of words.... (26). 


Just about the time when leaders in mathematics ° 

began to question memorized mathematics, Michel Br6al began 
to question lax language. In 1900 he wrote Essai de 
From it we got the word “semantics,” the study of words an 
meaning. „ , 

Br4al noted that certain words (he used “compressibility an 
“immortality” as examples) contain all that the idea contains ( )• 
“Height,” for instance, expresses completely one and oJy one 
idea. So also with “five”; the word and the idea coincide. 

Br6al noted also that other words symbolize objects, and the^ 
words cannot suggest all the ideas which the objects suggest, 
mathematics, for example, “triangle” calla up a plane figure, ^ 
spherical figure, or a pseudosphcrical figure. Each of these com 
be scalene, isosceles, or equilateral. Moreover, a plane triang e 
could be rectangular, a spherical triangle could be rectangular, bi 
rectangular, or trirectangular; a pseudosphcrical triangle could no 
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be birectan^Iar. The word “triangle” varies in meaning according 
to we knon- about the figure; although actually it focuses at- 

tention on the property of three angles. Similarly, "number” sug¬ 
gests quantity, although xve can invent kinds of numbers as we 
wdl. 

Br4al saw too that words sometimes perpetuate an incorrect 
notion. We know now that electrons move in a vacuum tube from 
a relatively negative cathode toward a relatively positive plate. 
Originally, though, electricity was thought to flow from an abun¬ 
dance (positive) toward a lack of charge (negative). Other ex¬ 
amples crop up in mathematics. “Borrow” in subtraction does not 
suggest what \re really do. "Ptenny” is an English, not an Ameri¬ 
can coin. “Remainder” in subtraction hardly suggests that we 
need lOj! if we have 25^I and wish to spend 35 cents. 

Br^al observed further that once a term gains acceptance, its 
relevancy matters little. A mathematical example, “imaginary 
number,” illustrates this point. We hold nowadays that all num¬ 
bers sprang from man's imagmation; man invented numbers to 
serve him. So-called ima^nary numbers are indeed genuine, and 
their applications are very real. But “imaginary numbere" persist 
in our language. 

A note of re^fc appeared in Br&il’s Essai. Apparently he con- . 
sidered words to be bits of reality, segments of truth. Seemingly 
he deplored discrepancies between the face values of words and 
the objects the words represent. We know today that words, like 
money, symbolize values acceptable to their users, rather than 
marvel, as Br^al did, that words distort impressions. (An irrational 
number is by no means a craay number.) We set it down aa a 
principle that; 

Woids, as everyone now knows, "mean” nothing by themselves, al¬ 
though the belief that they did... was once equally universal. It is only 
when a thinker makes use of them that they stand for anything, or, m 
one sense, have “meaning.” They are instrumenta (23). 

Granted that a speaker and a hearer are both trying to com¬ 
municate and not befuddle, they sj-mboUze, transmit, receive, and 
interpret meanings. An e.xchange of meanings does result, but Ure 
speaker’s thought has small chance of carrying perfectly. A HTiter 
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and a reader also understand each other imperfectly because 
most words suggest several meanings. 

Miss Bland, teacher of mathematics, knows that 
inflections, emphases, gestures-^ral aids to un<?emtandmg^Sh 
knows, too, that speaking often lacks ‘I*® ^'“3 

understanding. So she talks and "chalks. 
that telling and explaining fall short. Teaching is m 

Bfll,' a pupil in mathematics, knows that he must 
an idea before he can symbolize it. Words and/or «>a«?emaUcal 
shorthand can mar or make meanings. Sometimes Bil 
rather quit at the non-verbal stage. He knows, for ii^tance, 
a* means a-a and that a* means a* 0 ‘ 0 . The expression o", 
ever, he understands but would rather not verbalize. ‘T know ir, 

he says, “but I can’t say it.” ^ ^ r^rin. 

To help people use words effectively semanticists point to pnu 
ciples somewhat like those In some paragraphs that ^olbw. biK 
other students, semanticists disagree on some matters. There a 
schools of semantics; there are issues. But the principles we 


tion find rather general agreement. 

1. A Way of Life. Semantics, a young discipline, coyotes aii 
present an attitude rather than a science. Illustrative cases 
abound, but as yet scientific data and scientific la\vs aren t numer 
0 U 3 in this field. The goal, of course, looms. Semantics bids to 
become the science explaining how lariguage affects other behavior, 


especially thinkirig. , 

To date, “consciousness” summarizes the subject in one wor • 
People who realize that language has power, people who app y 
Mmantic principles, people who think before they speak, peop e 
who recognize that language both tells and excites—such peop e 
are conscious semantically. 

2. Context. We have noted, in the section on words and roeam 
ings, that use and use alone determines what a specific word 
means. How it is used and in what milieu of other words it appears 
set its meaning. A car may be “fixed,” for example, the better to 
NNin a race; but a horse may be “fixed” to lose a race; a boat may be 
“fixed” to move but little—to ride at anchor; and a point may 
be “fixed” in space to move not at all. Surely the meaning of 
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fixed" is not uniquely fixed. In each of these cases, then, the idea 
conveyed by the u’ord “fixed” comes fwm the context built up by 
It and other ivords conjointly. The meaning of a word is knonn, 
let us say, by the company the word keeps—by its context. 

The pupil in arithmetic early encounters technical nords which 
vary according to context. From situations such as: “John had 
15 cents, and he earned 10 cents more. How much money did he 
then have?” the pupil may associale “more” with addition. When 
the same pupil meets the circumstance: “John has 15 cents, but 
the movie he desires to see costs 25 cents. How much more does 
he need?” then the pupil finds the word “more" in another con¬ 
text; the question, he notes, reqiures subtraction. “Forevermore” 
is j-et another "more.” 

Similarly, “remainder” in one context is the answer to a sub¬ 
traction, whereas “remainder” in division is a somewhat different 
concept. E.xamples of mathematical wonls which shift in meanings 
according to context include: hypothesis, proof, zero, postulate, 
pencil, decimal, degree, order, average, induction, statistics, ma¬ 
jority, pair, accuracy, range, curve, power, tangent, and square. 

With respect to conte.xt the point for teachers to keep in mind 
is that pupils should leara that nuances precise shades of mean¬ 
ing) and multiple definitions matter much—that the meaning of a 
word depends on how it is used. 

3. Science. Teachers of mathematics are seldom in a position to 
guide pupils through the e-vperiraents of natural science, or to 
adduce evidence to substantiate the details of scientific subject 
matter, or to teach formally the oiganUed materials of science. A 
sound basis for teaching mathematical application, however, in¬ 
cludes awareness of the scientist's point of view: 

a. Scientists report events. They seek to discover what happens 
in the world, and they abstract principles winch explain events. 
The behavior of scientists at work is as important as the body of 
knowledge wliich accrues from their observations. Above all else 
scientists perceive a number of instances of principles before they 
enunciate those principles. It is a kind of behavioral understanding 
preceding their verbalirafion of results. Teachers who encourage 
pupils to discover mathematical principles by counting, 
ing, and experimenting are using a ponerful procedure. Pupils, 
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like sdentista, thereby report events after they have beha™.^ 
understanding of them. They know what they id to Eet 

results. They generalize on the basis of fimt-handeg>ene - 

b. Matter is a process—a whirling of electrons. Hence, o ] 
are really events, and change is everywhere the rule ^thiM tto 
the excepUon. People, obiects, and relationships ae^Uy cWa 
from instant to instant. Naturally problems arise. TOth the 
of events new ideas, new relations, new understandings,^^ n 
solutions ensue. The teacher of mathematics helps pupils to ^ 
changes, to cope with new problems, and to abstract pnncip 
which apply to events, which, though they resemble one 
never exacUy duplicate one another. Thinking, of cot^, 
people adjust to change. New occaaons teach new duties, rap 
gain new inaghts, and people solve new problems. 

c. A concept is a set of operatmns. A person best understan 
length by measuring lengths; a pupil who has counted the square 
inches within the confines of a closed figure understands the con 
cept of area; and one who has carried a 30-pound pack appreoa es 
the concept of weight. For pupils learning mathematics those 
questions unanswerable by actual operations tend to be meaning 
less. A gain , as in items a and b in this section, understanding 
appears as behavior. What the pupil does reflects what the pup 
understands. ^ .. 

d. Besides discovery and explanation, prediction and ^en * 
cation interest the sdentist. In atuations requiring problem-solv- 
ing, pupils can be encouraged to study the problem, hazard a 
guess as to its answer—predict the outcome—and then gather an 
analyze data to verify or to refute the prediction. Such a procedure 
ties the so-called scientific method in with mathematical situ¬ 


ations. 

4. Abitradijig. Teachers reflect the attitude of scientists when 
they keep certain prindples in mind as they work with their 
pupils. One who recognizes the process character of reahty, _who 
notes that change is the esence of existence, and who appreciates 
the complexity of even ample events will tend toward scientists 
modesty and sdentists* tolerance rather than toward conceit and 
dogmatism. 

Every event has an infinity of characteristics. To describe an 
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event people necessarily select, usually unTrittingly, what they feel 
IS important in the event. They amply cannot include all its 
properties. They report the sahent features. They cece^arily ab¬ 
stract relatively few itewa and base their statements on them. 
It 13 not possible to recount exactly "the truth, the whole truth 
and nothing but the truth.” 


Teachers of mathematics need to be conscious of abstracting. 
It, as the keystone, supports the arch of semantic principles. 
Teachers need to realize, and help their pupils to reah’ze, that 
whereas reality changes and gets complicated, statements about 
reality oversimplify and persist. Herein lies the value of inductive 
procedures. Teachers encourage their pupils to find a real problem 
that the pupils solve by counting, measuring, recording data, and 
generaiiring results. Class ifiscusslona enable each pupil, each a 
budding scientist perhaps, to put into words the items he ab¬ 
stracted from the problem. Pupils exchange observations they 
made in the situation. They eventually agree, under the teacher’s 
guidance, upon properties common to a variety of problems. They 
abstract properties, relations, and probably cooclusioos. They ex¬ 
perience, abstract, verbalize. Oteervation, generalization, and 
commutucation derive from abstracdoos. 

Pure mathematics, of course, establishes general relations 
among abstractions. Pupils measure the sizes of angles in several 
triangles not merely to know about particular angles in specified 
triangles. Their teacher guides them to discover, i.e., to under¬ 
stand behavioxally properties and relations among angles in all 
plane Buclidean triangles. The word "plane” is an abstraction, 
being a mental rather than a physical construct, and it limits the 
field of investigation. The word "Euch'dean” limits the discussion 
still more because it denotes and connotes a particular wt of 
postulates abstracted from a multitude of possible geometric as¬ 


sumptions. 

Teachers who help their pupifa to understand abs^ting are 
helping them not only to discover mnthematicai prindples but 
also to communicate those principles to their ciassmates. Pupils 
work with projects specifically designed to emphasize mathemati. 
cal concepts, they discover the concepU in the situaUons, they 
undeistand them from their esperieneca with them, and they tUte 
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, words the ideas they have gleaned. The ^ ^ 

“fiirpo” as a Dfoperty common to certain collections J 
and who has learned ‘W by handling ' ^'l^n^ds 
himself what three and five together are, he J 
for telling others about his discovery. Similarly, the pup 
constructs right triangles, measures sides and angles, a 
put rSetween len^hs of sides_ ivill <h-over propert^r^^^ 
similar triangles and properties of tnpnometnc ra to vKbalize 
moreover, behavioral imderstandmg, he can proceed ^ 

and submit his report to his classmates for discu^''”'-/®™™^ 
and acceptance. Abstracting from actiml experiences tto 
vides a foundation for deductive procedures, the goal o 

m e tical endeavor. , , , *:,,Ta.TQa 

5. Hcfcrents. Most people, if confronted with the 
word the thing it represents? would probably reply h^tdy at 
certainly is not. Yet many of these same Pa“P!® 
words were things, as U names were reahties, as if a^ho 
referents. To be caUed a subversive is not to be a sahversiv , 
though the appellation excites people as much as a spotugn 
turbs a burglar plying his trade. , , .. 

Teachers of mathematics deal -with a subject m 
tenmnology is relatively emotionally sterile. Yet those , 
reaUze that the people they deal with matter more than the su 
jcct they teach, and that, for their pupils, mathematiwl wo 
may have emotional overtones. For some youn^ters ^ 
frightens, for others “division” distresses, for some “vana 
vexes, and for many “algebra” is Arabic. . 

We need not multiply illustrations; teachers can easily ci 
many more instances of words which wreak wonderment ^ 
worry. Teachers also note from the behavior of their pupils & 
mathematical words can become blocks to learning. Who 1^ ^ 

sensed a tenseness among pupils when a word such as * ratio, 
or “coefficient,” or “inversion” is heard? 

To analyze such verbal hurdles in the path of the learner P® 
more than to list them. Why do some pupils shudder when they 
encounter a word like “variation”? One main reason is that some¬ 
times pupils learn words as abstractions devoid of concrete refer 
ents. To them the word is the thing. Yet, on the other hand, t ic 
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pupil who measures, records, and compares heights and weights of 
hjs classmates, can note and understand variation, Tlie pupil who 
counts the square inches of surface n-ithin rectangles of different 
size-s and shapes can understand how area varies jointly with 
length and width. The pu|»), however, who merely Jiears about 
variation, direct variation, inverse variation, joint variation, and 
variation as the square or as the cube of an independent variable, 
can fail to catch the idea of "variation." If the pace necessary to 
cover a course of study has to be at all accelerated as far as the 
learner is concerned, the idea of “variation” may be quite unclear. 
If the pupil tries to memorize verbal distinctions among direct, in¬ 
verse, and joint variation without getting the feel experimentally 
—without behavioral understanding—he may eventually get lost 
and become frustrated. Eventually the word "variation” may incite 
tenseness and block learning. 

Another reason why technical words may bo bugbears to some 
pupils is the very precision of those words. A person, as long os he 
avoids unsocial acts, may have vague notions about words such 
as “truth,” “brotherhood,” “honesty,” “virtue,’’ “wisdom,” and so 
on, wthout particular harm to himself or others. One usually 
does, in fact,have one’s own ideas aboutsuchwords.Foramatli* 
cmatical word, however, fuzzy notions are inadequate. It seldom 
suffices to know that "mean,” "median,” and "average” connote 
central tendency. Judgments as to which is the better, the mean or 
the median, depend on one's knowing exactly how cachisdchncd. 
As another example, tlje pupil considering space may refer to the 
middle of the land, and be unspcciGc. ^V’hen ho refers to the 
center of a circle, however, he is specific. To’dcal loosely with 
these words, to use them interchangeably, say, is to encounter 
semantic difficulties. 

The fact that users of matheroatical words may shift mc^ngs 
in different contexts hns already been menffoned. Sucli slii/la, of 
course, occur less frequently for mathematical words than for 
ordinary language, but they can trouble pupils who confuse vrords 
ivith referenta. If he takca the word to bo actually the thing, the 
pupil who has worked long in n workshop to make a transit for 
field work finds only nonsense in the acnicncc, ‘The ferry 
10 transits a day.” If ho thinks aymbola are objKta, bo may wince 
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at the appearance of the word "™dical” becau^ chemi- 

c!l LEatical. and literal connotation., of the word 

“t^S-thematics pupiU ^ " 

note that there is no necessary relation between 
referent. Words are more or less useful conventions, 
other name would smell as sweet”; an 
any other name would smell. Meanings are arbitrary, 
wo'rds mean what they want them to -onn. Tea^hem j^math^ 

matics may weU emphasim this point. regarded in 

made emotionally sterile. They can, nevertheless, be reg 
their true Ught—as servants, not as masters. , u sym- 

6. Reactions. Human nervous systems cooperate ^ 

bob-mostly speech and,.WTiting. \Vhat one 
another, who reworks it and uses it. men people act 
ance with information, when they base deciaons 
they prove propositions, when they evaluate others 
they depend on symboU. They think matters through, they weign 

meanings, they react to s>Tnbols. r„flpction. 

Such reactions require at least a sbght pau^ for > 

men Ckiokie took her homework to Dad for help, they 
to divide 11 apples among 4 people by working it out ivit aPP ' 
They considered the apples representing the sj-mbols to 
the problem, and got 2 whole apples for each person, then r 
reacted further to the sj-mbols and cut the remaining app es 
fourths. . Aijg 

Symbol actions necessarily are delayed; we react, not 
symbol itself, but to its referent. Naturally we perceive the 
before we recall its meaning. We need time to find and tes 
meaning. Cookie and her dad found meanii^ in the problem a 
appWs as they handled some apples. They did not fret . 

Cookie couldn’t pve an automatic answer. They didn’t time 
work. Rather they took time to understand, they got at the mean 
ing, they solved the problem, and they had no regrets. 

But there are other reactions. The day following the expenence 
with apples. Cookie’s dad phoned home and said he was bnn^B 
a surprise. When he entered the house, two cluldren and six dogs 
immediately charged him. What was it? What’s the surprise 
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Disaster ensued. The cream puffs Dad carried yielded to the 
pressure, and spattered at large. 

Automatic, little pondered, or habitual acts are signal reactions. 
Such reactions require no time for thinldng; they are practically 
undelayed. Korzybslu emphasized the relation between reactions 
and thinking; *‘The symbolic levels are uniquely human and 
dilTerentiate most sharply human reactions from signal reactions 
of lower, less complex forms of life” (19). 

When Cookie, her brother, and their dogs leapt upon cream- 
puff-Iaden Dad, their reaction ^yas somewhat animalistic. For, 
although lower forms of life react to signals, the converse (signal 
reactions remain subhuman) does not follow. Many human acts 
proceed irom almost instant recognition of meanings. When Junior 
learns to drive the family car, be practices many of the operations 
until they become almost automatic. In mathematics too, Junior 
solves enough equations (after he has discovered the principles) 
to routioize the work. He responds to a stop light and be responds 
to .20(5 — n) + .40 (r) — .25(5) quickly. In either case he saves 
time and energy for matters require rejection. 

Helping pupils to blend signal reacUons and symbol reactions 
wisely requires teachers’ best efforts. Convinced that knowing 
instantly what eight sevens are pays, pupils may seek to mechan¬ 
ize problem-solving. If they derire a number to express success in 
making baskets in basketball, they may subvert thinking and 
clutch at cues. In the phrasing “Twenty-seven baskets is what 
per cent of 5G tries?” they may diWde 27 by 56 “because 56 goes 
with of.” If the same problem comes to them in the words “Lotto 
set a league record of 27 baskets in 56 tries last night, what per 
cent of success was that?” they may divide 56 by 27 ’‘because 27 


goes with of." 

In geometry pupils may strive to acquire a set of signal reac¬ 
tions. And the going is arduous. To memorize one proof after 
another reaps small satisfaction. Confronted by a proposition 
they have studied from a book or from their teacher's words, 
pupils imy try to repeat the proof from memop'. H they raeeeed 
They may get good marks; if they ehp they fa.l ou^ob y. If, on 

the contrary, ' 

react to symbols. What do the assumptions mean? IVhat uords 
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have we defined? What follows from the facts at hand? The pupils 
try to discover their own proofs; they look for meanings, 
them together, and test results. They react to symbols. 

How we react matters. Signal reactions facilitate operatic , 
once we know why they work. Symbolic reactions facilitate thmK- 
ing, problem-solving, proving, and evaluating the propositions 

people offer us. , 

7. Maps. Diagrams, charts, graphs, scale drawing, and map 
depict relationships. They symbolize some abstractions we have 
made from real situations. Hence they represent territones some¬ 
what as words represent ideas, as languages represent culture, 
nnd as numbers represent quantities. Korzybski likened the re 
tions between symbol and referent to the relations between map 
and territory in this manner: 


A. A map may have a structure similar or dissimilar to the structure 

of the Urritoty. . _ 

B. Two similar structures have similar logical characunstjcs. » 

if in a correct map, Dresden is given as between Paris and “Warsaw, a 
sinular relation is found in the actual territory. 

C. A map is not the territory. 

D- An ideal map would contain the map of the map, the msp 
of the map of the map, endlessly.... We may call it self-reflexive- 


ness. 

Languages share with the map the above four characteristics. 

A. Languages have structure... 

B. If we use languages of a structure non-similar to the world and 
our nervous system, our verbal predictions are not verified empincaiiy> 
we cannot be rational or adjusted... 

C. Words are not the thin^ they represent. 

D. Language also has self-reflexive characteristics. We use language 
to speak about language... (18). 


Numerous interpretations and illustrations of the foregomg 
principles appear in Korzybski (18), Rapoport (27), Johnson (16)» 
Hayakawa (13), and Keyes (17). 

We shall mention only three examples, however, to illustrate 
that, since words, maps, charts, drawings, and diagrams represent 
reaUty incompletely and imperfectly, people sometimes err iu 
trusting them implicitly. No map shows all details; map makers 
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rely on measurement., all ot wlrich only 

‘1ryT:nT“.&^^^ 

raifb= —s:l" 

came partly from his p'™ yil, people used the 

words. Years before, when he " Throughout junior 

name .'.nathemaUcs" instead of Lhool 

high-school mathematics and showed him that mathe- 

the pupils only In fact, his father, who 

matics means hghtnmg M culatmg. considers hun- 

lumher quickly at the Bmldem; Supply Company, 

self to he "quite a “f'‘‘T'mX’maUcs uses her special kind of 
Miss Steofan, teacher of j. mathematics, the pracU- 

map. To her the beautiful conclusioM ^ess of it aU brought 

oalLefulness of mathematics, and th 

her to the beUef that in ““‘^'“SSheaven-heU dichotomy. 

Herpupils, accordingly, confront a tana ^ g^. 

All who learn and abide by^ high marta-^ '“'‘p 

interprets the laws, reap ng pnltcm simply fail. There is 

doubt and <lP™‘P*„fnn beUeves, in pupils' doing as they 
discipluiary value, blua subversives. 

are told. Doubters could „ade, encourages the chddM 

Miss Cherie, a i“iiv 'tte children seek news stonM 

to bring cUpping® school daily- nictures and numbers appe^, 
LSng numbers. If ^‘PP'?.;"*hen S the others about h^ 

^ ™ch the better. he found, and reports new 

chpptog, writes and reads ‘"P can help with either new 

lids m the class. If no one m the cl^ They 

words or large Id,er helping ““ly dicto- 

places m the ' ^hey look words up m cto 

digit they camot ^e. dippings, m^e ^ P jhe 

axies. Later they re the problems, ^ phene’s mfip 

about them, solve future reports. ,_ent events, 

cupping 'r iTe^I ^ 

of beUefs leads her to uu^ 
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and telUng time together. Her 

periods for studying language and arithmetic sys 

cause these subjects are systems. pvnerience and from 

People construct word maps from direct expene 
verbal reports they hear and read. We have merely touched 
topic through three illustrations. The Steofan 

veloping In this chapter indicates that Jerry and btoo ^ 

might weU exandne their mathematical maps. 
mathematics. but all mathematics is not ‘ tions, 

cal conclusions toUow inevitably f™” 

but man made those assumptions-they are not truth itseto 
From time to time man has doubted, 
vented. Mathematics grew that way. Chene s to g 

lets her deviate from lessons m a book. Her pupils loo P 

discuss them, and include them in problems they j. 

and check. Miss Cherie is irilUng to doubt, exj^nment, >“ 

She helps pupils to evaluate and build up their own w ord P 
ordinary and mathematical language. , ^ * 1,0 fol- 

8. Undersianding. A child might easily learn by heart t 
lomng stanza from the Piralea of Pemance. He might 
and then sing it. Or he might sing it over and over and ther y 
learn it. Either way, though, he might not understand w 
says or what he angs. 


Though counting in the usual way. 

Years twenty-one I’ve been alive, 

Yet reckoning by my natal day, 

I am a little boy of five! 

When pupils learn without seeing the point in 
they merely memorize meanin^ess words. They 
adroitly without imderstanding them. They deal i_ 

They manipulate sjTnbols, but think little. Korzybsld had ^ 
principle in mind when he wrote: “Only the techmcal interp > 
sjTnbols, to find out some new possible combination, can be con 
sidered as low-grade thinking’’(18:69). . . , 

Verbalistic learning plagues pupils in mathematics as m ® 
subjects. Pupils sometimes use numerals ■without understan 
numbers. Frequently pupils working verbal problems seek cue 


the material, 
use symbols 
n verbalisms- 
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lords that disclose, so they believe, which operation to use. This 
they do witiiQut trying (o understand the problem. The «'ords 
c^cel,' “transpose,” "collect,” "invert ” "cross-multiply,” and 
simpbfy” also often become rather empty verbalizings to pupils, 
leachers of mathematics can readily add examples to the ones 
that appear here. 

The moral, of course, is that tcachet^ should emphasize that 
facility wth symbols often differs from understanding symbols. 
And understanding ties symbols to life. The Harvard Committee 
su^ested : 

Abstractions in themselves are meaningless unless connected n’ith 
experience.... The teacher can do a great deal...; be can relate thco* 
retical content to the students' life..., and he can deliberately simulate 
w the clasaroom situations from life... he can be persistent in directing 
the attention of the student from the symbols to the things they sym* 
boIUe (12). 

Betz took a similar position; “The evidence is overwhelming that 
when mathematics is taught as a cumulative system of ideas, -with 
due regard/or understanding and mastery, and/or f/c-cenlered op- 
plicaiions, it ceases to be a meamngtess game” (2). 

Some ways that teachers can*use to help pupils to substitute 
understandings for verbalisms follow; 

Larry learned to say “nine” whenever he saw 5+4. Following 
the summer vacation Larry’s new teacher took stock of bis knowl¬ 
edge of combinations. At tljat time he said "erpW,” then “c&tcn,” 
for 5+4. Besides, be didn't know how to find the correct sum. 

Suggestion: Encourage Larry to count five climates, then four 
classmates, and then five and four classmates. Repeat with chairs, 
with books, with pictures, with marks. Help Larry to experience 
five mdfour enough to understand five-ness, four-ness, and nine- 
ness. Have him explain orally to his classmates what the symbols 
5, 4, +, and 9 mean. Have him explain orally how to find other 
simple sums. Have him tell often what to do when he forgets a 
combination. Have him prove to othera that the results he offers 

are correct. , „„. , . , . 

Claire chose H 2 in the following question: Which is the largest 

fraction: H> H> Hi Hsi M? 
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Suggestion: Have Claire cut 1-inch strips of paper each 12 mchc 
long. Have her cut one strip into halves, another into ■ 
another into eights, a strip into thirds, one into sixtM. 
into twelfths. Encourage her to tell how a fraction gets i 
Help her to discover that a large denominator sugges 
parts, and that each part has to be small. Claire can also see 
the pieces that the number of parts is the “namer. or ea 

inator. Intion 

Joe wanted to find out what part of his state’s popu 
(about 2.500.000) lived in his home city (about 15.000). He wr 


15,000 15,880 


, 15 


-- = 51 — = Jf. tVhen questioned, Joe coulJ 

2.500.000 2.500,800 I 10 ^ _ , -.^intabed 


not decide whether his answer fitted the problem; he 
that “zeros above" and “zeros below" could be “cancele > 
stated glibly that “the outside 5 in the last step 
three times ond 25 five times.” ^ u i ea 

Suggeslicn: With one-inch stri^ 12 inches long cut into ^ ’ 

quarters, eights, thirds, sixths, twelfths, fifths, and tenths, 

courage Joe to show that: K “ HiH = H»Mo ® l’ 

Mz = H; H 2 = K; etc., until he can state the general 
that dividing both term? of a fraction by the same l-g 

zero) changes the form but not the value of the fraction, •) 

to reverse the process—ehow that K = ^< 2 : H = H “ 
and discover the principle of multiplying both terms of the ra 

10 100 150 

tion by the same number. Have him try his rules on ^qo’ 250* 


150 15000 

2500’ 2,500,000' 

Allen attempted a puzzle which read as follows: “The value 
of a certain fraction is If one is subtracted from the numem^r 
and if one is added to the denominator, the value of the resulting 
fraction is Find the original fraction. Allen concluded tfaa 
“the puzzle is inconsistent; 1 from 3 leaves 2, and 1 plus 4 makes i>; 
so the resulting fraction should be 5^.” 

Suggestion: Allen was the most capable boy in his class. Yet 
one phrase in the puzzle meant nothing to him in that conle^* 
w ord-by-word reading, and the question, “Would a shorter word' 
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ing state the same thing?” eventuaUy helped Allen. Equations did 
not elude him, but simple langua^ did. 

Luco cut 3 uires for bracing a television aerial. The aerial nos 
to be mounted on a flat portion of a roof, and the mres 
ro berimed on the roof d feet from the ^ 

&tenuse,” so .ont 

each for fastening the wire, and cut the mres. a j 
of course, and Luco wasted some wire. j Pythagoras, 

.5„ppeslioa.- Luco 

diagramrplh “XXof his own. “XgX.^ 

meaningful symbols. conclude, does not guarantee 

Facility in using symboK ‘ , jiochines can solve 

thoroughness in undemtening t^ though, understand 

^“aS:S:^«S2e^XXrefemnts 

an“grn."Xndsunders^^ do not help us; in- 

stead they hinder. recognize how people uro Ian- 

Teachers also can help P P . jometimes seek to make the 
guage to persuade or how peop ^ent Gorgias held that 

woii apX the better rc^"^'“to known; or if anythmg 
■‘Nothing is; or if ”■ ft^mmunicated." Pupds today 

is and can be known ‘^“rhey should, however, bo 

need not embrace Gor»«s creco 

aware of semantic principles. 

VEBBALIZATIO.VS a ^ 

A person’s '•«'‘h“|"^cSorXc^°Xr^™^^ 

nm erupt like teeth in 

’cMdrenXh‘ta^„i„g talk. He can say clearly “Dad." -Ma- 
Bruce is just 


184 


THE learning OF 


mathematics 


ma,” “Paw-paw” (for Grandpa), and “bike/' Parents, re ^ 
and friends repeat words, and Bruce tries to imitate ^ c 
o^vn inimitable way. He is gradually learning to associa 
sounds \vith specific people and things. He pointy hears, 
points again, and says tiie sound he just heard. He is a gr 
repeater. . . 

Although no one to date has told Bruce so, he not 
his vocabulary, but he also practices what logician ca^ 
sional defining.” To date, of course, experiences wth 
have made up his social Ufe almost entirely. ^Vhen he ^ 

says “Dad,” the word means, to him, many avperiences e 
had with Dad. "Wlien he shies from strangers (i.e., peoP ® 
suggest no experience—meanings), clings to his mother, an 
“Ma-raa,” he again associates experiences with a word. 

Indeed, when Bruce points to his dad, he offers not at 
share verbally with others the abstractions he has made a 
“Dad.” He points, and lets others make their own abstrac lo 
The same goes for “Mama,” when Bruce shuns strangers a 
reaches toward his mother. Other people simply have to 
their own abstractions. j. 

As Bruce groivs older his fund of meanings for the few wo 
he now knows will increase. His stock of words will also ’ 

and the more experiences he has, the more words he will 
and the more meanings he will tie to each word he makes 1^ 

The sounds of the words, of course, he will leam by imitation^ 
But the meanings he will forge for himself in that lively fir® ® 
his many experiences. 

Still later, Bruce will leam to see words in manuscript, in pn® ’ 
and in cursive. Eventually he will leam to sound out words io 
himself from the printed or written form. He will leam^ to pi^^ 
nounce words by associating standard diacritical marks in a ® 
tionary with specific sounds. For meanings of words, though, 
will forever depend heavily on experiences. i 

Bruce, in time, will leam, at home, at Sunday school, at sch(^» 
at work, and at play, to tell about words by using other wor ** 
As with extensional defimtions, which he uses unwittinglj ® 
course, Bruce will also eventually leam to use w’hat logicians ca 
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intensional definitions"; he will define words entirely by using 
other words. He ivill become an intellectual. 

We hope for Bruce, though, that hia parents, his leadera, and 
his teachers will contrive literally millions of excursions, adven¬ 
tures, and experiences for liim. We hope that he will retain—even 
increase—that lively curiosity he now possesses. We hope that no 
efficiency-bent teacher{s) will delude him with ivords—entice him 
to seek worn words, pat phrases, catchy slogans, and smooth 
sentences that he can substitute for first-hand learning by doing, 
experiencing, and thinking. We hope that he nill crave to discover 
things and tell and unite about them in his oivn words. We hope 
that no teacher will assign words for him to tell back or write 
back. We do not want him to become a "mental parrot." And 
Bruce represents any one of millions of children who now are cu¬ 
rious and eager to learn. 

Learning words without first-hand experiences to bring out 
meanings hinders thinking. In verbalisms Korzybski saw beyond 
educational damage to possible neurological damage also: 

... first order empirical facts are more important than definitions or 
verbiage. It should be noticed that the average child is bom extensional, 
and then his evaluations are distorted as the result of intensional training 
fay parents, teachers etc., who arc unaware of the heavy neurological 
consequences (18: xv). 

Verbalisms have abounded in mathematics—"Invert the divisor 
and multiply"; "Crossmultiply"; "Cancel"; "Transpose”; "He- 
duce"; "Bring down"; “Drop the per cent sign and move the 
decimal point two places to the left'*; *'Annex the per cent sign 
and move the decimal point two places to the right"; "Factor 
completely"; "Double the width, double the length, and add”; 
"Divide the number followng is by the number followng of’; 
"Add the number of decimal places in the multiplicand to the 
number of decimal places in the multiplier"; "Subtract the number 
of decimal places in the divisor from the number of decimal places 
in the dividend, adding zeros to the dividend if necessary”—such 
statements often lack meaning for the pupils who have learned to 
recite them. Teachers of mathematics can readily adduce more 
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examples of verbalisms. They realize, too, that although ^ ® 

words may conceal his lack of understanding, yet ms wor 
not substitute for understanding. Sooner or later the parro q 

To help pupils to increase their mathematical understand!^ 
teachers plan experiences for the pupils. In arithmetic, 
ample, a program of extended, unhurried concept-building 
pupils discover relationships among numbers before 
learn technical words to express those relationships. Jo ^ 

Mary learn to recogmze groups, to coimt, to measure, an 
solve simple problems largely through discoveries they make 
groups of people, lei’s, sticks, pictures, drawings, and marks. 

Gradually, moreover, pupils realize that the idea of ,» 

one group with another group needs a name. The word ‘ ad g« 
being needed, sticks. When pupils later encounter situatio^ 
adding ^viU resolve, the pupils have the idea and reverba 
the idea readily follows. Experiences also uncover the idess pe 
taimng to other operations, and the pupils’ understandings 
vocabularies grow simultaneously. 

Sinularly in algebra pupUs think through many cases of com 
bining gains (positive integers) with other gains. Also pupils tni^ 
though many cases of comb inin g losses (negative integers) 
other losses. Then they handle many cases combining gains ^ 
losses. From these experiences pupils get the idea of algeh^® 
addition. Once they get the idea pupils understand why techm 
language and rules of operation fill a need. When ideas precede 
verbalizations, then empty verbalisms do not appear. The pup ’ 
in fact, understand the relationships and the rules because they 
composed them themselves. 

Similarly in geometry pupils experiment with many circles 
i^y parallel lines before they define them. Key words in defiii|* 
lions should refer to thoroughly known concepts. Indeed 
lions should follow, not precede, experiences. When pupils repc 
their discoveries orally, vfhen they express generalizations they 
themselves have made, when they explain solutions to problem^ 
they have solved, when they submit proofs, and when they inter¬ 
pret quantitative results, they grow in vocabulary. Terms needed 
for such reports per^t, for understanding helps pupils' memories. 
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Pupils who really know, can communicate their knowledge. "I 
know it, but I can’t say it” has long fascinated teachers and other 
students of learning. Pupils may exhibit behavioral evidence 
that they are grasping a concept, but they may show too that 
they are groping for u-ords. Suppose we consider the statement 
(a - 2)(a +3) =0. A pupil may sense that a can be no bigger 
than 2, and he may say that he cannot tell why a is thus restricted. 
But teachers usually help such pupils by contriving more experi¬ 
ences of a similar sort. \Vords, crude words at first perimps, result. 
But famiUarity with an idea abets verbalization of it. If pupils 
realize that new technical words would enhance their statements, 
then they are psychologically ready to acquire those new technical 
words. And words thus (earned are easily remembered. 

Professor Gertrude Hendrix two j'ears ago considerably clari¬ 
fied the matter of subverbal awareness as prerequisite to meaning. 
The excellence of lier treatment, in fact, impels the present writer 
to cease here, and to urge all readers to seek out lier article (14). 

In this section on verbalisations we have contrasted verbali¬ 
zations ivith verbalisms. We build the former on experiences, the 
bedrock of understanding. The latter we construct on pure mem¬ 
ory alone, the sinking sand of meaningless words. Experiences to 
supplement reading, >ve contend, would have helped the student 
who a few years ago wrote this: “Things can be proved by statis¬ 
tics if correct data are tsiej acquired tlirough experimental ob¬ 
servation. But if observation is made in frustration it proves 
nothing.” 

TEACHING FOR MEANING: SUMMABr 
Throughout the cliapter wo have su^ested and implied that 
language profoundly affects behavior. In our case, of course, 
learning mathematics concerns us as desirable behavior. The pupil 
who understands mathematics uses mathematical expressions he 
encountera. Throughout their mathematical studies pupils handle 
symbols, recall what the symbols represent, and interpret hypo¬ 
theses and deductions couched in symbols. 

Pupils progress when ideas of size, degree, and relationship 
shine clearly to them through mathematical language. When lan¬ 
guage suggests ideas inaccurately or inadequately, however, pupils 
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make sUght headway, if indeed they make ‘>“ 5 ' snin 
have considered examples of weak language 

’''^Adluarmathematical l^guage is clear, 
cogent. It complements ordinary languap, and ‘‘ “SS « ^ 
operations to use to solve perplexing situations. . .g steps 

defined terms, definitions, postulates, and theore^-1 
in a proof. It records and commumcates solutions t p 
Faulty language, however, can mislead people. A ^ 
reasoning may be invaUd, yet it may seem . ^0115 

mathematics and teachers of other subjects rende j 

service to their pupils when they help them to detect 
booby-traps set up in modem messages sent via mass 

communication. -itTathe' 

Words symbolize, but they are not bits of reality 
matical symbols facilitate thinking, provided pupils clearly 
stand what the symbols refer to. Spiral learning 
many contacts—concrete experien<»s at first, and then sit 
progressively more and more abstract. reader 

Printed pages record meanings through symbols; but the 
gleans these meanings to the degree that his background o 
ences with those symbols pernuts. Meanings fixed by de _ 
in mathematics help learners understand writers and teac ^ ^ 
But individual experiences inevitably affect interpretation« 
symbols mean but little, pupils may memorize them to get y» 
they may detest them and hate mathematics. 

Originally “to teach” meant “to show.” Later “to teach 
to mean “to tell.” Teachers intent on efficiency practiced ^ _ 

as a way to save time. Woeful deficiencies in mathematical le 
ing, however, cropped out. To correct these weaknesses teacn 
retold the facts and drilled pupils on the facts. But drill devoi 
of understanding did not enhance learning. Pupils could operate^ 
they could add, subtract, multiply, divide, factor, and reci 
proofs—but many failed to solve problems. Only the few w 
forged meanings for themselves understood mathematics. The 
fellows disclmmed mathematical ability and despaired. Mathe¬ 
matical illiterates greatly outnumbered those with mathematical 
competence. 
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Non-adays teachers realize more and more liiat their task is to 
contrive experiences for their pupils to tiiink througii. Modern 
teachers devise \vays for pupils to discover meanings for them' 
sclv^. Facility with language, of couryc, iieJps pupils Icam nutlie- 
malical meanings, and conversely. 

One key idea which teachers keep in mind resides in the word 
"awareness," Teachers who use language cfTectivcly realize tJut 
language makes or mars communication. They understand tliat 
contc.xt determines the meaning of multivalued uords. They ap. 
precialo that, whereas words tend to be stable, the life-events 
that words symbolize tend to change. They measure a pupil's 
grasp of a concept by ivhat he docs »nlh the concept. They arc 
aware that reports inevitably abstract and depict only salient 
features from an infinity of cliaractcnstics. They reiterate the 
principle that n-ords are not events—that words merely reprcicnt 
events. They difTcrentiatc thinking (reacting to synil>oIs) from 
automatic acts (reacting to signals). They cmpltasite likcnc»H'S 
between nups and words—they note that faulty uords, like faulty 
maps, lead us astray. They seek, above all else, understanding in 
stead of many mere manipulations of mcauinglc&s marks. 

Teachers seek to transfer this consciousacis of reiiuntic prin* 
ciplcs to situations outside the class room. Citirens in a democracy 
need to bo wary of words. They encounter at every hand uords 
designed for them to accept uiUi a tmnimura of careful evaluation. 
Instead of encouraging pupiU to memorize empty symbols, teach¬ 
ers in America should help pupib to think critically and wclgli 
their own mvd ©there' words. 
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6. Drill—Practice—Recurring 

Experience 

Ben a. Subltz 


DEFINITION AND AGUEEMENT 

DumNO the past quarter century the word • “fi. 

changed semantically but also, and more ^ 

canoe of drill has changed. T«enty-f.ve yearn 
common method of learning applied to such school s ] 
arithmetic, witing, and spelling. Children were 
a word 50 times to learn to spell it and the gene atiM 

middle-aged people spent countless minutes m P 

in one direction and then unwinding them m the opposite d 
in order to train the muscles to follow the sweeping cur\e F 
manship. This was driU, it was carried to extremes and beMm 
sterile that during the 10-year period of approiamately 10 
1945 drill, as a learning procedure, was frowned upon an 
culed in many educational circles. However, dunng the 
period it rernained the dominant pattern employed by 
teachers. ^lore recently,'drill, as a part of the learning process, 
again respected. But it is not drill for drill’s sake that we r^pe ^ 
rather it is its contribution to meaningful learning that , 

become functional for the individual. In order to be most fnn > 
drill must be employed with artistry. This is not an easy, mecna ^ 
cal, or formulated art'istry, but it is one that requires a high ev^ 
of discernment in kno^\•^ng when, how much, where, and o 
to apply. . - 

In this chapter, the words “drill,” “practice,” and recu ^ 
experience” are used to indicate those aspects of learning an 
teaching that possess elements of similarity or sameness w ^ 
repeat or recur. These recurring experiences should have a com 
monality that is discernible by the learner. In this discussion ® 
words “drill,” “practice,” and “recurring experience” will be 
\vitbin the framework that some authors refer to simply as ‘ dn • 
The following examples will illustrate the inclusiveness of t ® 
discussion. 
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1. A four-year-old boy was stacking blocks of various sizes into 
a columjj whjcli repeatedly fell down after he had placed a few 
blocks upon each other. He tried holding the blocks ^Yith one hand 
but as soon as the hand was removed the column fell. He dis¬ 
covered that straightness or perpendicularity was a factor and 
tried to arrange them accordingly and met wth better success. 
Then his fatlicr showcil him how to place larger blocks at the 
bottom. The boy tried again and met uith more success and 
sho\Ycd the glow of accomplishment. Note that this experience 
involves not only drill or practice but also elements of discovery. 
The boy is an active participant. He uses a combination of mental, 
YTSual, and manual a\ cnucs of learning. He has used drill-experi¬ 
ence in each of these avenues of learning. The intimacy of drill 
as a part of learning is also apparent. 

2. A ten-year-old girl has a slip of paper on which she has 
uTitten the number corabinatiojis “5 X 8 - 40, 6 X 8 • 48, 

7 X 8 « 50,8 X S » 0-1,9 X 8 *» 72" and has been told by her 
teacher to say each one 25 times and then to see if she can say 
them without looking at the paper. The girl practiced faithfully 
and could say them all when she went to bed but in school the 
next morning eiie was unsure of 7 X 8 and 9x8, Privately she 
then formed an association for remembering. For the answer 56, 
she thought of 5, G as a sequence preceding 7 and 8. For the answer 
72, she was told by a classmate to think of 80 and 8 less or 72. 
Note tliat her firet learning was characteristic of the rote drill of 
25 years ago and that the results were uncertain. Note also that 
she discovered a way to remember 50. Only the answer 72 shows a 
result based upon some understanding and this was furnished by 
another pupil. Here it is worth noting that pupils may do peculiar 
tilings to lielp them to remember if not to leam. Her drill might 
have been more fruitful and more enjoyable had she had op¬ 
portunity to discover, to think, and to reach conclusions with 
guidance from the teacher. 

3. A group of junior higb-scbool pupils is learning to estimate 
the size of an angle within the range 0® to 180®. Previously these- 
pupils have developed concepts of angles and angle measurement. 
They have constructed angles with compasses and with the pro¬ 
tractor and they have had experience measuring angles. These 
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p^vious learnings are not onl.- t 

Lquence is prop^euUc to toangles of 

angle. For learning to estimate, the estimates are 

several sizes on the P“P‘ ^ugg^ti using a reference line 

checked by measurement. A . ^ference lines are 

(right angle) to assist m the are imag- 

aketched. Other reference hnes t „( paper having 

ined. The teacher provides each pupil with a t therto n-rite 

20 different angles in vanous posiUons and ^ them 
their best estimates of size. These estimates iMy 
* th protractor. If reasonable UmiU of esti^te 

achieved by some P^Pil^-“jt ^tfaWe tto^ " 
and more practice can be provided. I'ote ^ ‘“e ab 
meaiMeful approach was used and that the large P° , . 

practice foUowed an opporturuty to learn. Tto P^‘'“ " tlmlking. 
associated mth learning and helped to P™"^® ion of 

understanding, and driU to “fe" a more 
course this teacher had used the procedure with previoiu 
^d knew about what to expect, how much practice was needefl 

and when it was opportune. and 

The three illustrations were cited to show the „ 

significance of driU in learning mathematics. Drill can be o 
types; it can be visual, manipulative, oral, atitten, or a^ 
m&n of these. To be of most value it must Jways be a M 
panied with good mental processes. Later m tto chapter, o 
discussion of opportunities and needs for drill in leammg 
topics, fractions and equations, will be presented. 


PSYCHOLOGY AND DRILL PROCEDURES 

Psychology is concerned with modes of facilitat^g leaming 
more currently, “change in the behavior” of the mdividi^. 
rok of drill in learning is both recognized and respected, 
is a drill as previously described and not the abs^ct rote 
wtdch for 60 many years characterized the teaching of 
matics. Investigations and the accumulated experience of 
mentalists in education tend to agree on many principles m 
psydiology of drill. Those that are most applicable to learnn^ 
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mathematics are the foIlowiDg: 

1. The educational climate, atmosphere, or rapport of a class 
has a tremendous effect upon learning. 

2. The ideas associated with iocentivc, drive, purpose, and 
goal have a strong bearing upon learning. 

3. Schools (pupils) achieve just about what is reasonably ex- 
pected of them. That is, unless it is an exceptional case, a school 
in which the achievement in arithmetic is poor, has not honestly 
tried to achieve good results. 

4. For many pupils and for certain types of situations the 
initial response or conclusion in learning seems to have a more 
lasting impression than subsequent responses. 

5. Factors that are almost indiscernible frequently effect leam> 
ing. These include community mores, status of the school, dress 
and whimsey of the teacher. 

6. Pupils like to make progress and to know when they are 
leanung. They respond to praise more than they do to coa- 
demnaCion. 

7. Children should become organisers, systematisers, group* 
ers, and classifiers of learning instead of "isolators’* thereof. 

8. At certain ages or occasions children seem to dehght in 
role learning particularly if there is a rhythmic cadence or a 
sing-song sound. 

9. Children, particularly younger children, seem impelled to 
use the kinesthetic avenue of learning. 

10. The mode or avenue through which a thing is learned 
seems to have an effect not only upon the enjoyment of learning 
but also upon the rates of both learning and forgetting. 

PRINCIPLES OP DRILL 

Over the years several prinriples concerning drill have become 
recognized as generally sound and applicable to many siluations 
in the teaching of mathematics. It must be remembered however 
that conditions surrounding a circumstance or situation may be 
the critical factor, and thus a general principle is only relatively 
sound. The following have basis in experiment and m tested 
teaching: 
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1 . The learner should both -"<1 

so that the newness m what he is practici g 

mental block for him. ..Gninnnt both in setting 

3. The learner should be an active learning. He 

his goals and in the aZJer or 

should not merely repeat parrot-fashion 

4. °DriU should foUow the developmental 

of learning and be used to remforce and , 

T DrUl should be varied so that Prooedur^J- 
monotonous and so that different pupds have types of dnU pe 

haps better suited to them. wasted in 

6. Drill should be spaced so that (n) tune ° 1»arnings 
excessive overlearning in initial stages and (hi previous 

but should not be used to hasten the achievement of results at 
sacrifice of meaning and understanding. , _ „_j modes of 

8. Drill policy should recogmze different ra^ Md 
learning with different pupils and not try to fit all mto 

9 . "to^general, it is better to provide for drill 
processes rather than parts thereof, unless some Part'C'^ P 
such as, for example, subtraction in a long division exercise 
trouble and needs teacMng and practice for reinforcing. 

10. Drill should be done with correct processes lest a ci 

practice errors which need to be remedied later. ^ ^ .neht 

11. Drill should be based upon or involve thin^g and ins*g 
so that it never becomes a mere mechanical repetition. 

12. Drill should be used when and where needed. It shou 
be used as a punishment nor should things already well e 
be asrigned for more practice. 

13. There should be some sense of organization of drill so 

(a) pupils see the sense and relationships of what they are oi 
and (b) important elements are not overlooked. ^ 

14. It seems that pupils of lower mental abilities require mo 
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drill than the more able but this may be due to other related 
lactors such as attention, insight and other such causes. 

TUE USES OP tyniLL 

What useful purposes are scr%'ed 6y drill procedures in the 
tcacliing of mathematics? Why is it necessary to repeat a thought 
or a ^rformance to insure learning? Is it not possible for pupils 
to gain complete learning by gaming insight and thus require 
none of the repetitive work? Under certain conditions, u-ith certain 
pupils, and wth certain materials complete and lasting learning 
seems to be achieved in one experience. All good teachera can 
testify to this but they also admit that in most cases drill pro¬ 
cedures arc required. The old adage “practice makes perfect” is 
unsound logically and untrue experimentally. In any learning 
situation there are maoi' variable factons which a teacher can 
only partially control and hence it Is not possible to prescribe 
precisely when, where, and how to use drill. Iio\^'eve^ there is now 
general agreement (hat drill, practice, or recurring experience are 
useful: 

1. To fix for more facile recall and for greater usefulness infor¬ 
mation rvijose significance is understood; for example, the fact 
that CO minutes equal one hour. 

2. To gain proficiency in handUng a mathematical process or 
procedure after it has been studied and its usefulness established; 
for example, subtraction, solving equations and other such ac¬ 
tivities. 

3. To enhance and enlarge the understanding of a concept 
whose basic principle or idea has been established; for example, 
drill upon subtraction situations or upon the concept of the 
tangent of an angle. 

4. To improve the understanding of and the ability to use a 
generalization after it has been developed and stated; for example, 
the generalizations "cost enuals number times price” and "quanti¬ 
ties equal to the same value are equal.” 

5. To review and refresh processes ait^ a period of disuse; 
for example, column addition, and solving linear equations- 

6. To encourage and develop the ability and the will to specu¬ 
late, to discover, and to discern in terms of mathematical relation- 
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ships and principles; for example, ^ 

less than S30.00, and to recognize linear relationship o 
ables from a chart of values. _ 

7 To learn to sense the mathematics in a situation 
ver;el^ to project mathematical principles -‘0 
situations and draw vaUd conclusions m ter^ f ’ unt of 

ample, buying by dozen or pound or estimating the am 

meat needed tor 20 people. _ „ thus 

8. To gain confidence through mathematical suc(^ and 
erase the fear that many people have of a situation that is ma 
matical; for example, note how many times someone fea 
record and total the bridge score. 

9. To feel the thrill of achievement of havmg mastered so 
thing. This is different from but yet comparable to mastery m 
physical task or sport. 


EXAilPLES OF DRILL IN MATHEIIATICS 

Drill is a valuable part of learning. It should never be a sole 
mode of learning. It naturally follows the discovery and develop¬ 
mental phases of learning. Drill is conceived to be practice 
recurring experience in which there is a recognizable elemen 
similarity from one experience to another. This element of 
ity must be apparent to the learner. In this discussion drill is no 
mere repetition. It is extending and applying previous 
for the sake of learning which is important to the indivi u 
learner. Drill procedures are applicable to all aspects of learning 
and should be employed. Thus drill applies to the learning o 
concepts, the development of mathematical principles, the ro^ 
terj* of a process, the ability to sense a problem situation, ® 
reasoning through a situation, the feeling of a need to 
check, and the final ability to use mathematics in the world o 
affairs. In addition to these mathematical uses, drill and expen 
ence ought to be used in the development of a spirit of inquiry 
and discovery, in fostering good habits of thinking and work, an 
the desire and ability to discern and judge. 

It should be remembered that the methods of drill in learning 
mathematics cannot be reduced to simple laws governing the 
factors: (a) when to drill, (b) how much drill is needed, and (c) 
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..hat form should the drill take. 

laboratory resulte or is more than an assem- 

drill or of total learning. ^ .‘'"'T, influences and con- 

blage of its parts and a „nteLbIe as a postulate, 

ditlons that make "controlled 1^ 6 possibilities in drill, 

In order to show m bnef^^ 6 [^^otions from the 

illustrations will bo given for ^ ^ equations from 

aritlunctie of the elementary ^ooh ^d 1 

algebra. In each d-^''retCl uS.S.ess in real life, 
concept development to functiona 

T”'M“Hldm^eam about par. as 

1. The concept o/ (rerf^^' , apple, cookie, or pieK of 

jcncliarca of some "’^^urds of half, third, and fourth, they 
paper, and the assodaled hr drawing lines to show 

Lould have experience m ' o/writing tractions. Each o 

in talking about, and ii» . ..f ;»is both recurring and devel 

sr.“£SS2.t,r.s5."'£;fi" 

fraction must have (^mparison is jg dearable 

fracUon as ““ ^^renrdtos pmetirf- At oomipu- 

cept of ratio, t^ erh recurring e-xpenence. , mental. 

|o:'‘^’’‘d^ 7 ri^dralion. oral mental. to enlarge 

lative experience, ^d ■ jpeh 

Usually, concepts de ,,es parWu n y lerity. 

them over a .lonB ie a Z Zt ^pamte 

as fractions ro , , It» prohaWy - ipies of fractions 

2. Principles of the 1™“ d^'^P®"*" 

and distinct p*«7^h^dled as on^ of them in 

because these arc factions and th ^ 3ut, these pnn* 

from the concep ^jjtion and mu ip ^ important 

such opctotmns f “ ioped ^d pmetmed. T 
I^naTt-hdeofany*'-®-”"'' 
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part is lacking the remainder ^ "j* j „u„bers that 

termined; (b) the meaning and function oi ii j de- 

‘S up auction and the -"P :^“Xn both 

nominator; (c) the 33^,5 number and when 

terms are multiplied or divided by terms; and 

the same number is added to or mbtracted from boto 

(d) the various relationships of ^ ^pulationa. 

fractions ranging from concepts u„de^Sing and 

Principally drill or practice must ^ on th 

use assets so that children learn to think with ^d m 

sjmb^ and are able readily to 

much is it?” ‘”i\Tuch is more?” “What happens if ■? t 
be apparent that \isual and mampulative impre^ renresented 
prindples wiU need practice as well as “^f th^th^t- 

in symbolic notation. Each of these is a rest 

3. Computational skilh mthfracltom. Again, „ 

upon a b’Lis in understanding ^d 
through several avenues: (a) visual impressions, (b) 
of Ll things and models, and (c) study of the num ncal^f^ 
and relationships in the sj-mbols. Practice of o ^ 

of leanung iviuch lead to computations and 
fractions is needed. The foUowng typ^ of abstract o P 
work also reqmre practice if the pupil is to gam pro “ 
independence: (a) chan^ng from one fraction to an eq 
fraction (reduction, mixed numbers, improper fraction, j^g 
for use in comparisons, judgments, and computatio^t t ^ 
and subtracting fractions; (c) multiplying and di^ding 
(d) expressing a common fraction or ratio as a decima 
and in equivalent percentage notation; and (e) rmsing o P® 
and taking roots. In general whole operations of the s^P 
should be learned and practiced first. However, special p^c i 
a sub-step often is desirable as for example the case of ^ 
in the minuend in subtraction. An examination of textbw ^ 
gests that most drill in fractions is given to tWs group of ^ 

lative sldlls. However, that should not be the ca^ if 
meaning and functional competence is held as the aim . 
rion. ilost good schools now have models and visual aids ^ 
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may be used by pupils to gain insight into operations with frac¬ 
tion. Further understanding and significance is adiieved through 
study and practice with the relationships inherent in the svmbols 
and notation of fractions. 

4. Functional competence wi'ik fractions. Ability to (a) sense a 
use of fractions; (b) recognize and understand the essential prin¬ 
ciples involved; (c) know what to do, to think through the situ¬ 
ation; (d) perform the necessary steps of computation; and (e) 
verify and feel confident of a conclu^on are phases of a genuine 
functional competence wth fractions. The development of these 
abilities is not an automatic consequence of study unless the work 
is directed to that end. Thus, as the various phases of fractions 
(concepts, principles, and skills) are being learned, they should be 
tied to functional situations. This tying to experience and in turn 
the study of e.vperience for its fraction content are things that 
require drill or practice. Children tend to learn that which they 
try to learn. Certainly we cannot expect them to Icam to sense 
uses of fractions and to use them if they are not given opportunity 
to practice this. And this practice must involve a good deal of 
thinking. 


DRILL IK ALGEORAIC EQUATIONS 
1. Readiness and prC’C^uation learning. In ail elementary scliools 
much practice is given to number facte stated in equation form; 
e-g.. 3 X 7 « 21 and 16 - 9 « 7. This should and docs provide a 
bade understanding for algebraic equations which come much 
later. Similarly, the use of the question mark (?) to indicate an 
unknown value is common practice; c.g., 5-i-?«“ll,7x?-56, 
and H = ?/12. At a later stage, the statement, the writing, and 
the evaluation of formulas provide a basis for equations; e.g., 
/ ■= PRT, A » I 6A, and C « »d. The thinking invoived in 
solving inverse cases based upon formulas is essentially algebraic. 
A number of elementary school experiences lead directly U> basic 
axioms of algebra; for example, the equality of 2 dimes and a 
nickel, a quarter, and 23 pcaaies. Thus it is apparent that boUi 
in modes of tliinking and in technique the work of Grades I-VII 
has laid a for equations. However, the value of this basis 
depends in largo measure upon the methods of thinking and of 
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..ork used by teachers and oftanuTg 

involved in recurring experience or dn . bout them 

that is important in writing eqimtio^ 

and which is usually given separa p j^nd relation- 

algebraic representations for ^ j g 9 years ago 

ships involvingthem. Fo^exarnple^o age ^ 

^ + This aspect of equation u-riting is so 

important it should receive co^derable follows a 

2. Solving linear eguaUons. The ^e with solutions 

fairly well established pattern m terms ,,y 3 hort-cut 

based upon basic axioms coming first and , j „n,ul- 

methods employing such ta»hniques _as tra^P«^ ^ o^ost 

tinlv by the common denonunator. As m o *1,0* ririll may 

Srable for basic learnings to precede 

be meaningful and fruitful. The folloi^ng s^ 

linear equations require practice: (a) “ ' ^of addition, 

arately and uniquely each of the ^'?^ons using the 

subtraction, multiplication, and division, (b) a® -utssuchas 
basic axioms in combination; ^ g and check- 

transposition and “cross-multiply • ^ ^ mounts of pm^' 

ing solutions. Most textbooks provide adequate ^“"^fund 
tice in the solution of equations. They do not, ho 
probably cannot, direct the tUnkmg of under¬ 

reach a high level of appreciation and understandmg. m 
standing tends to result in a slower rate of “ porarily 

provides something to rebuild upon when a pupil is teinp 
styimed in a solution. Furthermore it provides the b^^ 
fer from one type of exercise to one that is slightly “ , 

3. Wriling equations. The real essen^ of algebra is P 
more involved in the ^vriting of algebraic relationships an 
tions than it is in the manipulations involved in the so u 
equations. The ability to represent algebraic relationsmps 
tions'is rather subtle; it is not one that can easily be iso a 
drilled. It involves a collection of abilities which seem 
hanced by native intelhgence. How’ever, drill, practice, or e 
ence upon certsdn phases of algebraic representation an 
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partieulur emphasis upon thinJang seem to be fruitful. These are: 
(a) appreciation of the significance of and the ability to locate 
the more basic unknown value and represent it s 3 TOboItcally as 
for example by X or N; (b) learning to think and to express 
orally and in ^vriting simple relationships; e.g., 2X + 5 represents 
five more than tivice some unknown value; (c) the ability to tliink 
through and to represent the combination of algebraic expressions 
by processes such as addition and also to express equality in an 
equation; (d) ability to rearran^ or reverse the relationships 
leading to an equation and thus provide a second approach or 
check to a solution of a basic problem; and (e) ability to write 
equations from any reasonable situation or problem where rela¬ 
tionships are linear. 


SUSUUAV 

1. The terms ''drill/' "practice," and "recurring experience" 
are used to denote that aspect of learning w'hich has a recognirable 
element of commonality that Is repeated. While these terms are 
not synonymous, they suggest a broader vision of the nature and 
role of drill than that commonly held a decade ago, 

2. Drill, broadly conceived, is both important and necessary in 
learning mathematics. It is really a part of the learning process 
and when properly applied aids in understanding os well as in 
proficiency. The importance and need for drill are little conditioned 
by the "brand" of psychology one accepts. 

3. Because of the many attendant and variable factors in a 
classroom it is not possible to stale precise rules governing the 
when, the how much, the where, and the how to. use drill. 

4. Drill, practice, or recurring e-xperienco should be used with 
all phases of leanung pMthematics beguu^g with methods of 
discovery, the development of concepts, habits of work, and carry¬ 
ing through to the computations, t hink i n g, and judgment that are 
essential in achieving functional competence and independence for 
the individual. 

5. It is the teacher’s responribility to plan appropriate experi¬ 
ences to provide, at optimum times, for learning and ^11. _ 

6. The diagram below shows elements and relationships m 
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between them. 

^[aihemaiics 

concepts - Infonnation - Principles - Relationships - Solutions 


Experience —► Xiearning 

t : : t 


Experience 

I : 


Incidence -* Discovery —►Understanding -* Functional 



7 . Transfer of Training 

ilyRON F. RossKOPf 

^ Onk of the leading students of transfer of training summariaes 
in a recent study the results of experimental research in the fol* 
lowng words: 

First, transfer is a fact, as revealed by nearly ei^ty percent of the 
studiesj second, transfer is not an automatic process that can be taken 
for granted, but it is to be worked for; and third, the amount of 
transfer is conditioned by many factors, among which are: age; mental 
ability; (po^ibly) time interval betu'een learning and transfer; degree 
of stability attained by the learned pattern; "knowledge of directions, 
favorable attitude toward the learning situation, and efficient use of past 
experience”; accuracy of learning; “conscious acceptance by the learner 
of methods, procedures, principles, sentiments, and ideals”; meaningful' 
□ess of the learning situation; the personality of the 6ubject'~''greater 
transfer in extroverts than in introverts; method of study; suitable 
organisation of subject matter presentation; and provision for con* 
tinuous reconstruction of experience (12). 

All of these factors that condition transfer are relevant, but only 
the last two will be considered in any detail in this chapter. 

Transfer of training theories change as psychological theories 
of learning change. Each new development in the psychology of 
learning leads to neiv experiments on transfer of training and to 
reinterpretation of the results of past experiments. In order to 
understand currently accepted conclusions with respect to trans¬ 
fer of training, it is necessary to know the background for these 
conclusions. 


DOCTillNB OF FORSWn WSCIPUNE 

The doctrine of formal discipline is based on what is known as. 
“faculty psychology.” Faculty psj'chology postulates that the 
mind is composed of several faculties such as the will, nieniory, 
judgment, and the like. The theory of learning called formal 
cipline holds that these mind faculties can be trained by exercise. 
The material studied or learned is not important but the hard 
205 
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work for the mind involved in the study and in the leammg is 

most important. r' of Ten of the 

The point of view represented by the e 

National Education .Association IS typical of the O 

i„g practiced in the latter part of ^ " dary- 

Committee of Ten was orgamaed m 1892 to 
school practices and to make recommendatio^ to impr 
of practices; the follomng sentences reflect the pomt of 
the majority report: 

■rhe mind is chiefly developed in three ways: by 
ers of discriminating observation; by stren^hening t 
of foUoa-ing an argument from point to pomt, a^ y 
process of comparison, that is, judgment... studi^ m • * * . 

are the traditional training of the reasoning faculties... 1 J* 

Thus, it was held that formal work is the best way to , 

transfer of judgment, reasoning, and obsen-ation to ® 
living. The particular school subjecU studied do not ^ 
difference, it was beUeved, so long as they are difficult {p 
sufficiently hard exercise for the faculties of the mind) 
be presented in a series of formal lessons. The ^pIop 

reasomng acquired in mathematics, for example, would so 
the faculty of lopcal thinking that there would be transfer o 
ability to reason lo&cally to history or science or languag^. ^ 
The doctrine of formal discipline is, of course, 
means of learning that faeffitates transfer. Even so^ mem 
the Committee of Ten chsagreed with the majority repo 
presented a report of their own. Some nineteenth-century 
chologists reaUzed that there seemed to be little carry over 
training received in one area to another area. For examp e> 
liam James experimented with improvement of memory and 
results based on formal discipline to be very unsatisfactory' 
death-blow was struck by the publication in 1901 of the 
and scienUfic invesUgations of Thorndike and Woodworth- 
that date, no psycholo^t inristed upon faculty psychology o 
formal discipline. And yet, methods of instruction that arc m 
by many teachers today are based on formal disciplme. 
apF>eals of lay people (and some educators) for a return to 
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good_ old days of really "hard” instruction imply a theory of 
lear^g based on formal discipline. It is distressing to find so 
muclj mathematics and so much mathematics teacliing based on 
an outmoded theory of learning. Authoritarianism is seen so often 
in a mathematics classroom; a teacher points out the correct 
response, students accept it, and then practice applications of 
the correct response. The practice crercises are graded from simple 
to d^cult in "good” textbooks, but there is little opportunity 
provided for students to explore or to discover or to organize 
experiences. During the past 50 years much sound experimental 
evidence has been accumulated that proves such instruction to 
be inelTective in the promotion of transfer. 

Instruction in upper secondary-school mathematics particu¬ 
larly, easily falls into the stereotyped form implied by the doctrine 
of formal discipline. Because of the rigor required by logically 
organized subject matter, it seems difficult to break away from 
teaching Uiat is sho^^^ng students how to reach correct solutiors 
to problems. However, there are accounts of experimental work 
in mathematics classrooms (9, 5) that are encouraging. Teachers 
in these classrooms are attempting to put into practice a theory 
of learning that is currently acceptable and, that experimental 
evidence indicates, promotes maximum transfer. 

DOenUNB OF IDENTlCAJj EEEMENTB 
As Was pointed out in a foregoing paragraph, many psycholo* 
gists and educators protested the doctrine of formal discipline on 
philosophical and logical grounds. William James is credited with 
being one of the first psychologists to test the doctrine of formal 
discipline experimentally. His experiments, conducted about 1890, 
are crude according to contemporary standards of psychological 
research, but the results that he obtained showed that formal 
discipline has little effect on improvement of memory. The account 
of the historic experiments of Thonidike and Woodworth were 
published in 1901. It is in these papers that the doctrine of iden¬ 
tical elements was stated; "Spread of practice occurs only where 
identical elements are concerned in the influencing and influenc^ 
function” (15). Their method was to give students practice m 
estimating the areas of rectangles varying in size from 10 sq. 
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cm. to 100 sq. cm. They found that the 

sidei-able improvement in estimating the areM of small recta g 

ifthey rvere given the correct area after each estimate. But nl en 

L students were presented with the 

area of a large rectangle or the area of a figure of a 

Hi Lnd that the students showed Utile 

As experimental evidence accumulated dunng ‘he next 5 
Thorndike and others added to the theory of associa J?'; 
it is from the psychological theories of learning 
ism and connectionism that the doctrine of ’dentical e em 
emerged. There is a question of what is meant by ident 
ments. Are identical elements to be understood m terms 
ing specific individual abilities? Or, are we 
identical elements in two situations include both specific a 
and the statement in words of a principle used in a, 
tion? Woodworth in a recent sUtement believes that a co 
formulation of the theory is as follows: ^ 

The more definitely the principle is isolated, even to the 
formulating it in words, the more chance of transfer... n the pn F 
are embodied in words, they are concrete bits of hcbavior an 
transfer froin one situation to another creates no difficulty for the 


of identical elements (18). 

According to Gates’ interpretatioa of Thorndike’s theories, he 
“used as equivalent to ‘elements’ such words as ‘aspects, fac > 
‘features,’ and ‘relations*.... His concept... can, in fact, me u 
anything as ‘elements’ which investigation proves to be actua 

operative” (3). ^ j yi 'his 

Hence, it appears that Thorndike developed and expanaea ^ 
theory as evidence accumulated. Early interpretations of iden ic 
elements as specific components of a learning situation were 
tended to include words or components that were complex, c 
cording to an eclectic point of view, the interpretation of 
tical elements” can be as broad as the interpretation of “structure 
by gestaltists. For example,-Thorndike writes, 


The newer pedagogy oE arithmetic, then, scrutinizes every clemen 
knowledge, every connection made in the mind of the learner, so 
choose those which provide the most instructive experiences, those wbic 
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mil ffow together into an onlerly, tationsl system of thinking about 
numbers and quantitative facia (W). 


volume when he is discussing the psychobev 
of dull in arithmetic, he says; 


As each new ability is acquired, then, we seek to have it take its place 
^ an improvement of a thinking being, oa a co-operative member of a 
total or^aniMtion, as a soldier fighting together with others, as an ele¬ 
ment in an educated personality. Such an oiganisation of bonds \vill not 
form itself any more than any one bond will create itself. If the elements 
of arithmetical ability are to act together as a total organized unified 
force, they must bomado to act together in the course of learning. What 
we wish to have work together tee must pat together and give practice 
in teamwork, 

... every bond formed should be formed tcith due consideralion of every 
other bond that has been or tali be formed; every ability should be practiced 
tn the most eiffcciive possible Telalions toith other abilities (14), 


TJie phrase “every bond formed" in the foregoing quotation 
might be interpreted to mean that an operation in arithmetic, 
or mathematics, is to be teamed through direct practice of the 
operation; that is, an operation becomes “fixed’* in the mind of 
a student through repetitive doing of exercises involving the 
operation. An extention of this interpretatioa would be that trans¬ 
fer is achieved through drill. Associationists say that this is a 
narrow view of the doctrine of identical elements, that bonds 
are formed through direct practice, but that the direct practice 
must be of such a kind that it taiies into account other (related) 
bonds, together with the attitudes, fatigue, set, purpose, and the 
like, of the learner. 

One other observation will be made concerning the doctrine of 
identical elements- The percentage of transfer from one learning 
situation to another learning situation is always less than 100 
per cent. Direct practice in one leanung situation increases the 
success in that situation but the success in another learning situa¬ 
tion is proportional to the number of identical elements in the 
two situations. It seems, then, that liie amount of transfer will 
depend upon doing over again in a second situation those elem^ts 
or components that are common to it and a first learning situation. 
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Grata “ 

"S^t^t pSo“ ro 

transfer of training. In the expenmental ^^e-xperi- 

support the theory, he clearly shows 

mental design and interpretatton of '“"'f de- 

theory of instruction is based on the “{“e a^d more 

ments, it is necessary to discuss it m some detad. More 
evidence is accumulating to mdicate that studen ^ 

in any sense of being able to transfer or to apply nhat they 
learned, by practicing processes m isolation. 

Practice of the same response merely increase 
that response, whatever its nature and its level of ding 

turity. It one repeats the definition of some term the 

its meaning, one cannot through repetition ““C®or think- 

term, however proficient one may become in saying or 
ing the definition.... For the definition ... to possess 
Icamer must respond to the definition ... in a variety of ways W- 

However, it may not be wise to discard the docti^e of 
elements entirely when we think in tem^ of educationa P 
There is an interpretation that can be given to some expe 
evidence that in^cates there are important „nt 

doctrine. It is a question of timing and place. There are oi 
levels of work in mathematics. At one level a student is^T ° ^ 

and discovering relationships (organizing his experience) “V? 
to arrive at a principle that can be used to solve new* pro 
This is true of arithmetic, for example, in the introduction oi 
new process. But when a student has passed this level t 

on to a new process, his response to the old process must ^ 

most automatic if he is to master in any efTective way ^ 
process. Wien one comes in his school experience to the pr 
of multiplication, he must have passed beyond the explora w 
stage in liis mastery of the process of addition. Similarly»^ , 
teaching of trigonometry', the fundamental identities are ue 
oped with a class by lielping them to organize their expenen 
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lyith the trigonometric functions and to understand the rela¬ 
tionships that exist among them. Students must go beyond this 
understanding of the organization of relationships among the 
trigonometric functions if they are to be successful in proving trig¬ 
onometric identities. They must be able to give an immediate 
response to any trigonometric function in tenns of its related 
identity. With this mastery, attention can be given to exploring 
on a wder frontier. Without this learning or mastery, a student 
^viII find the proof of trigonometric identities a hard, laborious 
task. 

It is exactly in situations of the foregoing sort that drill, based 
on the doctrine of identical elements, has a place in the teaching 
of mathematics. That this is true is supported by the foUovring 
experiment carried on by I^tona. Katona had three matched 
groups. All groups were taught by a meaningful method but Group 
I was taught three tasks, tested immediately, and then four weeks 
later; Group It taught the same thi^ initial tasks but is 
later teaching periods was taught difTerent tasks that involved 
the same principle as the initial tasks; Group Ill was taught the 
same three initial tasks and in later teaching periods practiced 
these tasks. All groups were tested at the end of four weeks on 
the same three tasks as were taught iniUsUy, as well as on new 
tasks. In describing the performance of Group III, ICatona writes, 

By revie\viDg the performance of Uus group solely with the practiced 
we find a perfect example for a practice curve. In the first inter¬ 
mediate test a slightly lower score was obtained than in the immediate 
test, but from the first to the fourth week the improvement proceeds in 
a straight line. In the fifth test (main test) the 21 subjects of the group 
committed only one error in solving the three old tasks.... Observation 
of the behavior of the group shows that we ha\e here a performance 
strictly comparable to the wril-known effects of practice by drill.... 
There was no “solving” of a problem, but rather a recall of well-learned 
data. Here we find reproduction instead of reconstruction (8). 

In a footnote he quotes BresBch as foUoivs; "Simplified roulinized 
processes ere sometimes the outcomes of earlier understan^p 
that have been reduced to formulas which are merely held m 
memory” (8). 
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The point is that some processes in Tf 

much in subsequent ivork that a “ 3 ^ student 

mastery that is of the ^ ubsequent 

must have this sort of mastery if he is 6 ° "S «g mto . 

mathematical work. In order to ^ ^ i,tudent is hesitant 

must be able to substract and mu p > > ’i,,,sjtancv is going 
in his multiplications and 'lementary 

to get in the way of his learning division. For >fam S operations 
algebra, a student must be able to perform 3 ort 

with facility. One could give examp e after <= dis- 

of mastery that is described here. A teacher P,ethods 

tinction between learning understood proces^s y 
and helping to organize experiences m the deve P 

concepts in order to achieve identical 

meant by an earlier sentence .stating that the doctnne 
elements depended upon timing and place for its use. 

DOCTRINE OF GENERALIZATION AND MATUR-^XION ^ 

Judd was one o£ the first psychologists em- 

^ 7 ith the doctrine of identical elements. In his 
phasized the importance of generalizations. He experi . 
subjects who were taught the principle or generaUzation 
in a task and compared their performance ^^^th subjects 
not know the principle. His objective was to test t e e 
transfer of knowledge of a generalization. Although lus tes 
was smaU and there was no control group, yet his con 
that knowledge of a principle facilitates tra^fer had ^ » 
effect (7). Other psycholo^ts wth better experimental teen q 
did research that tended to support Judd’s conclusions. 

Beginning about 1912, a group of German psychologis P 
lished papers in which they criticized the attempts of j.y 

psychology to reduce the study of mental activity to 
and individual connections. These psychologists, 

Koffka, and Kohler, emphasized the importance of co^ \'his 
complex “wholes" in order to understand mental activity- 
school of psychologists became knoim as gestaltists 
their insistence that a human being reacts to a whole 
or structure, rather than to the individual parts of a situa lo 
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SHlssilii 

‘’“since much of Judd’e later writing “^X°importtce“or6r- 

thesis. , , !.• 1 

It i 3 of importance for ot' thc fact that it ic- 

mental proccasca that „( experience tor the indiviJual 

quires time and laborious rcorg waning of the »ords which make up 
to gain full comprehension of the meaning 

the number system (0)- ^ 

Notice the emph^is f- 

individual. Tliis uht or understanding or generali- 

the gestaltiats ®hrough reorganization or recon- 

eation comes to an situation. It is this reorg^i- 

structlon of experiences mth a maturation. For 

cation of experience to bo more effective so far 

example, spaced dnlU^ ^ ^„«„traled repetitive drill, 
as transfer is conce bought and manipulation as well 

At the higher levels of arilh 

as at the lower leveb,. « „,ust be an orgamzatron of expcri- 

or successioiis of isolated 1*^ ^ by the term' conKplnal." 

rxf a form that IS .. • be explained in terms of cle- 

““he view that all menml j primitive type overlooks al- 

. .nil are of the simplest ^ accounts for Ufc. 

‘"“il e'r the prinolp'e that.. (mm the new fonnalism, which 

*“f(‘‘ hology is to iSsitions of detached and unorganized 
“•'i/in devotion to dances, and all other school subjccls 

larcmatics, Ihl mere driU-thcre will have 

^ be taught by some ^ the lower and the higher 

Tbo d® “ceognition of the ^ of experience will have to be 
fo™ ofmental aet>;f;J,'‘L^^^ !>'«»«=<>' education 

emphasized a? the 

( 6 ). 



216 


; LBARNINO of MATHEMATICS 


,earnin.taUes place ssaTOSultofreccnst^ 

of experience. Trial-and-error learning ^““^^yng efforte 

phrase does not exist. A student ^vdlO knows^liow to 

It random to solve a problenr as an ob^rver nho 

solve the problem looks on. But th^ attempts to or- 

at all for the student. They are evidence “t of 

ganize his past experiences, to and past 

attack, to see relationships between this ne v p 

to students. 

These observations ... characterize the m^T^c subjects pro- 

card trickl on the part of the • ““"'“8'“'’ “iVao preceding train- 
ceeded to dUoover or to construct the solution, and t P 
ing helped them to do so. Reproduction was P„„ 5 ist of 

bursting open, because a button has been pres^d . stimulus, 

the presentation of an ever-ready response to the “PP J* . pad of 
It was more like the processes of discovery, of P™'’'®“. , redis- 

construction. Remembering can here be best characteii 
covery—a reconstruclim. The effect of learning was abiUty 
struct (8). 


In summarizing the results of his investigation of metho 
struction to be used in his experiments on learning and on 
of training, he makes the point: 

Both problem-solving and meaningful, learning consist 
chan^ng, or organizing the material. The role of orgamza 
establish or to discover or to understand an intrinsic relations 
learning by imderstanding consists of grouping (organizing) a 
so as to make an inner relationship apparent (8). 


Using a method of instruction that helped subjects to see 
structure of a task and the relationships that existed between 
form of the task and its solution, Katona found more 
per cent transfer. That is, subjects taught by this method pe 
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fomed tie practice tasks about as ucll «hea tested at the end 
of four weeks as they did at the bepnniog of the experiment, but 
^ey performed better on new tasks than on the practice tasks. In 
his discussion of the experiment he writes: 

The process of gradud orgaaiiation, the slow IransiUon from a worse 
to a better state of affairs, from a bad to a good gestalt, js just as im* 
portant for the-psychology of meaningful learning as is the flash of 
insight. 

We need the concept of gradual meaningful learning to undersfand 
tho learning process..,. The thesis that a single etposure is sufficient, 
that repetition is not required, cannot be justly applied to learning by 
examples or help. Only if vve falsdy deflne "repetition" as the repeated 
occurrence of the identical contents A, B, C, D and tlicir apperception 
in an unchanged form at several successive presentations, may we say 
that repetition cannot occur in meaningful learning. But by using the 
term in a different sense, the successive steps in the method (of instnic* 
tlon] of examples may bs said to constitute repetitions..., 

Ilcpctition... is not repetition of one set of identical elements, rather 
it is a gradual development of stnictura) features. One docs not do the 
some tiling over mtd over. On the contrary, one is always passing on to 
a more advanced performance (S). 

To secure maximum transfer, in tho sense of applying "an in¬ 
tegrated knotviedgo, [a whole principlej... to all tasks involving 
the same principle" (8), teachers of raathwnaUcs must teach in 
such a way that demonstration e.\crcisc3 (or tasks) serro as ex¬ 
amples of the application of the principle. If the icanung is di¬ 
rected by a teacher toward an understanding of how a well 
envisaged structural situation can be solved, a sludcnt^s prob¬ 
ability of success in applying the principle to a strange, different 
structure that requires for its solution application of tJic same 
principle 'rill be greater than if learning is directed toward roemo- 
nzatioa or genexaiizalJnn. The principle need not be verhaliicd 
by students. In one of his experiments, Ivatona asked his subjects 
the following question: 

Try- to formulflU! in a few words the main point or principle of the 
tasks on which you have just worked. ttTut is tlic essential thing you 
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have to know in order to be able to solve such 

definitions; a hint at certain ideas you have rn mind n.ll sum 

will have three minutes in which to wnte (8). 

He found that the answers to this question were unsatisfactory. 
There was no correlation betryeen the 

the performance of the same subjects as revealed ^ 

subjects who solved all or most of the (asks were, neverthel , 
to give an account of the problem’s mam points. ,vhat is 

^ msult reveals that it is very difficult to >^'^^„'tac- 

required to solve such tasks. The abd.ly *» „d sue- 

quired Mrithout verbal formulation of what has been of 

cessfully performed. Conversely, formulation alone is no gua 
good performance (8). 

Although Gertrude Hendrhc frankly admits that 
need to be tested further, enough expenmental work ^ 
done so that the following hypotheses are emergmg from t 

1. For generation of transfer power, the unverbalised 
method of learning a generalization is better than am 
which an authoritative statement of the generali^tion comes • 

2. Verbaliang a generalization immediately after discovery 
increase transfer power. 

3. Verbalizing a generalization immediately after discovery maj 
tually'decrease transfer power (4). 

The implications of the observations of Katona and 
for the teacHng of mathematics are clear. In the first place* w 
a is introduced to a new concept there must be active f ^ . 
participation in discovering the concept and how to apply tl'* 
active student participation will depend upon adroit 
on the part of the teacher and upon his sensitivity to the 
of- the class in its exploration of the concept. As soon as the s 
dents are aicare of the concept, they are ready to apply the con 
cept. They are ready for practice problems, if you like, or for an 
opportunity to solve new tasks that are different from the demon 
stration examples but require the concept (used here as a simo 
nym for principle or generaUzation) for their solution. At t 
stage of progress of the students a teacher must be satisfied wi 
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Students understanding how to apply the concept; no attempt 
sJiou d be made to have the students state the principle in words 
nor should the teacher pve the statement of the principle in woixis. 
One might say at tliis stage that students should work intuitively. 
Stress sliould be put on ^‘grouping, rcorganizalion, struciurizalion, 
operations of dividing into sub^wholes and still seeing these sub¬ 
wholes together, with clear reference to tlie whole figure and in 
view of the spccihc problem at issue” ( 16 ). 

If acliievement of maximum transfer is an objective of the 
teaching of mathematics, then at every level an effort must be 
made to use a developmental approach in a classroom. By teach¬ 
ing so that students reorganize their experiences and become 
aware of iiow the overall structure of a problem is related to its 
elements a teacher can achieve with those students a disposition 
to use mathematics that cannot be achieved as well by any other 
method. Every teacher believes that ability to state a principle 
in words represents a higher level of understanding. That is true, 
but this higher level of understanding, represented by ability to 
verbalize, is a level that is approached wJien a principle (or prin¬ 
ciples) is needed for investigation of a topic in mathematics. It is 
necessary that a teacher be able to verbalize principles and gen¬ 
eralizations and concepts of mathematics if he is to be able to 
use the developmental approach in a classroom. A teacher must 
be conscious verbally of a prindple in mathematics, even though 
it is not necessary for students at the beginning to go beyond 
being au-are of the principle. 

SViltJAKi 

Thus, \ye see that, except for the first, each of the theories of 
transfer of training discussed in this chapter has implications for 
the teaching of mathematics. It is not necessary to regard the 
theories as mutually exclusive; aspects of the doctrines of identical 
elements, generalization, and norffuuzatioD of expenence are 
applicable in mathematics classrooms. Of the four th^ries of 
transfer that have been formulated, that of formal discipline is 
the only one that is thoroughly discredited. All of the others are 
accepted, if not totally tlien in part, by aU groups of psychologists. 
There remains much experimental work to be done on transfer. 
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Not only do ive need to lenm more about what is 
we need to experiment to see how transfer 

and this is important for all teachers ventage of 

dicates that transfer is a fact How to make t P 
transfer larger is a problem that every teacher recognire 
that every teacher works on m his oivn ^ formula- 

After Thorndike and Woodworth, the most ™P“ in his 

tion of a theory of transfer of training is “P" ^^ment iritli 
doctrine of generaUzation. Judd was the first 
the effect of knowledge of a principle f (.o„cepts 

fer. He pointed out the importance of | „„ skills, 

and experimented with the effect of such "oderstanding ® ^ 

In many respects. Katona’s cxi^nments are <^’^ 0 ^’ ‘ 

idea and a filUng in of details. Teaching for G"demtand. g^^^ 
teaching meaningfully are phrases that are instruc- 

Katona and Hendrix give valuable hints on methods _ 

tion that promote transfer. Both stress the impor an 
covery. of exploration, of reconstruction or '■“^sanizatio 
perience. Both stress the importance of non-verbahzcd ^ 
of a principle. In the teaching of mathematics there has 
much insistence upon students’ telling (verbalizing) a p^ . .. 
or a generaUzation and not enough observation of students PP 
ing a principle. ^lore attention should be paid to a ® ^ 
saying he understands how to do a problem but cannot e ^ 
to do it. For the percentage of transfer is larger when a 
method of instruction is used that does not stress verba iza 
of the principle involved in the assigned tasks. . 

A program of mathematics teaching that wll develop the arg 
possible transfer might be outlined as follows: (a) Teaching £ 
be for understanding; for developing concepts. This rireans 
the methods of exploration, discovery, and organization ® ° . 

be used. At this stage a teacher should be satisfied udth a 
being able to solve tasks that require use of the concept for ^ ^ 
solution; at this stage there should be no attempt made to 
students or the teacher verbaUze the concept (of course, it ^ 
impUed that verbalization by a particular student should be 
couraged). By presentation of examples and working them o 
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toge^er, teacher and students can achieve the sort of under¬ 
standing that seems to give maximum transfer, (b) vi/ter under¬ 
standing is assured, enough practice is furnished students so that 
they \vilJ have an opportunity to reorganize or reconstruct ex¬ 
periences in terms of the concept involved. In case the concept is 
one that is a routine part of laiger problems—^like addition or 
multiplication in arithmetic, or operations ivith signed numbers 
in algebra—the practice should be of the stimulus-response type. 
In such a case drill has a definite place in a program of mathe¬ 
matics teaching, (c) Those students who progress to higher levels 
of mathematics study should learn to verbalize principles that 
are appropriate to their level of progress. For these students, a 
teacher should insist upon their being able to tell how they do 
problems. These are the students who are studying mathematics 
because they are going to use its principles in other areas or be¬ 
cause they have a love of the subject Itself. 

From the accounts of experimental work that has been done 
with mathematics groups it is not clear what the implications of 
research on learning and transfer of training are for general mathe¬ 
matics courses or mathematics courses in general education. It is 
safe to conclude, however, that teaching for understanding and for 
formation of concepts should be paramount. But answers to the 
following questions await further research. How much practice 
work should a general education course in mathematics include? 
How much effort should be made in such a course to achieve an 
immediate response sort of learning? How much verbalization of 
principles should there be? 

Discovery and exploration through many examples that use the 
some concept should be the means of instruction in a general 
education mathematics course and the end should be applications 
of the non-verbalized concepts to new problems. If this objective 
were achieved in a general education course, there would be more 
adults with a greater disposition to use mathematics in quantitative 
situations. A variation of this suggested conduct of a general 
education course could be teaching by discsovery and exploration, 
presentation of the principle mbally, and use of the prindpic 
in examples but with no insistence upon memorizing the principle. 
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the (levclopmeat of tlie Underthe leadership 

Cher .school faculty proceeded ,,,, f„™ed that 

of the head of the science studies teacher, 

consUtcd of two mathomaticji ’ 1,1, Tliis Stroup met to 


;:i;;^ia. teacher. and a dS^rlrk, and 

discU5.s their readings, the >”>1?''“^ n,any outlines 

their classroom succepes or aiu published, the 


of the steps in reflective thinking ‘-‘“‘1 “““."" jion of the steps- 
committee worked out a synthesis an . intended to 

The elaboration of the steps m ‘^’"“"^oveloped. Ma»y 

rive teaehem some idea of the concepts to be deve ^ j^e’s 

faculty meetings ivere devoted to a "“^J^yrom some 
work. There was enthusiastic support of 'ts tad ^ 

teachers; others were indifferent, because they , , 

connection between their “ytSd^o pre.«ent oppor- 

On the junior high-school level it w^ decided opre 

tunities for students to exercise_ the steps i» 

would guide the learning process m such a way jjort 

reflectwe thinking could be followed, but ^"'^^if/matics, 
made to make students conscious of the , outsUnding 

science, and social studies cla^, there was observe ou ^ 
success of the program. English and lanpiap nresenting 

that there was little opportunity in their classes 1 P 
good problem situations. But as teachers’ ^xpenence ^ 
found that they became more sensitive to the po 
reflective thinking in their areas and, hpce, lp.irlv.The 

portunity for students to develop their ability to thin c , 

concerted effort made by the faculty to teach for tins sc 
objective of education led to observable increase m 
attention to consideration of proof on their level. thinking 

For senior high-school students, the steps in ^ etu- 

were made explicit. Because of their greater maturity, 
dents considered much more complex problems than i® 
high-school students. However, there were greater ban *P 
overcome in that the courses students were taking ten e _ ^ 

more formal. It was more difficult for teachers of senior hig ® 

students to learn a new method of teaching, to presen s 
matter material in such a way that a problem situation e 
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in the classroom. The better \vork was done in science classes, 
wth mathematics classes following along as best they could. It 
was observed that during the j^rs when there was most coopera¬ 
tion in the teaching for reflective thinking (war service scattered 
the original faculty and the necessities of war activities required 
the attention of the remainder), there were more science students 
engaged in original investigations and many of these used their 
knowledge of mathematics to help develop their science projects. 

The opinion of the faculty was that a disposition to use re¬ 
flective thinking could be fostered in students. Individual teachers 
contributed anecdote after anecdote to support this point of view. 
But, it waa also the consensus that teachers needed to hold their 
attention fimly on a major objective like reflective thfntftng if 
the proper method of teaching for it were to be used in a class¬ 
room. The particular emphasis given to one or another phase of 
reflective thinking did not make so much di/Terence as the method 
of teaching used. At every opportunity teachers bad to be careful 
to provide an opportunity for students to explore a problem and 
to avoid explaining the generalization that would solve the 
problem. 

One of the most clear-cut examples of transfer was contributed 
by Helen M. 'Walker, Professor of Education, Teachers College, 
Columbia University. The anecdote is the result of a happy co* 
incidence from an effort to relate her teaching of mathematics to 
the teaching of English of a colleague, Mrs. Louise Anderson 
MacDonald, who taught for many years in Pennsylvania State 
Teachers College, Indiana, Pennsylvania. Professor Walker re¬ 
lates the anecdote as follows: 

It was one of those incidents which could not have been planned and 
which came to only through an unusual coincidence. I was teaching 
mathematics in the Oread Training School of Kansas University in 
Lawrence and Mrs. Louise Anderson MacDonald held a similar position 
in the Department of English. We arranged for her to visit some of the 
mathematics classes in order that she might see what ^vere the difSculties 
encountered by her pupils in oral exposition. I have no idea what partic¬ 
ular geometry problem we were studying on this occasion but I am sure 
that it was one for which the general theorem had not been stated. Let 
us suppose we had started with the ample problem of knowing that in 
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a triangle ABC, angle A equals eo^Sl’te dcriuccil 

‘]SLr:‘‘Canyou.llusnow.hatitisyouhavefuundoutabou..he 

triangle?” . , * „nd ancle B were 

^ usefulness. If you want to make use ^ stated 

tomorrow or at some later time, you will need rticular 

to a more general form without reference to the part 
letters used to name the triMgle.” achieved the 

Then after some prodding, eithw this pupil or ,l,is 

general statement of the theorem. “amembered it av 

!las3 session and no one concerned 5.^ a student in an 

eept that a few weeks later student replied: 

En^ish class what was the point of Sito M ■ 

■‘Silas was accused of takmg some money which ^ delight, 

so he ran away. It didn't do him any good, MacDonald 

one of the girb who had ^n m the gwme ry jj 

visited, remarked: “That m true enou^ but >t ^ ^ ought 
want to make use of that same ideaagam m ’ f. -ooused 

rgeneraliae it. You might say something hke this: ape 

of a crime which he has not committed, it is quite useless to ry 
by running away.” 
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8. Problem-Solving in Mathematics 

Kenneth B. Henderson and 
Robert E. Pingrv 


The present chapter on problcm-Mlving ghould 

w-ritten on the assumption that mathenmtics 
understand the hasic theory of prohlem-solvmg implications 
from research in the suhject and also see cleariy 
of this theory for methods and procedure conse- 

are necessary. Theory apart from the ^ from a 

quences is largely sterile. Methods and trfcks. 

conceptual framework become little more tha ^ 

Accordingly, the chapter can be “for group 
parts. The first part discusses the theory of the p the 

of processes of problem-solving. The ^ chapter 

impUcations for classroom procedure. It . tudentsnot 

Mill prove helpful to teachers as they try to help their 

only solve particular problems, but also impro\ e gene y 
techniques of solving problems. 


WHAT IS A problem? 

One concept of problem, which U a very CT”™ 
of a question proposed for an answer or solution. 1 ^tics 

cept that the teacher has in mind when he says to ms ^ 
class, ‘^our assignment for tomorrow.is to work pro e 
ten on page 164.” The question which may be either exp 
implicit in each problem is, “What is the answer? liave in 

The concept of a problem as a question is the one I'e 
mind when we speak of educational probler^ like teaching P 
lem-solving, teaching for transfer, maintaining discip me, 
viding adequate educational guidance. In these examp 
question is implied. It nught be phrased as Hoi\ can 
or “How can we ... ?” • ♦ rp of a 

A second concept of a problem still considers the exis n 
question to be necessary, but unlike the first concept, exis 
228 
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mmMM 

bo a problem for him meationed that a 

How a person sclm a „ particular in- 

necessary coodition for a necessary 

dividual is the existence of a il nsvchological process of 

oonditiona, it ia deairable to solving a 

pmblem-aolving; that is. hoiv a person goes 

^liramtidentihablepartoftbe^^^^^^^ 
the =“*‘^““5 ^^Jvter, ive would always find a 

probe into the onuses of tins Ocna ■ . psyehosomatio 

more or less rationalized goa ttat causes and directs 

tension present. It is this go example, decides to do 

the individual's behavior. A “ p m work, takes a 

his mathematics i^gned exercises. This 

SUT.'J “SSi“h. 

clearly defined goal. To Le on his hands. He 

completes the assignment and comic books 

UsteL to the radio on the telephone-al m an 

looks out of the ^ „[ boredom. He is under he im- 

attempt to relieve Ins helw the goal 

pact of a tension, but he nas 

U resolve this tension ^tPP^„P and the de .red 

It is the difference httwee^h g. ? 

situation (goal) ‘hat ‘.voke^.«^| pippcer the mdi^dual ^ 
behavior. Other factors being eq , ^p jp pc motivation- A 

about his goal, the '‘""fip^ppTconducive to be^^^oh 
behavior so that there & 
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reached Attainment of the goal by the 
Cdons are released, the ind™dual’segoisenhanced,andhef^ 

‘"The second identifiable part of the ffThc 

consists of a blocking of the ^fha^or "omally ^ 

individual in atUdning his goal. The go into 

nature that vvell^tablished tob.ts cannot 
action to circumvent or remove it. Suppose a S' “ f ^ 1 
the problem. “A recipe for making four ‘1°““ 2 

cup sugar, cup sii.-eet milk.^ I use if I 

cups flour. How much of each ingr^ent slmU I ^ 
make two doren cookies?” It she “ se she 

each amount, there ready has f o^^fourtli 

does not know what one-halt of one-haU of a 

are. Blocking has now occurred, and she has bec^ 

“problem” in the sense of a question to be ansvvered. ^ 
The third step in problem-solving is now ushered • 
assuming the student continues to act m terms of M g 
goal. Should he decide to abandon the a^g^ent. then n 
changed his goal. There is no blocking and hence °° ^^^^dug 
The student begins to think, and to figure out wajs of 
the block and thereby to attain his goal. 

^lus analj-sis of the process of problem-solvmg ^OM 
identify the necess^ conditions for the e.vistence ot a p 
for-a-parUcular-individual: .. t con- 

1. The individual has a clearly defined goal of which h 


sciously aware and whose attmnment be deares. 

2. Blocking of the path toward the god occurs, and tn 

(Uvidual’s fixed patterns of behavior or habitual responses 
sufficient for removing the block. _ 

3. Dehberation takes place. The individual becomes aw 

the problem, defines it more or less clearly, identifi^ Y 
posable hypotheses (solutions), and tests these for feasib . 

ImplicatioTis for the meaning of a problem. The second 
of “problem” discused here holds that when these three nece^J 
conditions are met, a problem edsts for the particular indivi 
It be seen that this concept differs from the former one. ' 
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question lliat is proposed for question that 

bach (7:34) points out, •*', ^gptjng it as something he 
nrakos the l>™We“;,'>“*‘ such as '‘What is 

must try to solve. 1, ^ cV' is no problem to 

the value of x in the ^ jig operates only on the 

someone who understands g discrimination 

basis of habit in solving the ^^blem exists for ike 

among altcrnaUve l,;„ever, might be a problem 

-parliciilar individual The q numerical equations 

I a student Suclr a student cannot 

but has never “'''f^s„?ving equations. He rvill be sue- 
depend upon a fi-ved habit ® is able to identify the 

eeSul when as the '““V'them correctly. 
general principles involved ja n.e correct one; i.e., 

It is not a question of “‘‘f u|io might face them, 

problems existing ‘'‘dependent^ ^3 [ace them. 
I problems as only ^ tdaUve “ “ ^ ^ ^3^010 pur- 

It ?3 rather a question yem appears to be the more 

pose. The «~“d “““^“'uJa^alixintexU.ItistheoneM 

useful concept m most _y„av 


useiui concept inmwavw ^ 

in the present clmpter. .j.^tbook .rj 

Are textbook “problems “problems" whether they 

be defined as all kinds of P«=dom"]“^ P sented by the teachers 

S^ar in textbooks or 

students “'J-^arofaS no They 

matical symbols of becoming problems. y 

“problems' have no , $tudents. . /iptenruned 

enigmas /or are ““^ary conditions 

mether textbook P three necessa y 

by examining them When this is done, aamepls 

stated in the a^n the student’s reac^^ yvolved), 

elusion is that't al is, if his 08“ , jys case 

the “problem as h „ ye„a“ becomes h g ablem 

then the solution 0 he P first condition 

the textbook "problem niu. 
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ItisimportanttonotothAtitreaUy^ 

the student poses the problem M jg the extent 

the teacher or textbook poses it* ^ nroblem- Some 

to wUch the student's ego ^ p^roblem only d 

educators seem to beheve P , „ help fro™ 

the student fonnulates rt for „„ theoretical 

the teacher. Such a position is hard to defend we 
grounds. It remains to he proven that a inatheM ^ ^ 
is highly enthusiastic, has an excitmg persona y. jhan 

of ilychology. cannot involve studento - . The 

can a teacher ivho waits for the spmt to move the stade 
main reason that so many textbwk pro make much 

problems for the students is theUhe tocher do^ n°t,^® ,y 
effort to challenge the student. As Bakst (1.9) -aj , gj » 

to^ulated challenge will, by imd 

There ate possibihties m pre-formulated , 

they are realized depends to a great extent 

But assuming that a student makes the solution of the p 
lem” his goal, there is still the posability that the 
be easy for him. The solution may be merely a mator of ^ _ 

out the answer. Again it depends on the student. There ar P 
ably students in every mathematics class for whom only 
few “problems” in an assgnment really arc problems, 
students are sufficiently ^ted that they rapidly 
ciples which serve to remove the problem-nature of the las p 
lems” in the assignment. There are probably also stu en 
whom every “problem” in the assignment is a problem; 
problems arc so effective in setting up blocking that the s ^ 
is unable to eliminate them and solve the problems. In * 
what is one student’s problem is another student’s exercise, 
a third student’s frustration. _ u-f-n-ecn 

In the foregoing discussion, no distinction was made be 
so-called verbal “problems” and ordinary exercises. This "as 
cause such a distinction is of no particular value in light o 
postulated conditions for the cidstcnce of a problem. Verbal 
Icms” and exercises differ in nature, kind of abilities deman ^ 
and difficulty. But one may be no more or less a problem fo^ 
student than the other. It all depends on the student’s orientation 
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THE IMPOIITANCE OF PKOBCEM-SOLTINQ 

ir life were of such o “osUint ^ 
few chores to do and „ jo solve problems would 

same way, the case ' 7 . Jd„ wL^^ 

not be so comiKllmg. - on he could rely 

how to do the few jobs unfortunately depentog 

on memory and habit. ^ 0 ! simple and unchangmg. 

importance. . ...j..,. how to formulate and solve 

The case for teaching f'“^hing is abundantly cle«. 
problems involving they will have to be able 

Como graduation ““d/or emP j^oir advanced od"“‘““ 

to solve the nWe to do this is the pay-off of their 

or in the job they hold. To ab^ uu^thematics teachers hold 

If Iny, Mr^Xctfoii that potentially have more 

iiSiii* 

arise. Woodruff ™Ph“X,vben he states (28i 301). 

lem-solving process direct y ^baut the reUtive al^ce ^ 

„re,infa^“rS^^^^ 

transfer of training 
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expectstudc„t.toaBvdoppioblem-sol™gskUl^an^^^^^^^^ 

unless considerable time and attention is ‘ something about 

case it ceases to be incidenta . It is far mo o ‘ that 

civic alfaira will be learned m a niiH on P „„ civic 

problem-solving skill will ho developed in the typical 

affairs. 

Before the process can be studied 
course must contain many problems of eithaf “"‘"S 

conditions already identified. It is „ got), have 

pre-formulated “problems” or using '‘f® ScUned 

their place. However, mathematiia teachers 
to ignore the latter. These are the problems that emerg 
social situations, industrial activiti^, or the parso 
students and whose solution requires a substantial am 
quantitative thinking. Hartung (12) cites some of the saUen^ 
characteristics of these probleiM: (a) m d tej 

tion, but rather the question(s) have to be , jo 

outset; (b) The necessary data are not given, but ^ther 
be collected and evaluated; (c) Analysis and mterpre 
much more complicated; and (d) A definite answer often is 
possible; verification is possible only by actual try-out. 

It is much more difficult to find problems of this Jund. 
probably will not be too satisfactory if in a textbook, tor 
depend to a large extent upon unique factors m the sen 
which they are studied. Yet, if such problems do not find a p 
in the mathematics courses which lend themselves to eir 
elusion, it is not likely that students will become competen 
solving them. The evidence on transfer of training does 

hold out much hope. , i, * f>her 

The Junclion of verbal **prohlems’* and exercises. If the tea 
selects verbal problems carefully so as to be at the studen 
level, and if he can get the students to identify themselves wa 
these problems, then the verbal “problems” become real pro 
Icms. They are probably as useful for teaching problem-solving 
(though not problem discovery, definition, and formulation) 33 
they had not been pre-formulated. Once the student’s atten ion 
is directed to the process they employed in solving the proble^ 
and they understand it, the verbal problems provide the practice 
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atenal oil nlucli the students can apply the principles of prob- 
em-solvwig which tliey ha\-e Jeamcd. Tiie function of these prob¬ 
lems as practice material is the same as that of any practice 
matenal. It has l^en clearly staled by Brownell and Hendrickson 
\ . 102); “Provision of an abundant; of repetitive practice assures 
earners opportunity to discover their own learning aids (if they 
'^ant them) and to develop confidcn«i in their ability to react 
quickly and accurately upon demand.” 

^\ith the exception of the syntactical form, the chief difference 
between exercises and verbal “problems” lies in their intended 
u*e. Exercises, such as those dealing until Che fundamental opera¬ 
tions, e.vponcuts, radicals, the binomial theorem, and derivatives, 
are for the purpose of (caching certain mathematical concepts 
and generalizations. Verbal problems are for the purpose of teach¬ 
ing the generalizations relative to the process or method of prob¬ 
lem-solving. Tlicsc have no necessary relation to a particular 
kind of mathematics problem; the problem-solving process is es- 
scntlally the same for all problems. The study of the problem¬ 
solving process Is the real justification, rather than the utility of 
the particular problem, for selecting such problems as those based 
on time-rate-distance, work, mixtures, coins, and business deals. 

Even though tlio primary function of exercises is to give mean¬ 
ing to and provide practice in applying mathematical generaliza¬ 
tions and concepts, there is no reason why they cannot be used 
for the same purpose as verbal “problems”; namely, to provide 
practice in appb'ing the generalizations whicli tlie students have 
learned about problem-solving. To use exercises for this purpose 
would require only a shift in. attention. Moreover, using exercises 
for this purpose would result in broadening tiie meaning (ref¬ 
erents) of the generalizations dealing with the method of solving 
problems. Examples shonmg hoir axercises may be used 'nill 


appear later in the chapter. 

In summary, botli tlie exercises and verbal “problems” which 
appear in practically every mathematirs textbook and are used 
by practically every mathemalics teacher have the same function 
relative to problem-solving. The fact tliat the x'erbal “problems’ 
are associated with problem-solving rather than exercises may be 
due largely to the fact that few teachers reahze the different uses 
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teaching problem-solving. 

analyses of pboblem-solving 

As Dewey defines reflective hULalysu'ofreflective 

beU-een this and problem-solving. . J ^ b- 

thinking can be taken as an analysis of 1“ f " 
lem. Aecoriflng to Dewey there are five steps (8.107 

1 Some inhibition of direct action resulting in conscious a 

Slwthefeltdifliculty.^^^^ 

of the problem. ^ to initiate and guide 

3. “The identification of various hypoth^s...^ material.” 

observation and other operations and the testing 

4. Eiaboration of each of the hypotheses by reasomng an 

of the hypotheses. . selected in step 

5. Acting on the basis of the particular hypothesis seleeieu 

four, thereby providing the ultunate test. 

TWs ideaUzed analysis describes j“a?noVdcsc’^fi« 

were he an automaton governed onty by ; ,f states 

the sequence of a real person’s thi^g. particular 

that people’s thinking does not ordinarily folio _^nrs think 
sequence. Studies of how some of our most jisaem 

show that, if there is a logical pattern, we are not able to m 
what it is. In spite of aU this, Dewey’s analysis is useful 
pointing stages in the deliberative process. identifies 

Johnson (14) gives a slightly different a^lysis. He 
three processes or groups of processes which, he says, ‘ 
occur during prohlem-solving: (a) “Orientation to the P . 

(b) “Producing relevant material, an elaborative lunc i » 

(c) “Jud^g, a critical function." (14: 202) 

Johnson’s analysis is oriented more to the psycholop 

pwjt associated wth problem-solving. It is easier to su su j 
psychological concepts which have resulted from 
research on problem-solving under the first two of u 
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,.„upsofprocessesJc.^n^^^^^^^^^ 

of Dewey’s steps. But when p .t,ps_namely, elaboration 

considered, Dewey’s fourth and fifth steps nam 

of each of ^ oTthe particular hypothesis 

hypotheses, and actme j ^ emceptnal framework 

selected-appear to be . This is largely because 

than Johnson’s third process. 1 ^ ^,.pjssary) in an objeo- 

judging is less a problem ^ gpijs Uke sociology, 

tive science like niatheinatns ^ „.e call 

political science, or --d'S™. “dj Jpceaent chapter tenfc 
the day-to-day ‘‘r| „a,theniatics, Johnson’s third 

to be limited to ;^tc,ed ’’testing hjTothetes 

process has been replaced by accepted for 

The general ^ pre-solution period of problem- 

consideration in this chapter, the pte 
solving is: 

1, Orientation to the P'*''™ _.„rial 

2 Producing rdevant thought mawna 

=="=3rS.bi*-^=S 

"S5-; “ s-«-ss..“^S5*S 

his physical and ro ^ undernourished, j cUvo in 

headache, one who i^ ^ be uhose dog 

been up until 2 problems. A sluoe 

orienting himself to classn~ 
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has iust been killed or one ivho is keyed up for the football game 
after school also ivill probably be ineffeeU ^ 

Ah individual’s \‘’™^^ther he understands the 

the problem means to turn, that . relationsliip to each 

,vords and symbols in the problem “““J *;‘,~blem is related 
other. This orientation depends * ^3 ^^eh ego-needs 

to consciously-held motives. f security. He 

as the need for success, approval, of the problem 

is aivare of the first t™ of these; unaivare 

and the problem’s relation to his motives, but is largely 

of the third. . . variable whose 

It is postulated that meaning is a jhot o^ean- 

range is the open interval zero to mfimty. Thia „,onosition, but 

inc is not an “either-you-have-it-or-you-do-no p P - 

rS a matter of degree. Furthermore, it means that eveo 
problem has some meaning for an mdividual. 

To iUustrate the different meamngs a J problem 

us imagine we are watcliing a group of student attack P ^ 
in their mathematics assignment. To Bob the prob e 
short delay until he can get back to 'X ^“f^on^ wiiieh 
goal is to get on answer—not necessanly the ng ^ _ 

he can use to convince himself that he X^X^riet the problem 
meat. Then he can get to that comic book. To Harriet th P 
means a chance to get the attention of the boys in e . 
show up the other girls. Hence, her goal is to solve t P ° 
in such a “neat" way as to receive the adimration e ^ 
or the teacher. To Frank the problem means another tme 
Ids self-esteem; all mathematics problems are. Fra^ jusi 
take failure; he has set a level of i^piration that is M mtm ^ 
that it cannot be tempered by his varying aptitude. ’ 

Frank's only recourse is not to attempt the problem. Ot en » 
he nught fail. To Tom the problem means almost nothing- o 
like per cent, discount, and net price have no referents 
Unlike Frank, however, Tom does not let a little thing * 
mathematics problem Iwthcr Wm. Both he and liis teacher a 
used to lus sa>'ing “no” when asked whether he was able to o ^ 
problems in the assignment. To Shirley the problem means 
kind of problem I had better learn to solve if I expect to ho 
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iob ia merchandising.” undersUn^the ™r^ m the 

and starts to find the ansn-er and also tncs to me 

problems of that kind can be . “nroblem.” Because 

Here we have Eve students each 

of their different , one’s material of thought and 

different to each one. , teachers arc unaware of 

plans of action mil be different. 5 , niolivcs 

all this. Perhaps Cronbaeh s »dm“"f3i^-^“4„„,ent are rarely 
which the pupil brings to ,,i„ be of con- 

related to the problem i . students, 

siderable help if |^/the individual is a process which 

Clarification of the problem by party 

affects his orientation. This is “ ^ 3 tep. In a sense it is a 

distinguished from a pnor or ubseq^ rt above 

continuous process. Eacli , j be faced it. Each knew, for 

clarified the problem to =“"“ “ ‘“ 05 , that lie probably would 

example, that it -™lved rn^t^^S^, aliens, and that 
have to perform one or mor ‘ numbers, 

the answer would probably ' ^ depends on the student 

Further clarification “I'^SoU used in the statement 0 
understanding of the words OTd ^ understands tlicse, he is 

the problem. To the ‘ ftp done to obtain the 

what is required on "-hf f f/^ao his efforts and secure 
the student is better able to or^ 

‘Tucker (0) has ffb: 

standing the ” The search between wlmt 

concept of a U bridges tlie PP !^‘;ftop to 

individual clarifies t' P^^ and serves for “ ^ ^ rtraple 


Sroe'torcLinelthemd 
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example, suppose you 

may forget if you do not ,,.ant to remembe^ 

pencil. In this case you have somettog y ^ 

you need a device to help you '.ti^TlUs an ahstrac- 

a mental constructr-"somethmg- contmns many n- 

tlon obtained from the total provides the stimulus 

relevant and conf^mg "‘"l .^“^hat you look for, 

that starts you thmkmg and , ^^aes the “region 

and tells you when you are through. It n>so detormme 
of search," in this case your per^plual helG. 

To make a more involved problem, ^PP ^ ^les after 
eiderlng the problem-. Each of travels 10 

leaving a certain town at the same 2.5 hours 

miles an hour taster than the travel? Assuming 

earlier at his destination. How fast did each ^ it, bis 

that the student understand the P™^“ ^ action that 
search model-U he verbahzes itr-may be an equa 
relates the variables in the problem.” . , .ppeepts and 

ffis repon of search consists of the Elected 

generalizations he has learned. Th^ model It they 

in terms of their usefulness in atteimng the sea ° the 

provide any hunches or suggestiom fm^ P'^^ "Solution to the 
plans are tested to see whether they provide a solution ro 

^'^Sm’ese concepts, generaUzations, and '^IT’othes^. con^nte 
the thought material for the deUberative im- 

considered at greater length in the following sec ■ j jjjg 
portant idea at this point is that of a ^arch modeh^ 
teacher’s work consists m helping students concep 
tional search models as they clarify problems. Faulty 
models undoubtedly are one of the chief causes o 
students make in solving problems. j,. 

Producing rdemnt thought material. The second aspect. e 
lem-solving being considered is producing “““T 1 and 

terial. Such material consists of perceptions “btameil^e j 
immediately from the existing situation, concepts, aM „„ne 
tions. The latter may either be recaUed or obtamed from ““ 
else during the process of solving the problem. Whether pe 
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tions or concepts and generalizaUons PJ^^ommate de^nds on the 
nature of the problem. Spatial P^r>bon pMly 
role in the problems associated uith “ 

SsSaSSSs- 

‘“8ht. f ,c joie pinj-ed by concepts 

Mathematicians are well “ orocess in problem-soiving. 

and generaiizations in the dciibe „sil,le to restructure or 

It is these abstractions on the problem at 

reorganize past e.\penence an ® jpjstanding of relationships 
hand. There is no substitute ^ ^ genLlirations. Few 

manifested by the possession of concepts E 
teachers would disagree mtli tws. Uependent 

The production and soroelimes called "im- 

on the individual's ''*Pf n^ust bo able to remember 

mediate memory span. Th „p(.i;lcd to find os he contmuw 
what the ‘'given" ^ ato be able to select from lus 

to work on the problem. . ^^Q problem, 

past learning whatever is dimensions: extent ami dura- 

The span of ‘'PP‘«'''“T i to individual. Some people cm 

tion. These vary from ^ dc6nitions, theorerM, etc. 

reaaiy recall facts pnnc.plc-. ™““y__ apprehension la con- 

Tho indent and 'or another, have poor memonca 

siderablc. Others, for [ tlreir previous learning, 

and have difficulty m ° „lationsliips in the problem 

even have difflcultyiugra^P'^_^,,,.„^thoyhavedonomlr3ang 

or in remembering the un 

%trcrcrt"hoi-- -‘;;-!-rurr-«pu 

crcMtgMo'sspanofappm— 

— as^l^S^^^dogtheP—^ 
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dUposed to a particular search s’up'^po^a class is 

and steadfastly mamtams this number is of another, 

studying how to find what I«-ent ““ number 

and is pven only “f step in finding the answer 

Some students may decide that the first P & 

is always to divide the snmller by ‘"„^lenis and 

students probably ivill develop a set J^j^volving find- 

mechanicaUy apply this procedure to all problems m 

ing a per cent. „l,,taele to problem-solving, 

Though a set is not nece^nly an ^ ^ explana- 

the term as ordinarily used m accoim e-ative tone. It 

tions of the theory of blocking of the re¬ 

carried connotations of ngidity, mflexibih y, , g|pitation, 
“ganization of experience and the restructurmg of a configu 

and a mechanized state of i^d. ^ gone 

Some of the most convmcmg r^arch on sete h ^ 
by Luchins. In one experiment he B^e 1 m subj^ of fluid by 

seven problems involving finding a stipulated 

manipulating three contamers. All f™^^ots had a ten- 

by the formula a - 6 -2c. For example, f the g„,diog 

quart measure full of Uguid and two empty obtain 

Le quarts and the other two qui^, and -™3e ^d the 
exactly one quart, they would fill the five-qua 
two-quart m^ure twice. This would 'Bave <me quart m the 
quart measure. The formula was not knoivn by the f 

The problems were solved at first by the pro«® fi„?Loblenis 
tion and correction, to use Melton’s phrMing. e forth- 

required more time, but the last profile^ were nature 

rightly indicating learning. Then five P™ble'ns similar l ^ 
at first glance were given the subjects. But all Ibese 
and could be solved by either a - c or a -h c. tne 
subjects had attained toward the problem from their g 

the initial seven problems pre-disposed all of them to go 
the longer a - b - 2c process. Moreover, they P®"^' , of 

even though it failed to provide a solution. A second gr F ^ 
subjects not pven the first group of problems designed to ^ 
the ”Ect” did not manifest a “set" on the test group 


problems. 
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Lucliins used the name ■‘Einstcllung" for this land of "set.” 

It irtLras "the set rvhich in™ediately -- 

ganism to one type of motor or p„blem on 

impaet of an Einstellung. a “Lj, /previously 

its own merits, but Incs ‘L„Xs\e«: (a) the 

teamed method. Further creater was the force 

greater the success on the practice ^ ^ (jj educa- 

S the Einstellung; (b) all age Lid IQ, 

different paradigm. And a collaborator said (16:286): 

In another connection Lucliins and a coua 

to the use of isolated dnll m 
They Ithe stuclcats) were ‘iod or formula they prac 

arithmetic, wherein in order quite similar to om 

liced it in a senes ^ ..^7med to hrins 

experimental setup. ''V jiscovcrprocedureswasnotonlyg 

and then practicing it; to®^ school subjects. It f“™ 

foreign to them in ‘‘"‘''“fhich they bad bet" 
to us that the methods of ^ but exations, so that a cMd 

tended to develop, not adapUie respo to apply 

SlTknow methoda and '®;”;;^rth^1^t .„W a particular pr^®; 
them or how to determine wb^ ”'* on having the child master 

Our schools may be the child, 

the habits, that the hahita are msslenng ^ 

In the present context of iu that such a set m- 

material, the relevance of au E 8^ tSShl 

teriaUy affects ‘he .“arch ^eh 

no conscious work o g-dstence of such an P ^ple 

(Hadamard or 

is at work and often msign 
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have had the experience of a Some'haveSinsights 

the mind mthout tells of an interesting 

occur during sleep. Poincare (.22: 387-388) tells 

experience with problem solving: 

Just at this time I left Caen, where I 
excursion under the auspices of c ac Having reached Cou- 

travel made me forget my mathematical the moment 

tances, we entered an omnibus to go some plac enything 

when I put my foot on the step the idea Mme . the 

in my former thoughts seeming to hai e pax ed th 7 yenti- 

laJformationsIhaveusedtodefinetheFuchsianto^^^ 

cal with those of the non-Eudidean r the ^ibus, I 

I should not have had time, as upon taking my 

went on with a conversation alre^y Iverffied there- 

certainty. On my return to Caen, for conscience sake, 

suit at my leisure. 

Kekule’s idea of the carbon ring Tto.^ 

structure of benzene came suddenly when th f ,^ea a ring- 
appeared to be dancing and then joined han , gashes 

Hadamard held a forgetting hypotheas to ““ ° false 

of insight during the incubation period. The yam 

leads and hampering assumptions, and “PP™®™®? h„ig this 
less structured by the set induced by explanation 

same hypothesis. Helmholtz however, a re¬ 
lay in the absence of nervous fatigue. (See 29. lation 

freshed mind, ideas can more easily be brought , yya 

with each other. -Whatever hypothesis is accepted, an in 
period is useful in helping break an unproductive seC 
Forming and testing hypotheses. A hypothesis, to 
phrase (8), is an idea that suddenly pops into 
how a problem may be solved. A student who is con 
how to factor 4n’ - o’ - 2o6 - b> suddenly thmto th^,^ 
expression may be the ^fference of two squares even ° ^ 

not exactly like a* - b* which he is used to. This idea or 
represents an insight—a iierception of a relationship ° ^jjg. 
relationships not previously seen. Though occurring sjw _ 
ously, it has its source in the student’s past experience. 
amounts to is a reorganization or restructuring of expenen 


Gi* 5>’ 
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In the student s case, his ^ ^ hjrpotheses 

actbg on it he could “be ,tlne?^a^ 

•■workThose that do y „„t of the difEculty 

search continued for one tha i-Jividual's knowledge and 

The broader and dee^r is readily will he 

understanding of the subject a ' emotional block 

form hypotheses. This is —"X" Bnstellung of one M 
on the problem or has not de ^^3 between a student 

or another. One of the “^™”;.“Xdoes not is that to 
who solves problems reaily “ ^ „hat might work. The 

better student has ““If^ one or two hypotofs 
poor student is rather helpless after conceptuahie 

^rove ineffective. The o' 

readily because >>6 has a grea b ^^^^^^^.^^.a.^reidenti- 
It is significant that ICnowledge, in to sens^t 

fied as determinants of hyP»‘“f^ does not necessanly^a™' 
remembering a larp borne out by e^nente 

tee fruitful hypotoses. reasons for the fart 

Thorndike (26:2011) '>=hs^'^here^^_^ 
that acquiring knowledge ^dual may have an aptitede 

priate are different “'’■‘‘to'^ Also the manner m wte^ 

for the former and not ^ f„„ how readily it can 
the knowledge is acquired memorization, by 

used. Ifinowledge “ relationships being estebb 

which fosters Ica^g by bmad concepts 

relationships, and which ,].|^e abibty to jjon— 

tions has higher traMfembilW^^^^^eeaing me situation- 
knowledge “d undeistanmng ^ ^evobological 

faciUtates the retonwedoaboutthe^jrt ^ 

Wencedtoknow^^^^^^ereisroomforniuchezperiinc 

process of formmg hypotheses 
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tation.m do taoM-. 

giving the students a pat e in fact, Hanna (H) 

niHcantly help them iiolve real P™“, bjimthescs, 

found that u-hen students irere si^ificnntly 

their success in solving arithmetic p formalized 

less than that of students n-honereau^trnore ^.,1 

procedures. TJntil more ..“T^^gbfps helping 

probably not go astray by abundance 

Ldents organize their knondedp, and 
of opportunities n-hereby students apply ivli^ the> 

Such teaching, from ivhat rve knon- non-, fachtates the lorma 

model determines to a ^iderable extent ^ hy¬ 
potheses that are formed. As had been 

search model, whether it is a mental ^ “- 5,1 iSock the 

^verbalized statement, describes the key which mU unlock t 
problem. In one sense it is a hypothesis, for it “the 

ference or guess concermng how to move Ifom * and 

required solution. But it is very general and 7“ ^ 

elaboration. Tlus process of analysis and olfhorMion p ^ 
to the hj-potheses concerning how the search model 

*^T*e the case of a phot of a private airplane who tob that the 

distance from St. Louis to Chicago on a certain map is Ib i 

_ 1 

He knows the representative fraction of the map is j o00,o5o, 

is not sure how to find the distance in miles between the t^'o oifi^_ 
His search model is: "a way of relating the ^ance on . 

and the representative fraction.” This ^es rise to the hyP° ^ 
that he can set up some kind of proportion, assummg he 
the meaiung of representative fraction. . 

Once a hypothesU occurs the next step is testing the hj-potn 
In mathematics this is done by deducing its ''°Phcfl',°“i.njo- 
quantitative magnitudes are symbolized, and the syrnbols 
ulated by follon-ing the rules of mathematics and I'’®'- “ . 
procedure does not result in the solution of the problem, the 
pothesis is abandoned and another sought. A student 1^ a ^ 
that he can solve the equation 3* = 10 for x by taking 
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root of both sides. He applies the appropriate prieciples and finds 
that his hypothesis is fruitless, . j ^ student is 

Sometimes a different form J “f The number 12 

considering a common <1—oM , 

occurs to him as a possible Hivisible by both 4 and 3. 

common denominator, '"JJ ^ntXator will be divisible 

He verifies this. Since a co common denominator. 

by both denominators, equation is another 

Checking the answer obtained S student reasons, or 

example of this "ildhen” -“smet to it should check 
should reason, that r/ his ‘ original equation, 

when substituted for f m does not verify his pre- 

He performs this check and venue 

diction. . . „,,jmes called prediction and verifica- 

Thia form of testing is cc“‘“?X,.hesis eonditionally. He uses 
tion. The individual follow. He then ascertains 

•■if-then" thinking to Py'Xe m' 

the existence or non-existenc P ju ti,e problem. 

fled, the hypothesis IS accepted ate ^ pc®®'-','X 

The necessary assumption ^sis is true. Should th 

predictions X,°r“ thTmethod of testing an hypothesis y P 
assumption be faUe, the metnoo 
diction is not valid. 

„0WMaXHn.t*™sTE*cHrm^^^^^^^„ 

, LpIo their students improv 

How oanmathemato teachers help the 

problem-solving abihty? it has been eXTo*ts 

In the previous sections of this c n psychologists 

problem-soiving is a very problem-solving and learm 

find it difficult to dislinEUish f there is a sense m w^ 

Sg generally. From po.^of ™ ^.^p^ir conc'^'^t 

Js entire Yearbook rather „f trammg, dnlh co 

Lg. A teacher who is^^ emphasis to each J 

abihty must nccessanly^^ ^however, that mvolves 
aspects. A program of inatru 
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provided in the program yHUes which enable 

Some .people are endowed with na „ ^ it is possible 

them to solve problems better than ot . tmudes that 

to help each individual gam certain be without 

wiil help Wm be a better problem exper- 

these. Tn the next section of this loblem-solving 

iences mathematics teachers can u^ to foster P 

ability WUI be discussed. These tectoques and m^nence^^^^^ 

be discussed under the same h^ds p ..bought material, 

orienting to the problem, producmg relevant thoug 
and forming and testing hypotheses. 

Helping Students Become Oriented to Problems 

A teacher can help etudente become oriented to 
them the meaning of a problem. Every “®*®“V“g^tonprob- 

had students who did not wantte. concentrate mdtefiect P 

lems. These students wiU read through a verbal problem m^^^ 
textbook once and will then, without i^ectmg, r - 
and state, "I don’t understand the P™!?™’, ° to lari- 

this problem.” Teachers frequently aWnbute to Ber¬ 

ness when the difficulty may be that the studert 
stand what a problem is. May not all the student s^^ 
iences with driU exercises have led him Eenerah^ tot prob 
should be worked without deliberation? He may thto ° 
be able to read a problem and immediately know the ^ 

The teacher needs to help to student learn the me ^tuation 
problem. The student needs to learn that a problem 
tor wHch one does not have a ready solution. He needs 
that he is supposed to have difficulty with a problem, . ^ 

posed to have to deUberate. The problem, if he accept ^ 
problem, should make him work; if it does not, then it 
problem for him. . -r ^ 

For the student who docs not understand the to 

problem the teacher may say: "John, you are not 
know how to work that problem. You are supposed to 
a way to work it. If you have trouble, that's what you shou 
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Read the problem several times and 
cai>i« T’LtnW for several nuDutes on it before j 
1' mattemoita teacher is a L psy- 

mathematics teacher is a ^ 

SX“tre^iea:h^ must give the students some 

is, and what some of the problems in school. The 

SrsSi^:oSr.u«r^.P"^^ 

Loni “"sStrlftlplng the studenU understand the 
problem-solving process per K. problem-solving the 

Of course, before the Mathematics teachers 

teacher must understand prob processes as weU as stu- 

need to be students P™'’'™'“Srable evidence that many 
dents of mathematics. There ^^^^^ j yon,.solvmg is, 
nrathcmatics teachers do objecUve of instruction- 

or if they know, they do not ha teachers teach 

One eitamplc of this m the mam« i preble^ 

the verbal problems of the algeb problems, com 

ore catalogued into ^ , ^.jers The teacher demonstrates 

problems,” “age P^““enm,' «<! , Uct of problems of th 

re the student how to reive ‘h'students do not eaperieuce 

s^isrsrrs,*... 

-."Sf = —t.» 

desirable to ■“■“"“.l^^’^^Wems,” and f^^^s 

solutions, however, „„„„mred txd'J of 

fomwIedsepcrlmmnglathcP™” 
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ented to a problem is tcLLr should 

the total organization of the ™ ^ the student realize 

take time to provide e^nenew tha Sometimes 

the large aspects of the subject “ ^ the student loses 

teachers spend so much time on the deta.^ that t 
sight of the over-all organization. The stuuen 

forest for the trees. the historic dcvelop- 

A lesson to help the student starting a 

meat of numbers would be'“'J '^^,^He«sons could deal mth 
unit on complex numbers. This "j'="‘’,ystcnis, with 

the general development and extenMono^nnmb 
attention to their charaelenstics. and ^ • ^b^ader and 

student would then understand complex numbers m a 

more meaningful setting. student outline 

Some geometry textbooks and teachers h-dP the^ud^ 
and organize. For example, the students may ^ ^ 

the waj-s they know for proving two “h^^ationships 

asked to make a schematic diagram shomng asked to arrange 
between the areas of polygons, or they ma> b , jjc- 

the members of the set; parallelograin, square, quadnla 
tangle, in increasing order of generality. teacher to 

The review lesson is also a device that enable j jbe 

focus the students’ attention on ‘ho over-all organi^tmn 

subject. Review lessons should be ptoned help 

more than drill on memorizations. The review ton h 
the student organize his past learning into logica 

The mathematics teacher is a reading teacher. Verbal 
textbooks have the additional difficulty over P™b’o™ »"^ats 
of the everyday experiences of the students in that 
must first read a description of the situation before tney 
oriented to the problem. Frequently teachers state that 
dents can’t work verbal problems because they can t rea _ 
is a vague statement because the act of reading is very co 
involving many skills and understandings. What does a e 
mean when he says the student can't read? Does this 
student can’t pronounce well, does not read smoothly, ^ 

understand the concepts, or what does it mean? Stating 
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studentcan'treadi.makinguseotacatch-a.hvordthatmaymean 

""LTdtg ve”oblemB in or 

ft =in”^f 

problem. 

Consider this problem; , t,, sno 

A business man n-as 

a^,iabili.icso™~;X‘«s^^ 

creditor was owed S400. tiow muci 

What does it mean to f arunderstanding of 

km? It may mean then one rvay the teaaher can 

bankruptcy procedure. If this m w. undptand 

help the student read «ie P™“®” distraction from being on- 

bankruptcy procedure. .lend on the meaning of one word, 

ented to the problem may e^ ^ ..^editor’ may cause 

for example, the word |“b'Wy “ the student read the 

trouble. The mathematics . meanings of these words. 

by teaching the ““ d v%al problem by 

Teachers can also help the at ^ ^.t read a verbal problem 

suggestions such as these: bfary,! reread it, read it a phr^ 

me you read a story. Head m s ow remem^ 

at a toe, and dmw a diagram t tremely im 

^^irSoiorofr— 

pok"n't;reviojm.^ 

trying to help stud provide each s in a 

nize these differences Some students 

lem-solving '‘rm without facing a exercises 

mathematics class a a ^tbook problems are . - ^gcjuiiques 

^nation. The Yearbook deals with t^^^ 

tor them. Another chapter 
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„ 0.““"S *t* S«- «- 

ever that the recognition of and provision i 
ferences is important problems by 

The leacher «m help and. construei 

encouraging them to verhalize, » problem he essentially 

moids. As a student becomes onented to a prohl^em^ ^ 
has formed a search model. One de™e ^ in his 

the student develop this aearch m^ ^ accom- 

ov-n ivords n-hat he of telling, 

pushes several things. The student, y certain as* 

is forced to organize his ‘‘'“"Shts. and he 1M> l^^Y^ inability 
pects of the situation for himself. He also ™ J ^ aware 

tell about certain assets of the «?' 

of Us weaknesses m a dehnite attempt 

portunity to diagnose the student s ifficul y- words” as 

*ould be made to have the " derstanding. 

use of textbook terminology may not . ^hnow this 

The student may make a statement sn™'” statement 

... and what I want to do is • • • , defined the 

defines the search model for the student. He a 
problem, he knows what he wante to accomphsh, and 

ready to fill in the gaps. ^ ^ hplnful ex- 

Diagramming a problem situation is also a ^ 1 of the 

perience to many students. The diagram in 

situation or it may be a symbolic diagraim The dia^ h P^^^ 
clarifying relationships between details ^e „blem 

the student keep the many facts and relationships o P 
situation more immediately available than his mernoD , 
Students should be encouraged to diagram many ol tne P 
they solve. The diagram can also serve as a check on the m 
M ost students in considering this problem should m 
diagram or sketch. 

A ship is Eleaining toward Philadelphia at an average rate 
per hour. It radios that a person is ill aboard and mustlw p» 

ViTien a plane leaves Philadelphia for the ship, the ship a mu» 

The plane overages 180 miles per hour. How long after jt leat 
delphia does it reach the ship? 
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The diagram may be jurt a crude aketch to help the etudent 
keep the facts in mind as m Figure 1. 

Phila delphia ___ 270 ^ 

Tta. 1 

The diagram eau be dra™ to eeale as in Rgure 2, and thus 
give the student a eheck on his answer.^ 


Philadelphia 


270 miles 


11 hour Ship 


I hour !7 minutes 


From this diagram the atode“t ^ ^„tes. 

n-ould meet the ship after ““ ^pUc solution, such as 
The student may also want to use a t k 

shown in Figure 3. 
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play the roles of the 

lem situation takes on , ; j ®|. problem concerning a 

class some students were , F j but on which 

lost, pre-endorsed check, ^ The students had 

payment has been problem until they 

considerable difficulty ■“ ‘ „he check-maker, one 

played roles. One student acted t p cashed the 

the loser, one the finder. O'*® ‘’'® „TittM and a dramatiza- 
check and one the banker. A chec w students now under- 

tion of the situation carried out. Many of the students 

stood the problem. teacher 

To help sludenU improve m proUem-eo d —cslions. 

should fry 10 crculc a climale in the 

Students who are encouraged to Mkquestio > j j ^sk 

so, raise their onn problems. Many because 

questions in class even ‘’''y.!!?. .^„tient with them, or 
they are fearful that the teacher wtU b® ' ^ed work 

that he will not want to take time awaj from "o ^ ,, 5 , are 

to consider the question. In some classes may ask 

too ready to laugh at an elementary 2”® f an atmosphere 

in all seriousness. A teacher who buW an atm 

in the class that is sympathetic to questions must encou g 
dents to ask questions, give each question ;eation- 

students for asking questions, and discourage laughmg a q 

" Th" teacher should also ask many questing Telctem 

ing and then give the students an °PI»rtumty to thi ■ 

frequently ask questions that require thought, but d 

patience enough to let students think A ®to''e'i“s f»» ^ 
immediately and expected to ans\\-er. Some teachers ^ 
afraid of a period of silence following a question. 

One teacher asks questions this way. “Now think ^ ^ 

Don’t guess. Take some time. I don’t want any hands r 
while. After you have thought and can give e'^dcnce - ^ 
have, you may answer.” Following this admonition^ «:«vcral 
peric^ of silence. Sometimes this period of silence ma> " ^.|,jch 
minutes long. How difTerent this situation is from the one in 
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the teacher asks a 

tVhile John is tri-ing to ^t >>«‘^nt and turns to 
reasoned ansrver, the concluLn that in this case 

James. May not John arnve 

one is not supposed ° ° „rvades the class, the 

It a thought-provobng atm^ ^ 

teacher may turn rnany of encourage the sta¬ 
tor their on-n cons.derat.om I the time to 

tru on” rhr;^:.^! ' 

lems tor themselves, Thmahl Material 

Helping the StadentebeMore f “ ‘ „p„„ several 

Productivity ot solution ot pmHe j,^i„telligence level; 
tactors. The principal tactora skiH,, and 

the background of the motivations; and tbe 

ingsi the emotions “^‘^0 student. a 

in which the problem u set to 

productivity of , deternnning whether o 

taped tvith ‘h7"/ttrcongruent trranghs - 
are equal may soa jpother tune m arallelogram 

two angles corre po • opposite angle attention upon 
Unes cut by a l^^rThe tocus tieSar 

may be uppemost ■“ j^atly affected by ‘he pa 
relationships m a P j“j’rnrobIem is some- 

conditions pte*“‘ , [ ,ant3 anner in which the 

The particular field ot ev^ ,p^ TrhoLn to present 

what within the t^e particular model. One 

teacher asks a ff” * . aftect the e‘“den another problem 

a problem may greatly-u.teiv following m 

problemroay be presente 
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in such a ivay that the first problem provides a hint concerning 
the solution to the second. en- 

Onc rery useful technique ' ., . The teacher can 

courage the dudents to use ts (he ^ j^e field uiU ^ 

ask the student questio.^ m - changed, or 

changed, the student s focus o 
some new element may be brought into h" 

may now enable the student to arrive at a s^tio^^^ ^ ^ 

The reader should solve this problem and 

having a one-inch rathus and , , ojnt E on tiie 

CD perpendicular to each at F and 

circle and construct EF parallel to CD meeti g 
EG X CD meeting CD at G. How long is hn for 

may find it helpful to solve this problem (if it is a p 
the reader) before reading the following paragraph. 



B 

If the reader has experience similar to that of many . 

teachers to whom the writers have given this ProW®”'i .„d 
gorean theorem concerning triangle GOF appears m the 
holds promise of a solution. Many students have 
siderable length of time on this problem without 
they ixjcame fixed in their attack on the problem. . 

of attention was the right triangle. The Pidhagorean t . 
such a powerful tool that it is reasonable to be diligent in ^ 
to make use of it. However, the able problem solver is one ^ 
able to shift his attention. He realizes the dangers of rigidi > ^ 

trj's to broaden his approach to the problem. The teacher is i 
good position to help the student learn something of the ps 
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chology of problem-giving this. ''TOen you are 

vrith this problem by a statem ^ different maimer 

rthTfa “waK yoa-'' 

problem as you work on it.” j ,y ^commends a long 

=£ 2 r 7 .if;S“ I'- ™- ■" ■•'• 

' „ it beloret Or have you «n the same problem in 

1 . "Have you seen it bclorcr 

alightly different fo®? taew a theorem that 

2. Do you know a related proDie 

could be useful? ^ of a familiar problem hav- 

■friess9rs 

Should you introduce Uite it atiU dilfereaUy? 

us, possiW'? oUem? Could you state 

Sba*?o'definition^ ,^Jci.°Sd 

problem? A mom ^ you oolve part of t P ^jjoown 

Lalogoim problem? 

?h°ful‘teSa; h^w 

"a^^rdt?«youu3ethewhol-^^^^^^ 

’™''’ t haouestioainkbyteaeherorstudentofhiinse 

The result of such a q 
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i. a sHf&ig of the field in tvhich the prohlem is set or a shifting 

of the focus of attention. „ ,. - . problem by the manner 

The teacher also rantrols the field f P tbne the 

^tp^ the student is puaahng over the addWon of tim com¬ 
mon fractions whose denominators t^^her might 

‘Tirst find the lowest common denommato , 
ask, "IdTiy don't you add the f teacher might 

the student explains why tto ^ ’.^estioning should 

say, “Then what will you have to do? T^e iustify laa 

provocative of thinking, forcing the student to justuj 

^any times a teacher will work out a ^ ‘ jjg’^ution 

particular student. Or he wiU have some argued 

^the hlackboard. Over twenty ye^ te miTths 

against such practices. His argument is ^■.lL.„.av saj-s 

sfudents see how to solve the problem. But as 
(27; 460), ‘They (the students) are still ignorant M t _ e 
which the teacher discovered how to EoUe ‘he at- 

praclice is to ask a question which '’I’ucMhe 
tcntion to a key relationship or h>-poth^. K ^ get 
to answer they should be told just enough “^ment, 

started. To teU them more destroj-s the feehng of achi 
and encourages dependence on the teacher. “^cl” 

SomcfimM all lhai is necessary to help a stud^ trrea • ^ 

Uncords a problem is to tell him not to persist in an vns 
search model. Maier (18) found this successful in helping ^ 
jects avoid a “set” -n-hich Tvas unproductive of ® ^ ^ 

students learn this as a principle of procedure, the ^ 

“set” should be reduced and their producthity of nj^w 

increased. -/f*,no{to 

Stodcnto should be cdmcd to abandon tempcfrarily the a 
solte a proWm on tchich they hare vorhcd unsuccessfully for a 
time, and to rrtimi to tf Zator. This pro\'ides for an incubation pc 
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during which pcinpecUve "^'^^^Jdid^'^elthep'roblem 
“Many wl^rSn bo 

““M-'t, -; rX^- ”"■" “ 

encourage recess from wortog on a proWem 
“Take counsel of your pillow. 

“If today will not, tomorrow may. 

the problem solver is prebicm « a rerj, 

The technique of A student faced with a prob- 

useful Uehniquefor nelude^^ i • A ^ „„j,ogou5 si‘“sboM 
lem in three dimensions may oe ^ similantics and 

irtno dimensions. For es^P^. a'^rd the gcome^^^ 

likenesses between the impressed with this a“’°^ 

of the circle. Coolite circles and sph'^^ 

and stated, “The 1*^'"“" ““cral methods of PS/"';. 
beyond '“^“ychTapplicable in one case may 
tonrf™“cd“to the „„t bow a problem aolve^^>“j^ 

that when he direct his thinking j gjjow 

"“T -uires tut 

this I will first have to prove 
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I know. 
logically. 
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until the given data and conclusion arc linked 
Stadmis should le encouraged to 

them make discoveries and lead to conjecture " J thertudenl 

„tTand.Scvcralspccmcnumbcrrclatio^h.ps^y^^^^ 

to discover a general Sve? the essential 

configurations may lead the student to tem.hut 

characteristics of a proof. Mathematics is a 
induction certainly plays a great role in the disco y 

aspects of the subject. ^ inll help 

Continually pointing out and etresing rela P 
dents form hypothee. The fact that a ^„eives 

concerning the solution to a pmUem^ 


ociple that appears to apply is... « » 

can solve the prohlem.” Hence the hsTotheses 

tionships, the better able the students mil he to form hj-p 

Slu^nls7hoMhL experience in rehieh they have '® “JJ-e 

define a proWem, identify the variables and constants 
assumptions which simplify the problem, colled and eialu 
data, decide on the characteristics of a satisfadory _ 

finally arrive at a solution which satisfies these „oks 

lems -which call for such abiUties are rarely found m t^t o 
The author of a mathematics textbook -wntes a concis , 
structured verbal problem which contains all the data , 
those data needed to solve the problem. These kinds of pr 
serve a purpose, but a steady diet of these will not provi 
kind of tr ainin g needed to solve the real problems in t e v 
occupations and in everyday life. Such problems do not com 
paelmged and ready for immediate solution. 

One way of initiating problems of the kind called for by 
principle is to begin with relatively unstructured questions sue > 
What does your income have to be to afford to get mam 
Is it cheaper to buy a house than to rent one? How can j ^ 
money in buying? and What is the effect on the graph o ^ 
quadratic function, ox* + + c, of varying the constan » 
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K and Asaunnng that it 

problem, the expenences mentioned aDove 

does air distance compare with bg ^ ^ g Qojst and 

used trdC charts which they „ainary 

Geodetic Survey, a set of U^^S- ^Sh ^such suh- 
rulers. Before the mam p . sample, and collecting, pre- 

problems as selecting a ''P^^^ad to L solved. Though the 
sentmg, and orgamzmg t studenU some elementn^f prm- 

objective seemed be to h ^ ^a\ problem offers for 

ciples of Etatisties, the P“=^b.hUes apparent. 

simultaneously teaching problem re ^ aompany planned 

Meek and Zechiel (19) <J«e^ aj ^aa to mny 

and operated b/-venth-grade^^-^^to-.^ Jia nat^. Olhe. 
problems most. bP‘.»»‘ organising their classes into 

teachers have had 
companies which enga^ 

Irland and Ensign (13) jTb y serve as a joint projert 
automobile =toppmg ' olaJ in driver 

t, 

'"it, (»»«* • j 

water placed on a gas bnme ■ f turn ^0 '"‘b a 

identified and studied; eg., to tempo ™bir re»in-g- 

oud a 'ow.flame^^,*5^rrc:st to andjej^^a^“ ,, 

The project, , by Montgomery jjfybig assump- 

mohile?” was T ^^ja, made ™P“^“ st per 

the variables Evolved, ctocto , g teb 

tiona regarding some of to v^^ ufe. Each 

mile for each of to first three ye ,, to formulate 

selected a afferent have encouraged studen ^^jj 

Many geometry tea ^ jovible models a ^^ble dia- 

theirownprobleiffi y gnd by atodymg ,^tionshlp is 

By manlpulatmg y j believe a “to jotionship 

grams, students may tomb"' ^ ostion, "la tbs 
true. The student then poses 
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always true?” Csreful investigat j *ow ^ 

“Cese examples showwhatcante^ 

relatively unstructured may not get a broad 

do so. Without such experiences, students m j 

understanding of Vmh\em-so\vms. ^ ^^ducing 

Texlbooh Hals of problems should ^ tte stu- 

mechoniatic. rigid, formulo-applmg to teachers 

dents. Luchins (15) made several f^—^'l^Wng abilitias- 

uho desire to help their ^Xsfratng a method, should 

He suggests that the teacher, after illustratmg problems 

not gi™ a set of exercises all alike but should iW 

not solvable by the same procedure. As the resuu o 
“ri^nt, Luchins and Luchins (16:293) recommend. 

To be eflective, problems which aim at h°^thcscs 

dUeovcring, selecting, evaluatmg, “d discard! B subjects and 

in solving problems, should heralded with a special 

should not be treated as cunositics which must be he 
introduction, but should be freely intemungled ‘’ulotheses, these 
problems. If’ they involve i.»uflicfent - ^’exped- 

should not be patterned as to number or had. To be m 
menta indicate, the inclusion of such problems produce 

and somewhat less efficient than drill procures, but IMJ ^ 

less mechanical behavior and more productive thm^ 
revolves on whether our schooU wish to develop mecha ^^ioular 
and a formula-applying attitude, conducive to assKiating n 
method with a particular situation, or whether they a' 
individuals who have some capability in facing and coping 


and chan^ng problem siluallons. 

Textbooks should contain problems that require ^“l^uld 
be alert and imaginative in solving problems. jjtion.', 

have the experience of concluding that, under the given g]j 

a particular problem has no solution. Rather than pro , 
solvable by the same technique, there should be some p 
that have insufficient data, and some \rith extraneous (m a. 
would be absurd questions, and some would be solvable > 
long “strong-armed" methods and by short elegant me o 
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PRODLEM-SOLVINO IN WATUEJfATrcS 


Reagmlim thouU U tivm h Ihe studmt who toha a proilm in 
more than one way, andloihe tioient who :j aUelojinda particutarla 
ncal mlulwn. Broradl (4t 439) suggested "To be most fruitful, 
pnictiKi in problcm-solnng should not consist of repeated exper- 
Jonna in solving the same problems with the same techniques, but 
Should consist in the solution of different problems b}' the same 
techniques and in the application of difTerent techniques to the 
same problems. A problem is not necessarily 'solved' because the 
correct response has been made." 

In many mathcmatica classes the student receives his grade 
for the course on the basis of onairm on bome^'ork and on tests. 
May not some students generalize that the process is unimportant 
just so it gjvcs a correct answer? Students are sometimes satisfied 
uHth an incorrect process that results in a correct answer. 

Students should become aware that the process of solution is 
vety important, hfany problems in mathematics textbooks are 
solvable by several different methods or devices. A student should 
develop the habit of trying sererel solutions. This wll help him 
avoid the mechanized approach of solving a problem by a formula- 
applying, 6tcp-by-6tcp procedure, as well as give the student a 
good check of his answer. Teachers should give proper recognition 
and reward to the student who does try several solutions or has 
searched until he has found an interesting or neat solution. The 
teacher should ask, "Who has been able to solve this problem 
another W’ay?" "^Vhicb solution do you like best?" "Jolm has a 
very interesting and brief method of solving this problem. John, 
wll you show us 3 'our solution?" Proper rew-ard may also be 
pven in the form of report card grades that include consideration 


of processes as well as answers. 

The teacher should develop an amtional dimaie in the classroim 
which helps studenU eoncenlrate on the problem they face. Some 
teachers employ methods and stimulating devices which divert 
students’ attention away from the problems at hand and toward 
extrinsic rewards and incentim. The students may have a ^n- 
sciousness of their own inadequaraes, or a consciou^ess of how 
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would have on their marta, report M^luated 

,vmld know of their performance. These efrecuue 
under speed conditions, 

wonder whether our schools conducive to an 

tensions, and compet't'™ atmospher , 

emotionai, highly ego-involved ‘ j™rimLtal to produc- 

nnd consequently, rvhether they are not detrimental 

tivity and flexibility in thinkmp nrnhablv rest in the 

Unwholesome emotional tension mil ^ P. . jj, J fo^e; who 
classrooms of teachers who use fear M a stakes; 

openly reject students who have “^rtddTor <fc- 

who continually deflate students ^ r,mDarisons of students 

paraging remarks; who make unfavorable compan.o 

ivith their peers; who demand an and 

students; or who have no tense of rtainly todH 

irritable. Students in such classroo^ ^ the dislike 

harder to keep their minds on generalired 

for such methods may transfer to the subject and be g 

to include all mathematics. , „„„tinnal tone 

The principles to be followed in developing an 
in the classroom which does not dbtract or cental 

rather well established. They can be found in most te^ o 
hygiene. Suffice it at this point to mention only a tew- F ^ 
and sympathetic attitude will encourage students m i y- ^ 

especially true it a teacher does not reject students ^ 

measure up to others in solving probleiM, but accep 
challenges to his own problem-solving ability. 

The old adage, “Nothing succeeds like success, sugg 
teachers pace their students carefully; not frustrating 
couraging them by continually setting tasks they canno 
plish, but starting with things they can do and gradual y 
ing the difficulty as they gain confidence. Pr^sc, recogni 
encouragement have long been known to relieve emotiona 
sions. Finally, attention to the interpersonal relations of t e in 
bera of the class and to the regard they have for each 
serve to diminish feelings of hostility or fear in some of t e 
dents. When such feelings are present, it is hard to gi'6 o 
full attention to solving a difficult problem. 
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Dia^si. oj and r^edial 

The teacher can help a ^‘“dent tecome a betterjrabte^^^^^ 

by diagnosU of his T j^er ( 2 ) conducted an in- 

remedial instruction. Bloom nroblem-sohdng process of 

teresting and f“^al program, the principal 

college students which included a ^ ability. Stu- 

aim of which was to foster Eeaeral pr^_^m 8 
dents first were asked to as he sought 

aloud. A reeord was kept o ® experience of solving 

a solution to his ^ " J tbeir own prohlem-solving 

problems the students next ““j^^athods used by their fellow 
methods and compared them encouraging o a 

students. The results ^ ' ’“jujents improve m prohlcm- 
teacher who desires to help la .^^nt made significant 

solving ability. The :^cessed an increa-sed con- 

gains on problem-solvins tests an n 

fidence in the student as he works. Some 

Amathematics teacher ^ he watches the student 

?vS‘:rei‘Does t the dC f^m t^e 

can formulate hypothe^ providing rte „[ 

These hypotheses can the Weu'tics. The tech q 

improve problem^ , Vincent (5) derm present- 

step procedures. C'»* Mmiy 'a’“>^l”iTsmp-hy 

the graphical nnaly® “ “ ^ t is to ' J ^, ttluil 

a more conventional p an wh' , ttTiat is lo 1* '““^clhod. 
step such as: (a) is 

operation is to 1)0 user!? (d)«na 
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called the dependencies 'depends upon 

problems have been advocated. Much re con- 

I find which method is 

flicting and at present no stcp-by-slepp “ , . to students. 

Icms has been shown to be is » 

there appears to be no fbeed sequence ^ ^^thod which 
The teacher should not teach studente a 
can be used only tor a particular P^^^T^V^hing the stu- 
unleamed when other problems are studied. To >> them 

dents to fill in a box or table m a o^ ^dp them 

get an answer to a particular problem but it mil n 

solve other problems. 


Helping Students Improve in Testing Hypotheses 

The aspects of problem-solving used in this ‘=’‘®P^^’not 
on, (b) productivity, and (c) testing hypotheses probably 


tion, (b) productivity, and fc) testing nypuu.e=«o r----' ,^^0 

occur in one, two, three order, but are How- 

of thinking in which it is difficult to discern it is 

ever, for the purpose of thinking about P™'’’™-fShesis, 
helpful to discuss these aspects. After one has {0™®°t be 
or simultaneously with the formation, the ''yP'>‘r“® the 
tested. Our intuition may be of tremendous help m ^us 

hypothesis or conjecture, but it may also lead us o 
conclusions. The principal skills and understandings j, 

testing hypotheses are those of inductive and deductive ^gr* 
A large number of data gathering and analyzing skills 
standings usually associated vdth inductive processes 
Understandings and abilities in the use of if-then 
needed. Knowledge of lo^cal fallacies is necessary. The s 
needs to form the habit of suspending judgment until ® 
sj^tematically studied the many aspects of the problem. 
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to form the generalization that hasty conclusions are frequently 

:S1ng^7profL"ofsolvingaproh^ 

solution of an equation. The ansiier is checked it 

"> *■ 

tained with the estimation. ^ hyjxlhem 

Students should he taught tM i^amed than tt is to he 

proMed these are tes^d get the idea ‘>;a‘ 

icithout a hypothesis- ignorance. It may >» 

cessful attempts Edison’s reply "hen he "m 

remind these “'^-ed after working unsucccssMly so 

asked if he were not dss'of ^,„pposed to have rcid^d 
long on a certain invention. th ngs 

^at ll was not at "turreLmbers all of the 
that would not t^this m itscU should be helpful 

l^arii"omethmgJha;j^^^^^ oon<»Pjo«^ 

r sTudturi^ 

each side os the first o^ test liis °' jttontion 

first subtract x from eo ,l,e atude * .pl^^ 

This builds mdcpe-idei^mjta^ tea^, 

on the problem f'^‘Se^aperience of testing hypo 
student will have th 

that does not work. '^‘^i^^lhrses not hy 

A. afudenfs ‘ss‘XXi^ die student test aehy^^^^^ j,^„y 

must be P”"®' °"f ty loaldiiny after reading a 
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verbal problem begins to gu^s ^ 

“Subtract?” the student mil ask. Past find 

the student that if he matches X "n Sip the 

a clue as to which operation to perform. _ ^ 

student gain better S “lirhaps” 

committal answer such “ 7777°" V'es mch answers in- 
or “How do you know?” If the teacher pres su h 

dependent of whether the answer is ^ °7°- ^ dis¬ 
not get his needed clue from the ®. . ,j „ed by other 

cussionalso.astudent'seorreetanswcrmay tecM^ 

students and much learning takes place if „al. the 

ready to inform the class that the answer is othesis 

student should be forced whenever possible to test his nyp 

by himself. 

SUililAHY 

Mathematics teachers believe that the ability °'. °7decp his 
solve mathematics problems H"‘'f , "T'abilitv to wive 
understanding of mathematics is. The ^mndings, atti- 

problems also depends upon the student s ’“’‘'^^r-niis im- 
tudes, and skills concerning problem-solving ^ ^^the- 

plies that the teacher of mathematics ’"“"^nforoblelsobang 
matics as well as the psychological processes of P™*™” „f 
to be of help to the student. To provide rach an P^^^Trame- 
the latter, this chapter attempted to set forth a com P ® j^^rions 
work of problem-solving and point out socne of the l p 
of this for classroom procedure. The hope is that this 
a teacher fruitful hj-potheses concerning his own “^^.^ducive 
students the set of understandings, attitudes, and skills co 
to solving problems. 
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9. Provisions for Individual Differences 

RoLLAND R- Smith 

V.. bodi. of dau fo of SS 

of the same age vary wide^ - 

They vary not only in abihbes b the degrees of 

are viide differences in their rs emotionai, cultural, 

retention. They differ «1«. “ this experimental <Wa 

cooCloiisthatrnentiondH^oesta",oantU^^^ 
been studied expenmentaily w ‘ p,^to said that cie y 
dement only in relatively „«oh h'^ 

individual should ,u°“cogiiired individual 

qualified by nature. ^atoUe The Homans and to 

and the influence of education ^ ®'^7that eS 

educators of the ^^"“Xang^bffity. Rousseau said^^^^^ 
outstanang gifts or outsto" ^ „cordanee mth wh‘ch 
child has his own cast of »nd » ^ 

be directed. ,X»tic and stat-sfca' study 

years ago, to underta ones— 

dividual differences. comparativelyJ'®P 

The first traits conside j^oonness of syp®®\,|;,y to pain, 

memory for ^ of pits'* ^ teoftheJc investi- 

oolor vision, ^tceptmoj^ The higher and 

and reaction tme ^o^oistandi 8 j ecicnbfic 

gations oontributedbtt 0 “ I^oeiveand^^ 

more complex mental J0«s^^^ processes 

psychological study jo,le of , individual 

theBinet^monmtelb^ ,dea 

Binefs greatest higher (*■“'‘"^ d ,^re admin- 

should be studied tidOPf^. The testa he used 

sunple sensory-motor p 


tbe leae-ntng or mathematics 
istered to individuals. They .ere ff 

and again in 19^^by intelUgence tests- 

group of ^^on“^ 

Lpect of human variabihty has gone j ^naUty. 

gereral intelligence tests there ^gfu^'^ertakings, 

®f the emotions, of aptitude for geneml griL^^^ct 

and achievement tests in various subject for 

of variation in all traits is so weU f'gi anjthing 
granted as a problem to be faced by any one oho has anj 

to do ^th education. u.,cr« VtorkcrouDd 

VorUion in the Same Grmfe.The her tSung 

of these findings of experimen^ long to 

for teaching. But he docs not have to “ th 
find out for himself the fact of vanabihty. 1“ ‘f “T Sg. 
Johnny can count to 20 but does not know ^ hi 
Mary can get only as far as 10 but she c^ larger 

four pieces of paper or seven. She knov,-s when one ^ P , jher 
than another. Fred is quite intelligent but be is so shj the 
has a hard job drawing him out. On the other hand, 
to talk all the time whether he has anything to eny 
is very proud because she has learned even before she 
school that four apples and three apples are seven apples 
pencils from ten pencils are eight pencils. Hazel thl^ - „ 

count but she saje, "One, two, three, i^e, hundred, 

And so it goes no matter in -what grade it is, whether it^ v^qI 
elementary or secondary school. And the farther along m 
it is, the greater the variability. Itjs not unusual, for 
find a range of several years among pupils deagnated as 
grade pupils. ^ 

A typical dtuation is seen in the following table showmg B*® 
standing in arithmetic of all the pupils in the ninth ^ ^ - 
various schools of a <nty where the total school popula on ^ 
approrimately 21,000. The results were obt^ed by 
well known standardized achievement test. In this 
school sj’stem, the median grade eqmvalent for each of the sc 
is above the expected grade equivalent. But note that there 
great variations from the median. For the whole grade, 9 per 
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™Fofoundtoberotardedl-10n.„«^^ 

and 3 per cent 21-30 months. I special groupings; 

up to two years „r„„fhs is not large enough to 

the number retarded from 21-30 mom ather 

think of in this way. T icre advanced beyond the ex- 

hand, tile table shows largo aur purposes 

pccted norm. The most impo achievement in the one 

is the spread of many jhf^rd grade would show about 

grade. A similar table made fo ,^ 5 , 

the same thing, except that the r J problem 

Whether a school be arp o ■ p„pjis whose abilities 
of what to do to adjust their 8 ^ democracy U*® “b- 

and aehievements cover a m education of which e i 

jeetive Is to give every pnp'l “'c oe 

sysums it is agreed « ^^’is a core of eub 

capacity to learn. He shou ,hat level 

of maturity so that he o eo'o®' is made 

and can have a sense ^„„s in depth o"^ sco^ ^ 
Teaching so as to m done '“r a f the prin- 

easier by ability groopmg.Jll^ msponsibiMj f j, 

it is an administrati homoge „-refully they 

cipal. But there is ^«P.» matter ,i,. 

there are only six p P ^ dilTeient mdiv tter how ef- 

are selected, there wlU be ® „„d needs. ^ ^ , ,<,„d 

ferent sets of abiUbes, ^ ,^sher will have . 

ficiently a group „d teach a=eor*”^'l' ,^^stion 

deal of indlvidua ib^ grade, there ,,, place 

Beginning mth * . ^ ^pe. There p,sihematic5 

courses as well as m <> P* “.worses of academic m 
for the so-called sequential 
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of weights and measures, standard time, arithmetic puzzles, and 
magic squares are some of the things that come to mind for pupils 
of fifth- or sixth- grade level. When these groups are ready to make 
a report, it can be made to advantage to the whole class. 

Levels of Learning. When provision for individual differences 
is mentioned, many of us are likely to think of ability grouping 
as the basic remedy. It is not the basic remedy. Too often teachers 
make no distinction in teaching slow groups or bright groups. 
Grouping is not the remedy ivhen all groups are taught by the 
same methods. Unless teachers have the concept of various levels 
of learning and can teach accordingly, grouping is of no great 
value. 

An illustration will show what is meant by the term levels of 
learning. A child who can find the sum of 5 apples and 3 apples 
when the apples are present is working one level of learning. 
Another who can find the sum of 5 apples and 3 apples by drawing 
circles is working on another level. A child who knows automati¬ 
cally that 5 and 3 are 8 is working on still another level—this 
time on a mature level. 

The concept of levels of learning recognizes the fact that chil¬ 
dren of various degrees of ability or maturity can learn to do the 
same thing on several different levels from the simple concrete to 
the more complex abstract. A good many teachers now in service 
began teaching under a psychology that demanded the teaching 
of all processes on a mature level. “Teach a process in the way it 
is to be used,’* was the slogan. A pupil’s introduction to a process 
was as an adult would use it. A newer psychology has us accept 
at first the crude attempts of the pupils and then refine the 
attempts as the pupil gaii^ more experience. 

The methods of dealing wth individual differences on the basis 
of various levels of learning have received more attention in the 
elementary school than in either the junior or senior secondary 
school. For this reason, a lai^ number of illustrations have 
been taken from this part of the school system. Secondary-school 
teachers, as well as elementary-school teachers, -will find a study 
of these illustrations profitable and can adapt the methods to 
their own problems. 
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Suppose o teacher of an 

children is attempting to develop jj 

division. This is the problem s & members of this 

:,SV;£."5 i- ■*=.»•?£ 

rlis-.i"- 

the situation? ^ „o suggesbons im 

The teacher should at tat P pmblem by 

may make sugg^ti ^ H ^ Ovcrapcntx^ 

choose to way tha methods step by a ^p,e can 

Xmmttanays.thesoarosomeof the > 

''^‘'TaUel7eonntersandph-th^““^^^^^^ 

mSes“^d\^ll hava 2 Uk them oS by 3’a. 

a mark on paper- T icn 
ThtoorSlcmf^ 
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and 3 from the new remainder, and so on. You ndll subtract 3 
five times and have 2 cents left over. 


17 


6 


11 

2 

G 

2 

5 

1 

3 

.} 

2 



6. Buy 2 marbles at a time. Two marbles \nU cost 6 cent^ 
can buy 2 and 2 and 1 and will have 2 cents left. (See box above;. 

7. Buy 4 marbles. Then you will have enough left to buy one 
more. 

8. Buy the largest number of marbles possible all at once. 
Those who know the multiplication table of 3*8 can do the e.^iop ® 
tlua way. 

After a discussion of these various methods of doing the pro 
lem, another of similar nature should be given; for exampo, 
“How many apples at 4 cents each can I buy for 25 cents?’ 

Now is the time to watch carefully to see what level each c 
chooses. You may find some who can get the answer automatica y 
Some will subtract 4’s. Agood many are likely to do it objective J- 
Some ^^ill not have grasped the idea at all. 

It is a good tlung now to divide the class into groups. Make one 
group of those who need help to do the example even object!' e y- 
2^Iake another group of those who can do it objectively, and 
another of those who are doing it abstractly. 

While you are working with the slowest group, let the numbers 
of the other groups discuss their methods. There will be differen 
levels of learning even within the groups. In the second group 
there -will be various objective methods. Let the children deade 
which is the quickest method. In the most mature group there 
will be some who are subtracting 4’s singly, some who are sub¬ 
tracting various multiples of 4, and a few, perhaps, who are domg 
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the whole thing at one stroke. Let the members of this group 
"pi the best method. Here rviU be a strong mot.vat.on 
for learning the multiplication facts. , , , . fn 

tL teaLr’s responsibiUty is to help ^ 

learrr how to do the example “ ThS^ 

better how to subtract 4's, to do rt by subtraction, they 
Istiil higher levels as 

children should have a i .gr level of learning 

"uoTb" "go higherTut should be encouraged to do 

'^ferr^ethoS’procedure is tamarW 

which does not let a pupil p gre view. This 

grasped the preceding one j^vel of learnmg is not a 

method allows progress even ‘bW " le 
mature one. This method does ^^ercises in division, 
is meant by division, or bow ^ ^ jjj jan do division 

until he has mastered the hI may need to have a 

by pictures. He can do it by progress. 

multipUcation table b®'”'® .U^lratieg teaching on various 
tVe now take another topic fractions in the fifth 

levels of learning, this tune afr the same as the one 

grade. Since the pattern of procedure rs muc 

given, we shall merely outline . ^010 of subtracting a frac- 

Suppose it is desired ro ^ _rught be as foUows: 

tion from a whole number. P „j ^^ve 6 feet of rope and 
The first problem is a 'ouOT pupils have no 

cut off haU a foot. How ®"®b J^ple. It has not ^u - 


by halves— H, 1.2’ Crossing c 
the%beks™U^vetS^^;^ iviagthem 

Nowtryafewotherermmfd^m your PuP* ^ 

fractions as }i> f*hods Discourage pencJ c 

answers by their own methods. 
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At this stage few if any pupils wiU need to bring 
and carry through the operation thus objectively. Most of them 
will do it by drawing circles and dividing one of them into fourths, 
thirds, or sixths, as the case may be. 


6 = 


Now suggest that these examples can be done without tte use 
of pictures. Put an example like the one above on the board. Ihere 
is just enough help here to permit the brighter ones m the class to 
carry on. Let the others continue objectively. Do not requ^ 
any pupil to do it abstractly until he is ready to do it that 
way. And when he does it abstractly he should be asked to ex¬ 
plain his work and to show the very obvious connection 
drawing she circles and dividing one of them into fourths and the 
fact that 6 *» 5^. 

This work has taken probably not more than twenty minutes. 
An objecUve method has been sho\Mi for the class as a whole and 
imderstood by most of the pupils. The better students 
graduated quickly to an abstract method. They have associated 
the objective and the abstract quickly. _ ^ , 

Now, just as in the example of the teaching of division, it is 
tiTnft to (hvide the class into groups, helping the slow group to 
see what it is all about, giving more practice to the middle group 
and helping those in it to associate the steps in the abstract 
method with the corresponding steps in the concrete. 

The bright group, because superior children are helped by rich 
associations, may well leam that this subtraction is only a special 
case of a larger pattern of so-calI«i borrowing. You can show the 
following examples. 

1. “From 8 yd. take 2 ft.** This is done by c h a n g i ng 8 yd. to 

7 yd. 3 ft. 

2- “From 9 wk. lahe 6 da.’* This is done by c han g i ng 9 wk. to 

8 wk. 7 da. 

3- “From 8 dimes take 6 cents.’* This is done by c hangin g 8 
dimfts to 7 dimes 10 cents. 
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4. “From 80 take 7." This is done by changing the 8 tens to 7 

m p“2m is obvious. It is identical to the one ttat ton 
used in subtracting a fraction t to 

to slow pupiU. . ^ ijg in the 

These two iUustraUons have been taken ro P ^ 

elementary school. The ““V TS^e demeSy school, 
grades, in the secondary school as "f “ 

The foUowing iUustration “ ils^ve difficulty with 

Verbal Problems tn Algebra. Mo P P others, 

verbal problems. Some pupils ha ,,tta!mnent. Many 

Teachers find the 0 ,l,e„ do not readUy see the 

cannot read definite need tor developing 

relationships involved. There is . . that a distinction 
the procedure in problem-solvmg objectoely 

may be made for different levels of m the 

Objectivity in this c^ 'f'^^hefarly ytofof the elementary 
handling of things as it m abstractions already well 

school. It moans going back to ^ 
established. Consider this P™ ^ quarleis amounts to S4. 

“A collection of mckels, <to . ^ quarters than 

There are 10 more mckels than mmes 

dimes. Find the number of e^- ^ the foUoWS 

It is assumed that all membem “f ™ ^ und W 

problem: “What is the total val>r ' do this problem: 

quarters?” It is assumed less quarters than dim^^ 

“I have 10 more nickels than ^ ,1 many duartem d 

U I have 12 dimes, how “any m^eb ,„,„tang 

I have?" Any pupil who * “Uce of being succe^^ “ 

arithmetic numbers only, h ^ relationships is a suffi 

algebra. This work with numenca. 

basis tor objectivity. -fmoted with the algebraic P 

When a class is first confmn^ ..Suppose there are 12 dimp 
statedabove,thetohertol^^ ‘shTws the 

how many mckels and uomprebcnsion an 

This question forces reading wim 
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teacher those who need help in that direction. Pupils need to learn 
that there is a relationship given between the numbers. The next 
question would be, “What is the total value of these corns?” 
The final question is, “Is this the total ^ven in the problem?” 
It is not the right total, so we know that 12 dimes is not the right 
number. 

Before going through this problem again with some other as¬ 
sumed answer, not 12, it is well for the teacher to go on to the 
algebraic solution for the benefit of the brighter pupils who are 
ready for it. The algebraic solution should be associated step b}' 
step ^rith the numerical work just finished. Briefly the discu^ion 
would be as follows. 

“We know that 12 dimes is not right, but we have discovered 
and used all the relationships stated and assumed in the problem. 
Instead of 12, let us use n. There arc n dimes. How did you get 
the 22 nickels in your previous work?” Answer: “I added 10 to 
the number of dimes.” “^\Tiat is the number of dimes in our 
present analysis?” Answer: “n”. “IVhat is 10 added to n?” Answer: 
“n + 10.” “There are (>i + 10) nickels. How did you get the 
number 10 for the quarters in your previous work?” -‘instrer: “I 
subtracted 2 from the number of dimes.” “There are (n — 2) 
quarters.” “How did you find the value of these coins?" Answer: 
“I multiplied the number of dimes by 10, the number of nickels 
by 5 and the number of quarters by 25.” “IVhat values do you 
get for n dimes, (n + 10) nickels, and (» — 2) quarters?” Answer: 
“lOn cents, 5(n + 10) cents, and 25(n — 2) cents.” “How did you 
check before to see if 12 dimes was correct?” Atiswct: “I foimd 
the total value to see if it was $4. “YtMi will do the same thing 
here. WTiat will you have when j'ou say that the sum of the values 
must be $4?” Answer: lOn 4- 5(n + 10) + 2o(n — 2) = 400. 

This is an exceedingly brief statement of the discussion. In 
actual practice the reactions of the pupils would be taken into 
account and the discussion would be less formal and better di¬ 
rected. 

You now have the members of your class thinking on various 
levels. Some 71111 be able to think in terms of an algebraic unknown, 
others will still be quite confused. In between, there uill be those 
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who have begun to see what it ia all about, but need much more 

level of development and stop there. J something 

limits of their ability. The difficu j {,iulty teaching, 

else. It may be some emotional nraladjustm ^t^ 

It is not tvise for a teacher to ,vill become a 

has been reached. It is not hkcly , .j hope that the right 
genius. At the same , roore Saptable form of 

surroundings, the "8*"* ‘^“child beyond what his past 
teachiDg may so appeal as lo 

record would predict. . j fact that leatiiing 

Teachers should keep ^ een be guided to th^. 

involves the learner. Unless ‘•'h ^tion, it is not possible 

feel, and act appropriately m » ^,,eber who attempts to 

for turn to learn what is mtende honing pupils eaampta 

teach always on the mature levc merc y j ^ 
of w-ork properly d“i‘'= ^‘“Xds, is not likely to find ^ 

develop the pupil's hrst crude e^^ wholeheartcdljn 

pupils interested enough teaching is 

Mechanical drill on top o level o 

failure Whea pupils finQ tniobs situation, 

ing, they are most likely to jhe mathematical program 

tSte-entiaUy the ^ejm all 

for Grades I through question about this fo 

normal pupils. There j jtjtement applies to r 

through VI. The s^^^^eertain that the f “‘“^j°^dthe 
and VIII. We need to imae leem tnem an 

toai competence are -hie^^ictl years in the attemmef o 
seventh and mghth^--^ grades, however, cannot 
that objective, me pnj» 
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learn the same amounts nor at the same rates. To take care of the 
differences, there must be differentiation but it should be in depth 
and scope not in topics. We have already discussed varying le^^els 
of learning. Following is a brief discussion of differentiation in 
depth and scope. 

The term “depth and scope” refers not so much to levels of 
learning as it does to graduation of subject matter within topics. 
To be sure, some topics cannot be differentiated. The multiplica¬ 
tion table, for instance, is the same for all pupils. However, 
most topics can be differentiated. In fractions, all children should 
understand the meaning and the processes of adding, subtracting, 
multiplying and dividing even though it is done only on the 
picture level. Almost all the children can work with the amplest 
kind of examples. The faster pupils should progress more rapidly 
to more difBcult examples and more difiBcult apphcations. In 
decimal, too, the meaning and elementary’ skills should be de¬ 
veloped in ail four processes, but the extent to which any child 
or class should go depends upon the ease with which they grasp 
what Is bdng done. In per cents let all the pupils have practice 
in the meaning and work with the ^plest examples of per cent— 
50 per cent, 25 per cent, 3SH per cent, and so on—per cents that 
can be treated as fractions. Those who can should go on to work 
with other per cents such as 56 per cent, per cent, 4.5 per 
cent, H per cent. 

Teaching by Wholes. Giving first a birds’ eye view of a whole 
topic on a small scale is an excellent mp-ans of providing for in¬ 
dividual differences. In most seventh and eighth grades there are 
several topics required for a year’s work. Ordinarily a tentative 
time schedule is ^ven as a teachers’ guide. But teachers, more 
often th a n not, complain that they need more timp for teaching 
each topic. They should try teaching the e^ntial parts of a whole 
topic in the first few days assigned to that topic. In superior 
classes this can be done in a very short time and the remaining 
tunc left for the dev’elopment of details and for enrichment. In 
poorer classes this preview of the whole will fAt-A longer. Whatever 
time is left can be used for the important details that arc left. 
However, ance the most essential parts of the topic were com- 
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Pletcd early in the 

conscience in progrcssinB to the nest ^ decimals 

Folloivins is a brief X W 

taught from tins point of vjew.W uy « decimal. It gives 

ing of decimals and goes Only tenths are dis- 

the whole story but only on a snmll scale, umy 
cussed, not decimals in general. 

For the first day: ,. • jjvjded into 2,3, 

1. Abriefbockeroundof fraetion ^If 

4, or 5 equal parts ivhat is one part callear 

thirds, fourtlis, ,n w divided into ten equal ports. 

cl " “• 

responding marks on the scale. ^ 

Ho. Ho, • • ■ ' '• ■ ■ ' ’ ' 

3. Mother way of writing tenths: 

Ho.Ho, ^ 

,,„,,,.Ktth:v:thfsam-l.Pohrttothe.d 

mark on the bne. This is H rneh.^ ^ ^ „minon IraoUom 

4. For meaning. wjjere is 1.3 on the scale? H 

Arc 3,4 pies as much as 3H P^' 7 ^^ 2.5 mean to you? (2H)- 
does it compare ,vith IH? W does , as 

5. About how much is 2-* ^ the same as 4) ■> 

2 X 3.1. 4.3JT63 is about bw ^ th 

2.4 + 3.1 is a bt* “7‘‘■^-^mted toward meaning. 

Ail the work of this day was po ,a„,23?If 

For the second day . ^ ^Vhich is larger, 2. 

1. Review of fust much less than a toUpo™ 

you had .3 pound of candy, h ‘bu* ^ ^ 

you have? When you aea the num^« 

Omnt from 7 to 8,Y„^o to tby tenths Po-otingtojhe 

decimal point. Count from “.Xt by tooths from 7.5 anu 
responding marks on 
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the numbers until you have wTitten seven numbers. Between two 
what whole numbers is 4.7? 

2. Addition. Note how much easier it is to work uith decimals 
than u-ith fraction^. Addition without cany’inK- 

4.3 

^*4 


Addition with carrj-ing: 

7 ^ SKo s.n 
7H 4^; 4Ko 4.7 

3. Subtraction. 

4H 7Ho 7.3 

2^ 4Ko 4.7 

We can do this work just as if there were no decimal points and 
then put the point in the correct place in the answer. Be sure to 
get the points in a column. 

4. For meaning. Give estimate only: 3Ko X 5. Also 3.2 X 5. 
For the third day: 

1. Written review. Write as decimals 2Jfo> H» 7H- Which is 
larger 4^ or 32? Is 3 less than, equal to, or greater than 3.0? 
Is 4.7 more or less than 4f^? How much? Add 6.2 and 3.4; 5.7 
and 6-8. Subtract 2.4 from 6.2. Subtract 3.7 from 5. Is 3.2 X 2,1 
near to 1, 6, or 144? Is 16.3 -j- 2.1 near 4, 8, 16, 50 or 144? 

2. ^lultipUcation. Estimate 3H X 4. Also 3.5 X 4. Fmd the 
e-vact answer to X 4. ^fuftiply 3.o fay 4 pajang no attention 
to the decimal point. Place the decimal point in the answer ac¬ 
cording to estimate. How do your two answers compare? 

Practice with several of like nature. 

Then 12.2 x 12, placing the decimal point by estimate. Avoid 
examples like 64 X .8 because of difficulty in estimating. 

3. Division. Assume the ability to multiply by 10 previously 
taught. IVhat is the quotient in each case? 

2)8, 4)16, 8)32, 20)80 
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(To develop the fact that multipl>ing the divi^r and the dividend 

by the same number does not <*“8“ U difficult 

What is an approximate ansucr to 2.1)10a l^wi ,, , 2.1 

because the divdsor is a " By * 

to make It a whole number? (10) -nic > I 

dend also by 10 the quotient will 1^° 

e.xample. The P'® ?‘>!,wr divide by a decimal. 

Practice. The fmai idea is this. Never mviu 

Change it to a whoie number. ... a this short time. 

To bo sure, skiils have not heen d I« ^ 

But the big ideas have all P"^ j ,heir oivn rate. The 
dents have enough background to p jj,to 

details will be mere meaningful because the> 

the whole picture. , . . ^ ^ nnavSew of a topic at the be^- 
Anothcr illustration of . subtopics are: meaning 

ning. this Ume per cents. Th« what per 

of per cents, finding a Pf'' “ c(,„t of increase and decrease, 

cent it is, discount, conimissio , ^ („ proceed 

and finding the whole when a p Then m 

would be to take "«tioe of having time to com- 

seme desses them fa to discuss all these ^ub- 

plclo all the subtopics. A tatter ^ 75 per ceut. Since 

topics using only 50 pet into simple usable trac 

these per cents can topic can be given in a shor 

tions a big overview of the P | y, jccordmg to the 

time.’ The lemaimnE '™“;further details. The followng 
class, can be used for procedure. jm 432, 

exercises arc suggestive f j, pug numbers: 16, 5.. , 

1. Find 50 per cent of the 

a. H. 5«, S2.50. j ,l„„u„g numbers: 24, 60, , 

2. Find 25 per cent of the 10 M. 

^4.^^Xtd 75 .r correct?' 
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6. I saw a suit marked $60. A friend of mine owned the store 
and he told me he would sell the suit to me at 25 per cent off 
(discount). What will I have to pay for the suit? 

7. I sold $40 worth of Christmas cards for the holiday and was 
allowed to keep 25 per cent of that amount for my work (com- 
mi^ion). How much could I keep? 

8. Frank is making $40 a week this year. Next year he will 
get a 25 per cent increase. How much wU he then get a week? 

9. A certain towm used to have a population of 200 persons. It 
has decreased 25 per cent. What is its population now? 

10. The Blues played 8 games and won 4 of them. What per 
cent of the games did they win? (Think: 4 out of 8 is what frac¬ 
tion?) 

11. A pint is what per cent of a quart? 

12. I bought a top for 12 cents and sold it for 15 cents. What 
was the amount of increase? What was the per cent of increase? 

13. A $4.00 doll, if sold at a 25 per cent discount, will sell 
for ? . 

14. During a test of 20 examples, the teacher said, You must 
get at least 75 per cent of these examples right before you can go 
on to the next topic. How many examples was that? 

15. If 25 per cent of a number is 8, what is the number? 
Grouping. Homogeneity of ability in a group is impossible. No 

matter how carefully a group is selected there will be differences. 
The range of ability, however, can be reduced. When the range is 
loo great it is difficult to teach through group instruction. The 
purpose of grouping in ability is to make it easier for the teacher 
to put iato practice ivhai has been said here about hveh of learn¬ 
ing and differentiation in depth and scope. 

Grouping is of two main kinds, grouping within a class and 
grouping into classes from a larger population. We have already 
mentioned grouping ■within a class in connection with various 
levels of learning. We shall return to grouping wthin a class 
later in this section. Now we should like to make a brief statement 
concerning grouping into classes. 

AbiUty grouping by classes is particularly valuable in the 
seventh and eighth grades where all pupils are expected to deal 
with the same topics. In this case grouping is not the responsi- 
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PROVISIONS FOR INDIVIUUAiJ 

bility of the teacher but of the principal. It cannot done 
the school is large enough to make at least t™ classes m the same 

grade. . ■ 


;he school is large enough vvj - - 

"tempts have been made^div^a.^ 

sifications as there are possible be 

numbers are large enough for 

divided into six groups according industry interest, and 

too veil in the lovest »'of 

responsibility , i^„aie when they are all to- 

the low group make them population is 

gather. Better results are ctaes formed 

divided into two " noTso great as in a 

from these two groups. Then ‘J'® ^ ^ troubles of the 

non-selected group and some of the discplmar, 

low group are avoided. ^ mtallible as a critenon 

We have already said that ^e ^ start but 

for making subdivisions. It can u p„der the scru- 

there are always d<>“*>tfu' cases ^ „orc individual 

tiny of principals, “"“f j’'!’toothers estimates must bo taken 
basis. Past achievement and tcac ;; ,t ^ at all 

into consideration as wnl as the I^^ „f view 

possible, and it is possible * ‘„d so keeps somcwhc'e n^ 

of differentiation in depth s"^ changed from class to class 

to a time schedule, pupils sbou1teJi^_j 

when it becomes clear that grouping 

Again we wish to nmkeemp t is done mthm the gro ps 

take care of individuald.ffero»ces."h 

is wliat counts. rpoort of a il^lTercnces 

Wo return now to “ i„,oeonsideraUon <be^"'“ 

very definitely the ‘“cb'”® . „ j„ January. The ela. 

io ability of Uirecpoups. Tim. 0 ,l„ber in throe 

ganised in September. j since Oe^ 

The class had been “"‘‘“f Lm ^up to 

groups selected s““"Jl“|dren had been veil 

groups were dcub • The [“yutiga was con- 

StoriWrou^»ra.rsh»^and.e^ 

cemedbutU.rcegn.sP’"^™ 
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this day Group I contsdned 14 children, Group II had 9, and Group 
III had 9. 

The assignment for the three groups was on the blackboard. 
Three different textbooks u’ere used, mainly because of tlie dif¬ 
ference in vocabulary required. This is what was wTitten on the 
board (the names of the textbooks are not mentioned). 

Group I. Name of textbook, page 201, rows 1 and 2. 

Group II. Name of textbook, page 36, rows 5, 6, 7. 

Group III. Name of textbook, page 120, set 1. 

For all groups, (to be done, when and if the other assignment 
was finished): 

6 balls 12 tops 

-b8 balls —6 tops 


Make pictures to prove them. 

If you have 12 books and have read 2 of them, how many do 
you have left to read? 

26 means_tens and_ones. 

The exercises in the assignments were exercises which the teacher 
was reasonably sure the children could do. The purpose was to 
establish knowledge and skill already developed. No questions 
could be asked bj' the members of a group doing the exercises 
because the teacher was busy with another group. The three 
assignments were different gradations of the same topic. Group I 
had addition of dollars and cents, Group II had addition of 
columns of single digits and addition and subtraction of two num¬ 
bers of two digits each. Group III had addition of single digits 
in columns of three and four digits. 

Each group was called to the front of the room in succession 
standing about the teacher. For about three minutes each the 
teacher checked to see that the assignments were undemtood. In 
the first group she had the children find the page and read the 
directions. She asked how to wiite 1 dollar and 50 cents, 50 cents, 
and 5 cents, and how to place these numbers for addition. In¬ 
dividual pupils wrote the answers on the board. Since the exercises 
in the book had the numbers written horizontally, it was empha¬ 
sized that the decimal points should be in a column. 
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The members of Group II u-ere asked about ‘^eir 
in somewhat greater detail. "Find the page. 
less than 100?” "What do the direetions say?” Do the AM 

‘ n" on the bird.” "Howmany tensandhowm^on^amt - 

in 79?" “Be sure to put the tens under ^ ^^e on 
under the ones.” These are some of the statements ma 

questions asked by the teacher. directions in 

Group III had to be questioned carefully abou 

the book. It was obvious that ^ Jng. The column 

discussion went along on ^ of beads on a wire. The 

addition of single digits was done ym of small 

children were rermnded how to o assignment 

circles made on paper. They ^ 

by means of circles if they nee the room for 

"When all were set to working and then she called 

about three minutes to see if a children in the 

back the erst group for a tbe front of the room noth 

group were seated in an arc of a <mle m 

a blackboard handily in front of tnem. 

They discussed first a pracU^ P 
their social activities. Tfi®moiect they bod decided upon. 
25 cents from each oouiied for the members of the 

He already had 57.50 which 5 ^ickeU. He commented 

group ,—6 ones, 4 quarters, I quo^ ^ Eckels make 

** .5' . . .1 .A. 4 ^..nTte-rn make a aoniu 


25 
value. 


,up ,—6 ones. 4 quarters, i ^^ nickcia muikb. 

the fact that 4 qumtere cents” have the same 

cents. A “quarter” and twenry 


“There were three more much^rfl 

quarter each. The teacher j ^jjg group did the nor 

ion have then?” All the raid, “ 5“^^ 

dividually with pencils and pa^_ _j;jgrcnt niclhods nere 

you know how to count by f “Ja„aethcesercisc onc nay^d 
shown. About half ‘''“'“‘‘^“ htd added 75 and the oUier Imd 
imlf the other way. One course, got the sam teW; 

added 25 + 25 + 25 . Both ,grac thing. They 

Sh" Jerjay a consoUdation of 

The work taken in the neirt 10 mm 
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what they already knew about the table of 2'a with the introduc¬ 
tion of the times sign, the formal language of multiplication, and 
the algorism 5 X 2 and 2 X o. Objective work was intermingled 
with the abstract. Discussion was mtermingled with drill. A be¬ 
ginning was made with the concept of division. “How many balls 
at 2jl each can you get for 12^?” was asked along with such 
questions as, “How much would 8 balls cost?“ 

Then the group was returned to its WTitten assignment and 
Group III was called up for a lesson. 

The purpose of the work with Group HI was to make clearer 
the meaning of one-half. The teacher tore off a comer of a paper 
and asked if it was half (be paper. The cliildren replied, “Xo, 
it is not even.” They divided circles, squares and rectangles into 
two equal parts by estimate and shaded one-hdf of each. Then 
they turned to getting half of numbers. Each member had 20 small 
bea^ strung on a stiff wire and found half of several numbers 
by trial. They could get H. of 4, of S, and K 12, by making 
sure that there was the same number in each of two groups. 
Pinaliy the method of writing one-half in figures was ^ven and 
the meaning was e:«plamed, 1 of 2 equal parts. 

The entire lesson period w'as about 45 minutes. Group II had 
a written assignment on this day but did not have a meeting as 
a learning group. The teacher found it rather iraposrible to take 
care of more than two groups a day except for the wiitten as¬ 
signment. 

This description of teaching by groups has been given thus in 
detail as a suggestion as to how it be done. Many teachers 
state that they would like to take care of differences in ability 
by groups within their classy but do not see how to manage the 
various groups. 

Geometry. In order to think with any clarity concerning pro\'i- 
sion for individual differences in demonstrative' geometry it is 
necessarj' first to consider the objectives of the course. As long 
as we insist that the nim is to have students learn how to prove 
theorem after theorem and be able to reproduce the proofs at will, 
there is little hope of a satisfactory differentiation on different 
levels of ability. There are so many details to fhrnV about in such 
a case that there is no time for the kind of development that is 
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strative geometry but the main objecUves can be led up to grad¬ 
ual by Z- of a laboratory procedure and deduction of an 
informal sort. The objectives niU be met but upon a louer lerel 

“^AT^^ot the taster students can proceed ivith much more 
abstract ivork from the beginning. Ho'vever a teacher who ha 
taught the course for the slower students wiU find m^ny oppw 
tunities for making the work clearer by a bnef use of the labora 

tory method. . . . i tw*: 

In the smaU high school where no selection mto classes is 
dble and all levels of students are in one group, the concep o 
on various levels of learning is stiU possible by 
within the class. The problem here is to keep the better student 
properly occupied while the slower ones are carrying on tneir 
experiential work. This is the time to think of "enrichment^, 
history of theorems and of men behind the theorems, various 
practical applications of the theorems, the logic of magazine 
nen-spaper articles, fallacies in advertisements and elsewhere, lae 
brighter group will enjoy these things and can report to the whole 
class about them. . , 

DiffereniiaiUm in Courses. For yearn after the great rnhux m 
students into the secondary schools, leaders in the field of mathe¬ 
matical education attempted to vary the traditional acaimmic 
courses in depth and scope to meet the new conditions, ^me 
progress was made, but the continuing large percentage of failu^ 
in these courses attested to the fact that they were not meeting 
the needs of a great number of students. There were two alterna¬ 
tives, (a) those who could not profit by algebra, geometry, and 
trigonometry should drop out of mathematics, or (b) there shou 
be different courses for these persons. 

At first there was a trend toward the first alternative. The drop 
in enrollment in mathematics became alarming to those who s&v> 
the need for mathematics among those who were no longer taking 
the subject. The war pointed up this need and showed the weak¬ 
ness of our young people in mathematics. From that time, the 
second alternative has become popular. To be sure,- courses in 
general mathematics go back further than the war, a quarter of a 
century at least, but the war and the subsequent Second Report 



297 


PKOVISIONS rOR IRDIVIDUiL DIFFEIIESCES 

of the Postwar Conunissicm ot the National Council of Teachers 
of Mathematics gave impetus to review 
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strative geometry but the main objectives can be led up to grad- 
uaU^y means of a laboratory procedure and deduction o^an 
informal sort. The objectives uiU be met but upon a loner 

of the faster students can proceed 

abstract rvork from the beginning. ^Tmanv onimr- 

taught the course for the slower students wnU find 

tunities tor making the work clearer by a brief use of the labors 

tory method. . . i ««« 

In the small high school where no selection into classes is pos 

sible and all levels of students are in ‘’’'i 

tes-hin g on various levels of learning is still possible by S^oPP'”® 
within the class. The problem here is to keep the better studen 
properly occupied while the slower ones are carrying on in^ 
experiential work. This is the time to think of “ennchraent , 
history of theorems and of men behind the theorems, vano 
practical appUcations of the theorems, the logic of ““ 

newspaper articles, fallacies in advertisements and elsewhere, in 
brighter group will enjoy these things and can report to the whole 
class about them. . , 

Differentiation in Courses. For years after the great 
students into the secondary schools, leaders in the field of ® 
matical education attempted to vary the traditioiml academic 
courses in depth and scope to meet the new condition. 
progress was made, but the continuing large percentage of failures 
in these courses attested to the fact that they were not ineeting 
the needs of a great number of students. There were two altema 
tives, (a) those who could not profit by algebra, geometry, an 
trigonometry should drop out of mathematics, or (b) there shou 
be different courses for these persons. 

At first there was a trend towani the first alternative. The rop 
in enrollment in mathematics became alarming to those who^^' 
the need for mathematics among those who were no longer taking 
the subject. The war pointed up this need and showed the weak¬ 
ness of our young people in mathematics. From that time, t le 
second alternative has become popular. To be sure,- courses m 
general mathematics go back further than the war, a quarter o a 
century at least, but the war and the subsequent Second Repo 



297 


PROVISIONS FOR INDIVIDUAL DIFFERENCES 

of the Postwar Commission of the National Council of Teachers 
of Mathematics gave impetus to for the review 

General mathematics cours^toadefimte^ 

of arithmetic and go on from I geometry of academic 

immediate value than the ^ the mathemat- 

courses. Among other topics, ritizenship, and mathematics 
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General Mathematica for further study toward 

in the ninth grade needs algebra jj^jy Msh 

scientific or engineering careers. mathematics and 

to elect algebra .hough they are not thinking of 

have done well previously e it is a larg 

" m problem of dividing is ST’grTat^^h= 

algebra and the other general jics course to lueet the 

problem of varying the Sef ^ ““‘y“ this cour^. Th^re 
Lds and the interests of ‘h“^,‘“p"®,amation 'or » 
prognostic tests to provide ij .j^^atics groups. ^ 

into the algebra and uU 

betiveen teachers and '•'’““ji'S „ ,vorkeble d"f ““ £tlcs 
concerning the students " taking genera 

The real danger is that "'“‘^'^’^Uiout much 
rvill all have to take ^ group. ehool to 

the \ride range of abiMj ^ year but f 

mathematics vary a school, aad mthm • 

school, from claffi to same kind of ^ for 

two classes are likely fle.\ible course j(_ 

We suggest the grade. B ".Sj and 

general mathematics in the account ind 

has a diagnostic approac He should have 

group differences. , .csaaitics in the ninth grade 

A course in general ma 



the LEAHNINO OF JIATHEMAllCS 

Teo. of arithmetic because for «.c 

most useful branch of mathematics. need for 

S" ts five in a ivor.d of geometry. Geometric 
all about them. An elementapr l“o'''^^Ee o S ^ 
and the relationships among them mil help the elesirable 

to a greater appreciation of their surroundings 
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difficult but unwise to state specifically wffiat should b 

in any pven class. Individual and group differences n 

vided for by allo^^■ing the teacher and the class to select units 

from a suggested list of units. . 

The arithmetic should be approached from a diagno ^ 
of \dew. Seldom wll a class need the same kind of approacn 
^ven in the seventh, and eighth grades. It should be aug 

needed, not as new work. _ . cpventh 

The order of development of details in a topic in t e - , j._ 

and eighth grades is important. Usually there is enoug 
ground in the ninth grade so that order of procedure is no P 
mount. Often you will learn more about the members o a 
by jumping into the middle of a topic or even of 

that might in an earlier year come at the end of a topic. Ins 
taking a subject like division of whole numbers or °P®^^ . 
with fractions and ^ving a careful development from s ^ 
finish just as if the work had not been done before, fo o" 
techmque of giving short tests of miscellaneous 
eral times a week and govern your in.struction according y* 
method of procedure will help you to vary your arithmetic acc 
ing to the needs of the individuals in your class. *c.cts 

If you are careful to see that your series of miscellaneous 
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covers all the essentials in arithnretie these tests constitute 

your course of study so to K ^ “y cacrfutouestioning the 
Study pupil’s error^Try to tod to many 

causes of the errors. You wi . . plan developments 

pupils. Other errors rvill be madebyoriyaew.r^ 

in the hope that with pro^r un necessary. Continue to 

wiU not recur. Help individuals ^ “ 

study the reactions of ' your^ methods of teaching, 

the classroom so that y“" ^ that results in increased 

This is the kind of thoughtful ex^ne j a^ads of your 

ability to make adequate diagnosis of the diuere 

pupils. , . ..umpiic may take the whole period. 

Some days this work m “"“""'I'” ^0 minutes for the test, 

More often it should not take m ^ You need not 

the checking by the Choose the roost common 

cover all the errors oa „ disposal, tong 

errors. Fit the instructioti ^ but seldom are tbej 

periods of specific drill bring q 

lasting. Another day « coming. geometry, it w 

Beyond this anthroetic ,viser to have a hs ^ 
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meet their needs and eral mathematics give « 

The units in various textbook is enough, ' r*- 

a good start for a list. No one .phe check list of un 

take care of the wide “' ‘“p^^ar Commission m anrtto 
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Buying a dress. Making an end table. 

In dealing ivith these units, the most important thmg is to 
interest the pupils, to sell them the value of arithmetic m thei 
etry^ru-'nriompetenee ndll not come unless .nter^ is 
aroused When you have the interest of your pupils, learmng 

““M^ny o'^tte students in a general mathematics class wiU be 
average or slow learners. Slow children cannot ™ 

prises, investigations, or discussions as complex and as co p 
Lnsive as those carried on by brighter ones. They do not ^ . 
far ahead, consider so many alternatives, or take into “t ^ 
ivide a variety of factors. Discussion periods must be 
interest of some classes cannot be held for more than ten 
at a time on any one thing. 

Classes v,i\[ vary in interest and attention span. A teacher 
able to keep one class interested in a newspaper unit for a naii 
hour at a time. The same teacher found another class would staj 
wth him on the same material for only a little ’ 

He did not try to keep the second class going for half an hour ] 
because he could do it with the first class. An attempt at iree 
discussion is worth Uttle when interest lags. If you 
that parallel the Ufe interests of your pupils, you wiU be able to 
keep up interest for longer periods of time. ^ 

You will often have to carry the load of a discussion peno 
yourself. Pupils wiU faU in with your suggestions and make sugges¬ 
tions following the pattern of yours but in general you cannot 
depend upon a great deal of originality. When suggestions are 
not forthcoiiung you wiU have to tell your pupils what to do. 
Never let a discussion drag or become lifeless because you are 
trying to get something from your students that is not t ere. 
Always strive for the best kind of pupil participation but remem 
ber that when interest fiuls you are probably attemptmg e 
impossible. 

An illustration will help to make clear the meaning of the pre 
ceding paragraph. One teacher carried through a unit on Buying 
and ^laintaining a Home. The unit took fifteen to Uyenty minutes 
a day for three weeks. The pupils kept note books in which the\ 
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SUMMARY 

The fact of variability in the traits of individuals was know]) 
even in ancient times but it has been left to the last half century 
to deal in detail Mith the vast problem of individual difference-s 
in the schools. Even now we know more about the existence of 
individual differences than we do about the manner of dealing 
\\ith them. 

In Grades I through VIII^ all children should study the same 
topics in mathematics in order that they may have the same fun¬ 
damental background. Differentiation should be in levels of learn¬ 
ing and in depth and scope. Beginning with the ninth grade, dif¬ 
ferentiation may be made in courses as well as in these two other 
ways. General mathematics instead of algebra is better fitted to 
the needs of a large group of pupils. Those going into industry 
and commerce as well as those going to institutions of higher 
leanung to speciaU2e in non-mathematical subjects may well take 
courses more fitted to their needs than the highly technical sequen* 
tial courses. 

Grouping, whether by classes or within classes, is only a means 
toward an end. The narrower the range of ability within a class, 
the more efficiently the teacher can take care of the various levels 
of ability. 
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as planned, all the time, but ia the long run he has a decided 
advantage over the tyro who knows a formal set of rules but docs 
not foresee the consequences of each action. A further advantage 
of the WTittcn lesson plan is that it permits self-criticism. After a 
mediocre lesson, the teacher may review liis plan and discover 
wherein he failed to take full advantage of his opportunities. 
After a good lesson, he may be able to find out why it was so 
successful. The written lesson plan is sometimes helpful to super¬ 
visors. Sometimes the supervisor who watches a lesson is unable 
to tell what the teacher had in mind; a glance at the lesson plan 
may aid him in his advice to the teacher. 

Although the written lesson plan has all these advantages, it 
cannot be denied that there are a few disadvantages. A teacher 
who has spent a half-hour writing a lesson plan may be loath to 
discard it when the class has developed other plans just as good. 
It is obviously unwise for the teacher to proceed in one direction 
while the class is headed elsewhere. Another disadvantage of the 
lesson plan is that it is essentially static, whereas the teaching 
and learning process is dynamic. If the teacher regards the lesson 
plan as a guide (rather than as a crutch), the lesson will be 
benefited rather than harmed by the written lesson plan. A 
third disadvantage is that teachers may tend to collect and pre¬ 
serve lesson plans from class to class, and term to term. Since the 
teacher-pupil-Iesson relationslup has so many variables, it is rather 
improbable that the same situation will be reproduced term after 
term. 

Probably the best compromise is the use of a brief written lesson 
plan after the teacher has gained experience in the planning of 
instruction. The methods presented in this chapter are given in 
detail for the beginner but may readily be altered for the use 
of the experienced teacher. 

The Variables in Planning Instruction. There are five main 
factors in the planning of instruction: the-personality of the 
teacher, the personality of the class, the nature of the lesson to be 
taught, yesterday’s lesson, and tomorrow’s lesson. All must be 
taken into consideration by the teacher who plans his lesson. 

First, it is evident that some teachers have a preference for 
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been (bscussed in an algebra class, it is natural for the class to expect to 
do division next. Often, today’s lesson will supply the link for tomorrow's. 
The student who asks, “What would we do if... is often asking a 
lo^cal question for the next day’s lesson. The teacher should compli¬ 
ment the student for hia perception of the pattern of instruction and, if 
possible, start with that same question on the next day. 

The purpose in providing continuity is to emphasize the fact 
that mathematics is a complete pattern in which the individual 
lessons are merely experiences provided to induce insight. 

It seems reasonable to conclude that no fixed set of lesson -plans 
will fit every teacher, every doss, and every lesson. The teacher 
may, after years of experience, work out a cherished set of plans; 
but copious alterations will be in order whenever they are to be 
used. 

The "Basic*’ lesson. Although there are so many variables in 
the construction of a lesson, most lessons are probably of the 
developmental type. Most teachers seem to regard this type of 
lesson as the fullest expression of their art; and it is very likely 
true that almost any topic in mathematics may be taught success* 
fully by the developmental method. 

In this method, the teacher 6rst motivates the class in order to 
energize the learning process. Once the pupils have been made 
aware of the goals, the teacher ties the topic to previous lessons 
in the subject and to the pupils’ experiences. Following this, the 
teacher, usually by progressive questioning, directs the attention 
of the class to sub-problems until the main problem has been 
solved to the satisfaction of the class. When this is done, generali¬ 
zations and summaries are made, and the class applies its solution 
to specific problems. 

It would seem that this is essentially the Herbartian-step 
method of teaclung. Differences in the actual planning and teach¬ 
ing arise, to be sure, in the application of these steps, rather than 
in the steps themselves. A developmental lesson taught from the 
“connectionist” (S—R bond) viewpoint is very different from a 
lesson taught by the “field” (gestalt) theory. 

The main portion of this chapter will be devoted to methods of 
planning this “basic” lesson from the field theory point of view. 
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The laBt part of tl.e chapter is set aside for a discussion of the 
numerous variations on the baac plan. 
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it is clear that the problems uncovered 

resolved at the end. . [ ibe lesson have been 

Only after the beginning “^,“aetermine the path to be 
determined can the -I'nalv 

followed from one to the other accordingly. 

Slop I. The Aim. The firststep oI tne^ p^poses, th s 

a determination of the education or of mo cma 

does not refer to the large ^jpjy, e.g.i 

but to the topic given m tn 

Rate.time4istancepr*.-^X“eSTa.ines^^^^ 

Two poinU, each equldis^lanUmm 

Introductory lesson on the ta ^^^.Uc equation. 

Sum and product of the rool. of an gbmee at the 

Step 11. ^fS'ff^&tethe specific knowledges, 

S:'ln?conc^£n';^,-^„^^ 

«“S;each.,be-^ 

of the elements o tta^^^ni p„ness. However, 
barriers invoHed m 
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of the lesson plan which often can be saved from tenn to term 
without too much alteration. 


Rf^'tiriie-distaTice 
Meaning of rate, time, distance 
Units of these 
Relationship {RT = D) 

Distance diagram 
Procedure for solving 
Solution of equation 
Checking solution 

Graph of slraighi line 
Pointa and number-p^ra 
Meaning: ana and origin, etc. 
Plotting points 
Table of values 
Locus concept 

Number of points necessary for 
line 


Tiro points tic. 

Meaning of equidistance from 
two points 

Meaning of perpendicular, of bi¬ 
sector 

How to prove segments equal 
How to prove lines perpendicu¬ 
lar 

Planning a proof 
The proof 

Application of the theorem 

SuTn end prodxict of rooU 
Meaning of sum, product, roots 
Induction to arrive at hypothe¬ 
sis 

Proof of relationship 
Use in checking answers 
Use in forming equations 


Step III. The TermiTud Summary. Once the specific objectives 
have been listed, it is sound psychology to prepare the terminal 
summary immeiUately. This has the effect of eliminating ira- 
posdble goals and of ma^ng the path of the lesson specific. In 
some cases, a terminal s ummar y is provided by the solution of a 
problem, by a conclusion (such as the statement of a theorem; 
with explanations), or by a construction.. More often, it is in thf 
form of a series of questions based specifically upon the list o! 
objectives: 


Motion problcTne: 

1. A certain story has it that a boy scout walked 6 miles in 2 hoim 
What was his rate? his time? his distance? 

2. ^Vhat is the basic relationship between rate, time, and distance 

3. 'What precaution must be taken with reference to "units of measure 
ment” in applj-ing this relationship? Give an example. 

4. How would you make "distance diagrams” for the following prol 
lems? 



PMNNEU INSTUUCTION* 


309 


a. !„ Iha explosion ot a„ atom, one patticic flic, io one diccction, 
another in the opposite direction. 

'tot srscOTds'Som Ja*. but Jack caoiil np !>“ 

0 . When Pam entered the J 

at the other end. They ran to meet each other, they 

third oftlm distance '■'“"“‘.'“"[““h ,i teams tvere lined up 
d. The Tigers and the W^t I^toidcdtocha^ 

at their goai-posts to take P‘' „al.post. The Tigers got 

sides. Each team raced to the other goat post 

to theirs first. , j- you represent the 

o. Mter drawing the distance diagram, how y 

unknown quantities? .xrohlem tabulated? 

G. How is thi infomalion in a motion^^ 

7. Hosv do yon use 11'^'='^“'“''™ “ ' deten^ine whether or not 

8. Alter solving the P^W^^^^^rditioo* si'-en? 

the solution 13 consistent witn 

Sum and product; „ roots,” “product 

1. mat I meant by the phrases, sum 

the roots”? . . * j. the 6um of the roots? 

2. In the following equations,.tvha 


product? 


1 - 3i + 5 == 0 


ji - 3i = * 

ji - 3i = 

2j» - 5j + 7 = 0 
334+10 =271 

3 . How would you cheek the j,. 1 and 4, 

4 hI wouX^regnaU^^^^ »“ 

3 and 5/0, 7/3 t^^mtd^prodnet relationslnp? 

5. What are two uses tor tne sum ^ discussion 

It is often advisable Md°^e““P‘ 

question which wU provid 
lesson. 
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\Vby do you suppose motion problems are so important in navigation? 
■WTiy do you think scientists hare to knotv how to “make” equations? 

Step IV. Planning SuppleTnenlary Aids. When the objectives 
of the lesson have been listed, and the tenninal summary pre¬ 
pared, departmental resources should be explored in order to 
find appropriate teaching aids. Short films, filmstrips, models, 
cartoons, editorials, globes, maps, instruments, and tools, are all 
grist for the mill. 

The choice of teaching aid is quite important, for while a good 
teaching aid does not guarantee a good lesson it is quite possible 
for a poor one to spoil an otherwise successful learning situation. 
For example, a mathematics film which has errors will destroy 
the worth of the lesson no matter what the other good features 
are. 

SupplemenUry aids in algebra may consist of certain materials related 
specifically to the topic, sucb as bankbooks (for interest problems); 
stock certificates (for business problems); geometric models, balance 
scales (for the equation); the spring balance (Hooke’s Law); and yard¬ 
stick with sliders (for positive and negative numbers). Supplementary 
mds in geometry and trigonometry include folding jiilers with rubber 
band attachments, photographs and enlargements (similar figures); a 
knotted cord (Pythagorean theorem); sur%'ejing instruments, and such. 

In some cases, the supplementary aids will be found in the 
departmental closet. In others, the teacher will desire to fasWon 
them, Hmself; or the student may take part in their manufacture 
or may bring things from home: 

In the lesson on motion problems, toy cars or trains are most effective 
in pictorializing the situation. In the lesson on “two points equi-distant 
from the ends of a line segment a bow-and-airow may be used. 
Tinkertoi’S are a rich source of material, as are Erector sets. 

Step V. Planning the ^foticalion. In order to explain the method 
of planning motivation, it will be necessary to TP^kp some in¬ 
troductory remarks concerning it. 

^lotivation may be defined as any s tim ulus which causes a 
rise in body energy. For example, hunger, fear, and the injection 
of glandular extracts are means of motivation. To be sure, they 
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are useless for tcacl.ing purposes because they a... 

undirected rivilrv bitter competiton, 

Methods like punishmcrit, motivation which 

reproof, and failure a level easily uader- 

operate because they reduce the p j j^t may not under¬ 
stood by the student. (For , but he rriU under¬ 
stand the importance of the goa (j^cber’s anger.) These 

stand the importance of mason. The real goal, 

methods are, however, of the teacher; the sub¬ 
in this case, is avoiding the ,„oded ivith a pattern 

-•* r"' 

ment) wall remam. orks, parental “PP™}' ; 

Similarly, praise, b, and the llke. serve asj^w^ 

“races,” mathematics to r^^itute goals rvbch ar ^.qu- 

tion because ’they '“PP'^. , lesson. In this 
perceive than the true goa «' „o a 

Ly achievement (the primary goal was 

but it should bo kept m t„ hobbies. 

mathematical one. , ^„g to previous le^ ^ 5ub- 

On the other ^I'rests of children, and to 

to sports, to the outs d^^ ^„tivation he® Jjj the new 
jeets are samples closure, » e., tb^ , models and 

Zt"reduces 

Before going to a t Jltion than excessi^. “ 

might be well to say j^geient “““y ^ concerned. If ‘he 

to be far better to have^’ ,,uc„mg situation ^ coy- 

tar as the teachtoS j the pupd h ^ ^„j.escite- 
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1. Overtake problems: Two boys were asked to go to the front of the 
room. They were placed side by side at one end. One boy was asked to 
start walking acrc^ the front of the room. After he had walked five or 
six steps, the other boy was asked to overtake him. 

2. Overtake problems: “Last year, after a big steamship left the pier, 
it was discovered that a verj' important passenger had been left behind. 
Fortunately, the ship was not very far away, so he hired the owner of 
a speedboat to take him to the ship.” 

3. Locus: The teacher ti.^ a piece of chalk securely to a piece of 
string and sivung the clialk japidly. “WTiat geometric figure docs this 
look like?" 

4. The sine curve: 'Hie teacher showed a film called “Periodic 
Motion.” 

5. Congruent triangles: llie teacher had cut a triangle out of card¬ 
board and asked what measurements would have to be made to make 
another triangle exactly like the one he had. 

6. Similar triangles: The teacher brought in a 4 x 5 and an 8 x 10 
photograph of his son. The teacher and class discussed reasons why the 
two photos were similar. 

Most lessons which employ supplementary' aids are using this 
law of motivation. “ConcreUzing” the problem tends to make 
perception easier; thus uses Law II. 

Motivations under Law III. The tliird law must be used in 
classes where considerable energization is necessary. Here the 
true goal appears too “distant,” so a substitute goal is provided. 
The substitute goal may be based upon current events, comic 
strips, puzzles, games, recreations, competitions, and tests. Or 
a novel situation may serve as motivation; a student may, for 
e.vample, take over the class (this is like a game). CommiCfees 
may be set up; here the group activity serves as motivation. 
Physical activity, such as board work, making models, may serve 
to energize the instruction. A few examples are given in the 
following: 

1. Motion problems: “How many of you have seen jet planes? At 
wliat rate does a jet plane travel? You can understand why some people 
call thb the -\ge of Speed.” 

2. Two points each equidistant: On the previous day, the “extra 
credit" assignment was made to read about the crossbow and to report 
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to U .0 Cas.. Tho report took t.o 

must the arrow be placed in order to ^ following problem on the 

3 . Interest problem: The in 1915 a 

board bcfoie tho class entered. if the 

student by the name of would you pay 

interest rate is 3% ras high as $10. 

for Smith's bank account? Gui^l The ra j,,,, „ei, 

4. Graphs: “How many of you toe ®„,iician now at 

experiments with small . rrujiow which made the atom 

Princeton worked 0:1 tho baste Rclali J ^ j.„„ probably 

bomb possible. Docs anyme here k,l„t you cui 
know, Einstein’s work had to <!“ "'‘I P ^ going to do the 

use numbem to tell about thmp m jara^ y ,o„ ,he posiboa 

same tlnug on a small scale-we;re going to lear 

of things by means of numbers. , nja the iUustration or 

5. Binomial theorem: Tho ^^“ngmathematicaltheor ^ 

the power of the inductive “'‘''“I” ■f.““oveU? Recently I read a ^ 
“How many of you road ao‘o'U^'''‘7rt,n r,piun.e of a '““"dw®”" 

in t\hich a scientist was asked »» he didn’t see how i . ^ 

figure with equal sides and aiig c ■ ■ the ioiTHul^ or 

done, but after a while ho bcgmi to ham i 

of a square and tho volume o ^ student go ' |]g(j 

Can you guess how he a method of f 

teacher continued, “'iou same method to . 

“induction.” We’re going to apijy the __ thmk ho 

way to solve problems like (a+ W on 

start our induction?” (a) deter- 

step VI: Planning '^^Us'ttd your "hieoUw. W '7; 
mined the aim of the lesson, ( ) ' objectives in 

posed a terminal a'“™“7o!ds whicli roigM '’".“^orv becomes 
veyed the s"PP'c"'Uu*7„«l motivation. H ,0 

your lesson, and (e) pu" channel the 0“®’ ° nd desirable 
necessary to decide how made cle 

resolve the problems w nc t learning takes 

to it. , of the lesson tJ . ^ 

It is during the after a supp'!'^ goal (or 

place. According to « "'“Siton is dite'^ “ don''o'™'*- 
made avaUable, and fu'-Lown as “pcteepf°“ 
substitute goal), the phenomenon 



318 


THE LEARNING OF -MATHEifATICS 


course of the development: 

4. Discriminants; The class had been separated into four parts and 
eiich part was assigned to apply the quadratic formula to one of the 
following*. 

X* + + 7 = 0 

z* + 6r + 8 = 0 
z* 4* Ox + 9 = 0 
z* + 6z + 10 = 0 

They were asked to leave the answer in radical form. The radicals were 
\/8» V^» Vo, The cues on the lesson plan were: 

a. Solutions on board 

b. Teacher and class solve all except last 

c. Speculation about V—*1 

d. Imaginary axis, “i” 

e. AVhy the discriminant shows type of solution. 

There has been much speculation regarding the relative advant¬ 
ages of (a) logical vs. psychological, (b) inductive vs. deductive, 
(c) why vs. how, and other schemes of development. This has 
led to experimentation with the folloAving conclusions: 

1. It is quite true that some teachers are consistently success¬ 
ful whereas others are not, 

2. Yet repeated experimentation has failed to show any ad¬ 
vantage of one type of development over any other, and 

3. Expert analysis has failed to show that any specific teaching 
act or any specific teaching method is significantly correlated witli 
this success or lack of success. 

Under the circumstances, the teacher can only draw upon the 
generalizations of educational psychology in planning his develop¬ 
ment, in the hope that these are more likely to lead to success than 
a haphazard approach. The crux of the matter, in planning the 
development, would seem to be the nature of the class. In a 
bright, interested class, it is perfectly possible to pursue a strictly 
logical sequence; 

tVhat theorem have you proved conceming tlie angles opposite tlic 
equal sides of an isosceles trian^c? tVhat does this suggest for a triangle 
which is not isosceles? tVhat theorem can be used to prove that one angle 
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U larger than another? TOat ^ 

::t‘:."rwXCMlnea..och^ 

...• - .r, the lesion 


ca led psychological aeveiup.*-.-- - j ^.giopment m 

development is, usually. J rearranged. In 

the steps are shorter. In or are covered by cas} 

others, the difficult steps are postulateu 

analogies, ^ isosceles 

tVhat theorem have n o proved I have cut out of paper, 

triangle? Now look at this ‘"“fgat angle? the smallest angH 

rVre The angles equal? \Vhi* “ W* i»,">= '“f 

(Measurement with protrac or j • jo you thu4 cw , 

the smallest side? 'Vh^ P^f^ug AC. f = iScr? 

Let’s fold the paper so that AB j ^^,0 c tyhim 

AB stick out? Now look at “8^^" ,„r„ed uhh Ihrs '»^%7,l.e 
How do you know? Suppose you ^ than angl 

How could you tell that angle ADT mus 

email triangle? , more time, 

The psychological dovelopmm-l 
as well as trouble, b=“ffJSevclopn>cnt,‘Ire teacher nug 
writing the plan of such a lengmy 
note just a few key pluoscs. 

“™"°""'^:l::Ccat-wHchhe.hou^^ 

Ho miglit also note t" “ “ inductive vs. dc- 

dircct the clnsa proixib-^^l^ tefeicn« the 

Similar consideral ons n ^[553 w)" ^ ,53 jrgites. In 

ductive dovclopmcnla- ^ If “E ^ .j,, i^ad to >1": 

proof that the an® ot ^Jor staUshcaUudy 
.■mother class, arr^'tl^ii still '«"^“^^arly. In »>®e ca--«. 
concept desired. understood 

mm. tat the goal'Will* 


rem, but Iho goal 
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it is advantageous to use the 

classes. For example, e^u a bnght to hj ti^^^u 
about exponents, deductively. How much easier 

“U-5-5-5.5ya.5 Crheu atewmomexai^ow^ 

can you make ... ? Wnat la x /irf ^ hoard? Aoplv your 

meins 64^ hL much is that? WTuit is your conclusion about 2 ? 

It is rather evident that the deductive, ‘he 

easier and more direct development wherever nature o 
lesson warrants its use. Whenever the goal is ^ 

that the student cannot perceive its true Pat^™ , inductive 
is probably advisable to plan a ‘^Mes,” 

development. In this case, leammg still takes plai» y 
but the method of "progressive wholK is used. In t ■ ^ 
“wholes" are learhed, according to the capacity of the studen , 

and then these are integrated as desired. ,i,„ whv-how 

Very much the same considerations apply to the .• 

controversy. If the class is able to perceive "why before h ^ 
this is clearly the most satisfactory scheme of development.^ 
ever, many topics (such as “square root by the 
SO difficult to understand that there is little or no ^ „ 

deducing a method before applying it. If “why” ° -J 

it means that the method must be developed by 
the case of a topic as difficult as this, there is no help for it. xi 
“how” is shown, and then justified immediately by ® 

the square root by itself to obtain the oripaal number, wne 
the “why” follows the “how,” it may consist of a “justihcatio 

rather than a “proof.” * v a 

SUp VII: Planning the Board Work. Whereas the f 

student’s own summary of important points, the black ar 
the notebook for the entire chss. On it is a running , 

the lesson, so that the class always has before it the goa an 
steps leading to the goal. . 

In planning a lesson, the teacher must take into accoun 
physical limitations of the class blackboard. He must think o 
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placement of the various 

what is to bo erased. In Mine „f blackboard space, 

sketch or note of the plan 

Such a plan is shown at ‘‘'““f .“^^^^KrahcM. The lesson plan, 
Slep VllhPlannm complete. From he 

written or mentally planned. ^ purpose of the 

viewpoint of the student, he j^bt into the knowledge, 

lesson was and he has gamed ' j ,be lesson. 

concept, or skill which was the cont^ aiHerentiation, 

The psycholopcal steps j precision. These take 

(b) integration, and (c) the b when these are propel y 

place as a result of drill and generalization 

planned and accomplished. ^ learning takM P 

SSLLfauSuortoc'omiiari^^^^^^ 

lesson plan should, therefore. The* 

small details of the P theorems and corollane , 

problems of the usual j, situation: 

tions of the concept by loga- 

.t.-r teaching the^;i»rSw;ialog(S.,and 

'cS/E!’oS 2)”*'' binomial theo-cni. the 

2. After teaching the teacher apphes 

use it to find (1.02) . gpomctric torepeatinsdeci™^^' 

“^rAhor ale*-nn/-“STg;^n 

measure the height of 
yardstick. 


the learning of mathematics 

S“S=S:==:- 

always the same drill which causes dillerentiatioii 
brings about integration, the reason being that the student sees 
Stton from a dillerent point of view. Tlie teacher may as> st 
tL process of generalization by providing appropriate experience,. 

1. .After studying the strai^t line graph, the class is led to think 

about pointa oft the line (locua idea). ♦Vta fnntral 

2. -Vfter teaching the chord-chord angle, the teacher tr 
anele formed by two diameters as a chord-chord angle. 

3 \ftcr teaching the quadratic formula, the teacher brings abo 
situa^o"lh a quadratic done previously by factoring is now done 

'’^ 4 !*'.tfte™e“aching the “digit” problem, the teacher discusses the binary 

^ 0 , .After teaching complex numbeis, the teacher «jMi!dary 

dimensional graphs of second and third degree loci (see Fehr, Seconda J 

Mathematics, p. 285-91). i. i Hkniss 

6 . After teaching plane loci, the teacher allows the class to discuss 


solid loci briefly. 

The third function of drill is to bring about “precision." Often 
tills is the only thing consciously aimed at. However, since it is a 
normal consequent of differentiation and integration, tliere is no 
great need to discuss it separately. 

Two important things to remember in planning drill arc: 

1 . Drill must be motivated. If the lesson was well done, tlie 
need for drill will be apparent to the class and no further motiva¬ 
tion will be necessary. If the lesson was not sufficiently succi^- 
ful, motivation can be brought about by Law II; i.e., by grading 
the drill work in such a way that only a slight challenge is offered. 
If the lesson was poorly received, I^aw III must be invoked, c g*» 
“Problems like this will be on your ncKt ICMt!” Tiic method o 
motivation of drill is, in reality, a key to the opinion a tcac ler 


ha.s of Ins own lesson 
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2. DriU must provide for 
cision. The method for accomplishing these three 

drill has been explained above. teachers regard the 

step IX: Planning Iha “he mathemato 

homework assignment os an ^ ti n has been far from 

r5„”ri.-. Tr;s.-r‘.-i ...“ 

planned. . ^wnrk are (a) th® repetiti'® 

Three methoda of asa.gnmg type, 

type, W the voluntary jj basically con- 

The repetitive type of homen it is in full 

trary to the tenets of field theo^. to mofie™ P^' 

mth stimulus-response grjt actual P®'"®®?*™', 

chology, learning takes ph« a he fie t o 

lowed by insight. ^^pLi it do®® ® 

lengthenmg the interval 0 pe ,,hich the 

about learning. assignment, m 

The voluntary ty^ »'^Tn^rjUv P»,f 
pupil does whatever he Ihin^ " j ,be pupil Uoa 

IZial where ‘h® “",inaUe, 1.®"®''.'’, •”:r.re;‘do n®t 
he needs. It hardly -e needs, cspecmHi jifHcult 

to be able to ‘'y„ as a practical ‘“®“®„,s in a 

understand the work. ’ voluntary as. gn 

for the teacher to check 8 veloped by S"'“" 

The spiral tyF« of 

L. Berman, chairman of the W accori ^ j^i,y 

sant High School, N®"’ScUiod, Ih® "““'riJ Iw'® ® 
ciples of field <h®»'?;-viously l®®™"',"'Traspiia'®-'-‘'^';u 

assignment deals w n normal } 

part is devoted to the ni forgettinS'® learned; i.®-; 

takes into account the pattern amount o! 

phenomenon <>''®®''.‘““jandinlcerat^’"'i I prcchion is 1®1- 


precision has uv'*;** o 
Thus, a student who at one 
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of “ori^als” in geometry becomes hesitant. After a further in¬ 
terval, the effect of differentiation and integration disappears. 
The student not only cannot solve an “original” quickly, but he 
is even unable to reconstruct the pattern of analysis which he 
once knew. Finally, only the bare bones of the pattern of proof 
are left. The adult, for example, remembers that there is such a 
thing as proof, but he is unable to remember the steps. 

In the spiral method, the various knowledges, skills and con¬ 
cepts are interwoven into successive assignments in such a way 
that precision is not lost. Furthermore, problems are brought 
before the students at intervals in such a way that maturation 
and growth are encouraged. 

For example, suppose Topic A is taught oa day one. Problems are 
assigned from this topic. On the second day, another problem from topic 
A13 assigned. Now one day is skipped. On the fourth day, another prob¬ 
lem from topic A is assigned. Now two days are skipped. On the seventh 
day, another is assigned. Now three days are skipp^. On the eleventh 
day, another is assigned. Now four days are skip^. On the sixteenth 
day, another is assigned. 

This interval is lengthened until It reaches 5 to 10 days, depending 
on the importance and difficulty of the topic. Then the t opic is re-assigned 
once every week or two. 

For the first 20 days, the pattern of assignments would look something 
like the foUo^ving before the deletions which will be explained later; 


OAT 

TOPICS 

DAT 

TOPICS 

1 

1 A 

i n 

1 AEHJK 

2 

AB 

12 

BFIKL 

3 

BC 

13 

CGJLM 

4 

ACD 

14 

DHKJIN 

5 

BDE 

15 

EILNO 

6 

CEF 

26 

AFOP 

7 

ADFG 

17 

BGKNPQ 

8 

BEGH 

18 

CHLOQR 

9 

CFHI 

19 

DIMPRS 


DGU 

20 1 

EJNCJST 
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In actual pcactico, the teacher ulll 
tors: (a) If topic A leads to topic G, and if the st y 
involves a review of topic A, then J 

be terminated as soon as topic G is taken up. (b) » 
that on certain days (which "VTJ'mav d “ 

topics tend to pile up. In tins case, t e ac _ 
one or more of the less important ° in actual 

on a near day where there is no sue factor, (c) A 

practice, this seldom occurs because o ,ju; |t problems, 
specific assignment may nt da>^ 

by pure chance. A few interchanges between auj 

always solve this problem. ^ complea, is in 

This method, which at *'^’'ff!”- ,jp.by-step procedure 
reality very easy to apply- The fo oi Geometry 

shows how the first 15 assignments were made 
II, using the S-S-S textbook. 

II " aUoiiing one cell for each 
Fmt lUp; Rule a notebook into cells, ^ g. a 10 

homework assignment. It is each page i'll® 

notebook. Start on a left-hand page Xumber the cells coa* 

vertical columns and five horieon^ ~ 0™“' 
secutivcly from 1 to 00 for a semes er , „prtion.''Thi*i*‘^®'j 
Second step: The first topic was rati 
in pages 205-208, with exercises on P®8P immediately, 207/ 

mvl 4, 0, and 203/2, 4, 3 "f »d 203/1 

and 208/5, 10 were written ra the ^ jl in which 203/13 

fourth cell, and so on up to tij bccau^i it wi^ cU 

assigned. No more were asign the concep 

that the work on sinular triangles i 

ratio and proportion. homework for . by 

TAr-rd sUp: On each day.-hen 
assigned, the main part of the ^ the problems to 

the Vpin:i method. The teacher ^anccd^^t^_ ^07 

assignment as a whole uas . /,hc nork pn^ ‘ 
first 1.5 assignments were as 
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had been lett over from Plane Geometry I from a spiral assignment): 


DAT 

TOPIC 

NEW WOBE 

BALANCE OF ASSIGNMENT 

1 

Ratio and 

207/2, 4.8 

35/1, 2; 41/2 

2 

prop. 

Proper- 

203/2, 4, 8 
209/1; 210/2 

39/1; 207/7; 208/5, 10 



211/2 

39/2, 3; 207/8 

3 

Line par. 1 

213/4,5 

4 

side 

218/16, 17 

35/4; 41/3; 208/11; 213/G 

41/4; 213/7; 218/3, 4; 21o;2a; 

5 

Construe- 

Construction 




216/1 

6 

1 aaa — aod 

221/1,4 

35/5; 39/5; 208/12 

7l 


222/5,6-,223/6 

41/5; 43/2; 213/10 

8 


224/2 

35/6; 43/3; 218/19; 222/7; 223// 

9 

Other 

227/5 

41/6; 51/4; 208/13; 222/0 

10 

methods 
Int. chords 

231/2 

43/4; 51/2; 222/8; 224/0; 227/0 

U 

Tan. and 

231/3; 232/2 

43/6;56/7; 222/7 


sec. 

233/2 

59/4; 231/4; 232/3 

15 

! Alt. on by. 

237/3,4 

i: 

J Construe- 

238/3 

36/9; 224/7; 233/3; 237/o 




64/19; 68/2; 232/4; 237/6 

i- 

1 Pyth. th. 

240/4 

1 

5 Special tri- 

• 

68/4; 224/8; 223/4; 210/9 


1 angles’ 

1 



* Problem* from a mimeographed sheet were used for the special triangles 


Of course, it is to be understood that the listing displayed abo\ e 
is an explanatory' one; the actual assignment notebook consiste 
of a series of 60 cells in which the numbers of the problems were 
entered. , 

In ad(htion to the problems as shown, there was an optional 
assignment on each day to intrigue and challenge the bnghter 
student. . 

The Complete Lesson Plan. The method of planning a basic 
lesson may be summarized in the following steps: 

1- Head the aim and decide what the central purpose of t le 
lesson is. 
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2. List the objectives carefully. Acconip&hment of these ob¬ 
jectives must mean accomplishment of the mm 

3. (LeavetherestofthefirntpaBeblankJOntopof^ 

slieet, prepare the terminal summary v.h.ch 
class hL realised the objectives of the teon. The termmal sum 
mary must refer specifreally to the f“„.l,„atary 
4 Go back to the first page and dee^ on he 
aids to be used. The lesson rvill probably revolve about these, 

you decide to use them. . is an 

5. Now plan your motivation. a min- 

integral part of the lesson, plan to consum 

ute or two. 14 he continuous with 

G. The development of the les^n ( 1,5 

the motivation. Match the ™fEcient, in general, 

class. A tew cue questions and not^ hriefly. 

7. It may be heipful to plan ''“.'firings about differentia- 

8 . Plan your drill in such a way that it b g 

tion, integration and precision. method. 

9. Plan your assignment, using the P ^^ 5 , 5 ^ m j us- 

The following condensed („ 5 l ,eaction of the.®'*? 

trate the result of a lesson plan. T iltbough no claim n 

was included to make it more rea ^( 1,55 class, i 

made as to the worth of this • .^tiy successful [or c 

may be stated that the ignment was made m 

teacher and class involved. ip^n.) • *i,a 

class because it was a a normal class 

Record of a Lesson on Graphs. Queens, Ne^' ' 

first semester of an average lug ^ about e.'cpcdmo’fs 

Ifolimlton: How ““"y !'rt PrimeW 

'vilh small atom bombs? (Almost —othemstician ao" L^mb 
hecn in the morning paper.) A which made the a 

Worked on the basic Relativity rphistem-l . ,vork had 

possible. Does anyone know his jaiow, Emstem 

development and Drill: As y^ number jjoall 

to do with apace. He showed 7“ j He sam' *'!'® ^ means 
things in space. Today wcTo potion of tbmP W 

scale—we’re going to learn how o 
numbers. 
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Suppose sve cuU this row (the middle -v). rmv 0; this ^ 

uud this row. row 2. Write in yo^ row 0 met shall 

Xow let's see. This U row 2. thm ts rmv 1 ^"‘1 “ lo ] Good, 

we caU this row? (-1.1 Good. What shall »e call this row. 1 1 

Be sure to trrite your row number m yow Will 

Xnw let’s see whether we can identify a person bj 
th^^rso^wTh row number 1 plea^ stand? (The e.dne 
(The teacher appeared chagrined.) j fj^ntify this par- 

this girl. 1\’hat other information would be ^„ired to 

ticular girl? (The seat number.) How many numbers a e eq 
locate a sin^e person in this class? ITwo.) 

HI right, let's number the seats, too. if we really must. Th« m 
line is line 0. This one is line 1. Can anyone help number the o 

Xow. let's Ue whether we can identify a particular poisom 
nuiuL; will we need? (Two.) .HI right. I'll call two “ 

one will be your row number, the second your seal numbe . 
stand for an instant when I caU your “^a^es) 

two numbers). (The teacher practiced calling on pupiH b> 

How many numbers or co.otdinate3 .Lf^Sier 

son? How many numbers does each person have? (On Board 1, t 
wrotei 


Each Person Is A Number-Pair 
Each Number-Pair Is One Person 

Let's sec whether we can locate a point on the board in 
This paper will help you do the same thing at your seats. (Hanueo 
graph paper.) It is caUed graph paper, or quadriUe paper, or cross-ru 

''^Ut's draw a line down the middle of the paper and another ainc^ 

the middle. (Teacher demonstrated on graph board.) 

are called axes. The Y-axis U the vertical one (teacher showed) nno 

X-axis is the horizontal one (teacher showed). These axes are , 

off in units, like this. Most people who work with these a great 

like scientists, en^eers. draftsmen and navigators, make 

line a bit longer, like this. Tbb point, the zero-zero pomt. is callea ui 

How many numbers do you think will bo needed to find a single pomt 
on this graph Isjard? ITwo.) Very good. Suppose we agree that ine nre 
number I call U the i-value or z^:oordinate. and the second is the y 
ordinate. Just remember that we are calling them in alphabcti o 
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first I, then y. What does (3, 2) mc^? (i ^ W 

to the board and shoiv the class where this point is? line le 

using points ill all quadrants.) ,Mint?Hoivniaiiynumbers 

How many numbers arc rcqui^ to 6nd a^a» n 
does each point have? (The teacher went bach to Beam l 

see the diagram.) „„ imnortaiit use of this method, 

Finding the position of an object “ „„ >cl„ally show 

but there is another use even more "“P ' ro„..and-seat co¬ 

relationships between numbersl Lefs go back to your 
ordinates for a moment. «acond co-ordinate, S, ple^e 

If your first co-ordinate, ,, teacher TVTOte R = 5)- 

stand and remain standing. (On . ^ immediaUly. 

(One pupil made a mistake; the line was formed.) ^Vhat 

was used to emphasize the fact ^ ^ , jw let's go back to oui 

docs this figure look like? [A ^HXhe .V-axi., or the one 

graph chart. AVhich axis is like the H. und 

across?] ^Vhid^ axis is the seats-a-xis? ITb ' ^ g^ppose you 

H - si the teacher wrote x - »•) “ J^Kbiard. What d" y™ 

asked to draw the ■'picture" of i “ » , ^Vi„ someone come « 

think the figure would look I ke? 1^/' ^^‘ihe graph blaekboa d 
the blackboard and bold /“f f-“uid it i''“T'lu>^; 

where ho thinks the >"'u ^yijj j5u choose a pair ye of 

that’s the right ideal Lot s check, teacher made 

bers? You? You? (Meanwhile, on »«“ '* “j" epaiu fhing 

values.) Turn your graph Puf!^ .,3 (The teacher did t a 
drawing the rnses and chu"™®. * ye of values, pahu ““. i„ealc 
on Board II.) You see, m mind? [A P“"‘ > “‘j y the 

yon think of a number-pair, w jesetibed- (One PUP' | o,v the 

the points which we have .“Ir^'iy ^s,) c„ you know »»« .“y,,.., 
board while the othem did it “<• raised bands franU 

straight line should be t ^ to do it.) .p fi Suppose 

Let’s do it. (One pupil was cenk^^araw this 'f^Xt.) Would 

How many number-pans di y^chcr “"iv two number- 

we had only three number-pa» ygypposc^etook number* 

we still be able to ;i cajd that you jl,e other end 

pairs? one number-pair? (A ^ ,j |,e no ^.theUue? 1^"°'^ 

pairs because otherwise there w dowenEed^?^'!^':. be possible to 
of theruler.) How many .VcJd .J ^ P,,, point 

How many points did we ba\ Will you sugB ^ fractious 

have more points on thU ‘f A« there any equ 

that must be on this line? iC i * ’ 
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“infinite."! Suppose ne cl.oosc any point on this line. > 

the board and put your [''‘S" ™ true about those 

ordinates of this point? llt’s about (4! 45).l tthat is iiu ; 

two numbem? I'rhey’re equal.! WTiat is true about eveo number pai 

on this line? [The numbera ate equal.! 

Xoiv here’s a hard one. Suppose no choose a point not on the li . 
this one, (4,2). sArc the numbers ciiual? What call >J)U saj 
point not on the line? (The numbers arc not ,hc 

a number-pair iihe (3,5). Can you tell the class, without 

line, whether this point will be on the line? II t won t lie on the li 

the numbers aren’t equal.! 

You did so well with that, let's try another relatioi^hip. We ^ ^ 
the same set of ates. I’m thinking of a ‘ b“ ' 

number. Can you think of a pair of numbers like that? (On Brar 
the teacher made a table of values as the nunrberqiairs were odc^d 

WhenyoUECopairsoIiiumbctslikcthesc.whaldojouthinkof. 1 

These poinU happen to lie on a straight line. How mMy of them 
need to actually draw the straight line? (Two.! True. To ix sure, g 
mathematician usually takra three points. The third pomt a laK 
check the first two. On our table of values there are seven 
numbers. How many points are represented? ISeven.l Choose miy 
and plot the straight line on your own paper. (The teacher ®.. 

the room and finally chose a student to plot the locus on the blackboara.y 
Supptse we chose any other point on this line. ^Yhat would j ou 
the relationship would be between the two numbers? Suppose a 
taken which is not on the stnught line,, what would you 

relationshiptobel)etnecnthetwonumb€is?SupposeapairUke(— , ) 

is chosen. Without tr>-ing—Is this number pair on the straight Ime. 

These straight-line graphs arc called linear graphs, and the relatioi - 
ships that ©ve you linear graphs are called linear equations. 
of a linear equation was y = x. What was the other? (y — ? 

equations are linear. At another time you will study graphs which ^ 
not strmght lines and also straight-line graphs which do not go througn 
the oripn like these two. j we 

Summary: Let’s put together what we have learned today. How 
represent a pair of numbers on the graph? How many nv^bers 
attached to each point on the graph? How do we represent a linear equa 
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tiou like V = I? ^Yl.at do Z 

bcloro the graph is drawn? . j is the third pan 

need to have to draw a slraighl.ta "““It 

iiumbera used for? Suppose r« might line? \Vhea 

Would the point necessarily bo Suppose I chose any p 

on the line? When would it be off th^ J|s,i„hip bct»ecn the ti 
on the line y - 2a:. What »ouW „ 2r, iihat could you say 

numbers? Suppose 1 chose a P® numbers? ,i ^ a 

about the relationship ''^^,„iEht line y - 2* “ “ 

miy do you suppose that the straign 

“picture” of the criuation y - air 
Plan for Board Work: 

Board U 



- -L- T^^TT^riNBTBTJCTION 

vatiiaTtoNS educMi- bo“^'£ 

itoenee brtme^Xs „f "^^“aclW ,"Heh takes g 

oncemed. The The nunil activity, or the ac 

nental teacher eicept as it contn 

rhetheritiB«'^,isofno.o>i»'' 

)f mechanical dc 

X, mental activity- 
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entire semester’s lessons as a group. This is obviously the psy¬ 
chological operation of integration acting upon the teacher. "With 
this in mind, it is easy to see why the opening lessons in any 
course are heavy vdth motivation, whereas the closing lessons are 
of the review and terminal summary type. 

COXCLUSIOH 

In this chapter, the theory and practice of planning instruction 
has been described and illustrated. The method has been shown 
in detail for explanatory purposes. Individual users of the method 
will readily see how to shorten it for their own purposes. The 
plan may be written (and should be, for new teachers) or may, in 
many cases, be carried mentally. The method of planning may be 
applied to individual lessons, to groups of lessons, or even to the 
lessons for an entire course. The p^cholo^cal justification for 
each step was pven in. terms of modem psychology. 



11. Learning Theory and the Improve¬ 
ment of Instruction—A Balanced Program 

John H. CiAnK: and Howadd F. Fdhb 


WATS TO B.PHOVH IKSTDUcnON m MATHDMAI.CS ^ 

No pirrsiciAN is worthy of his rndcureof discASCs. 

ously improving his knowledge “ P"® the physician ab- 

As new knowledge and procedu techniques and ad¬ 
sorbs them into his practice, c ^ the benefit of his 

mimstering new and more ^search, engineering, 

patients. And so it is mth law, . jja-manner in the pmfes- 
and all other service profession- ® , vgj. geeks consUmtly t® 
sion of teaching, the alert mm ^ teachers desire tli* 

improve his instniction. Real mathcnmU« 
their students, through proper and go ^ 

better prepared than in the past, to lake 
cratic society. . ..v „ teacher can follow 

There are numerous avenu^ Tmclion The top-grade . 
wiU lead to improvement paths. One “''““V 

\vill eventually have travded a (jgvelopment, it^ 
the study of society, its ^thcmalics plays ■“ . 

future status, and the role a nian 1“°'. 

What is it that makes a sooc y, j, and 

this society each 21 hours of his , How do 

in the various careers react to "n® lelaUonsh.^ 

our physical, social, ’“J®' ’„,atics iustmetion to 

can the school, and tho ^ in this ° oucalioos 

prepare youths to ‘®’‘® The sW*!; "'-‘^nrov^cat of 

their several talents and mtc - to the .mP 

can provide tentative aiuwers pc study of 

nuithematical instruction. traveled, is * .^trucl. 

,\nother avenue, not ‘“h" fold "henun ^ 

mathematics-the kno'iWBO ^jad daily, hot any 

Not only is such knowledge being « 

335 
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It .vould seen, to be much more realistio ^ f «-"^t 
in accordance rnth their mam .f^^^^rdiigned to 

1. In order to introdnce indirect ‘7" 

hra class, the teacher took the cto to the am ^ d 
period was spent planning a scale drawing of it. This lea 

^'ftTZ\o introduce areas, one teacher spent the entim 
pa^ir-cntting exercises. Having P^ken the area of a^uam bj P 
thrclass was able to develop, empmcally, the forties fm t ^ 

oarallelograms. trapezoids, and regular polygons. The class was p 
pared fofftTproots to be attempted m the next two 'v^ rt 

3 In order m introduce logarithms, the teache^ad eo^t^P^ 
on computing machines. This emphasized the need for efficien 
of performing mathematical operations. 

The special purpose of a lesson may be to amass data. , 
perimental or laboratory type of lessorr seldom 
motivation since the novelty (m “,^n is 

excites the curiosity of the student. The result o 
usually a coUection of data which may have a more or less sci 

tific use. 

As an introduction to the use of trigonometric tables the 
slmcts, using protractors, angles ^bitervals nf bve deg^ 
ot the triangles formed are measured with scales, and the stnM, 
and tangents recorded in a “class Uble of trigoncmetnc functrons. 

A special lesson may be devoted to drill. This is risi^y 
a “review” lesson, although there is no distinctron betwf*G 
view" (as the word is usually used) and "drill,’ as rt h 
illustrated in this chapter. 

1. In preparation for an examination, the teacher distributes copies 

of previous examinations. The class works on these- i « the 

2. After a study of trigonometry in the elementary algebra 
teacher takes the class out to sur\’ey a lot. The application o 
knowledge constitutes a review. 
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In some cases, the class may spend an entim period in catching 

up on liomework. juccial-purposc lessons are, in 

It IS readily seen Ural tnese ^ |,ouever, some 

reality, similar to the basiel^n- ^ ^ „0icrs have 

features have been repressed or eunnnau , 
been emphasized. ^ in be said for a fixed 

Groups of Lessons. Them »s ,f x at the end of Plane 

routine in teaching. A P“P‘' ^ to mntUr that he 

Geometry I and goes to - • ^ ,„cll,od. Routine lends itself to 

was just getting used . ,^tcrs class disciphne. 

placid class management and th „,^thcinalics instraction. 

However, placidity is “ f“el^torbance of the pupil's 

Learning takes place bccau- disturbance by including 

pattern. The teacher can ...riation of lessoa plans, 

in his repertory of motivations tto The hist 

One easy way to do Hus P . , „,j fust part of a basic 
lesson may, as a whole, correspoad to the tcrmiDal 

lesson; the last lesson may, ^ » ''l‘® ■ “ Merroediate lessons 
summary; and there may “'“/fX"* 

corresponding to dcvclopmcn 

A teacher planned a group of five !r“h“,“e( the slide ml. and 
lessoa consisted of coimniltce The second ^ 

an exhibition of various types f a discussion of tha ^ 

showing of films on the slide ru , j ^;,er demou^ e j ^ 
The third lesson was one “'X slide rules. The 

model wliile the class The filth lesson was a 

waa drill on multiplication an , 

ing 20 minutes, followed by a re of a group-1'®*' 

hfost of the Bpeelal-PUH-,‘^-Xed V an intreduemry 
example, film lessons are summary .id by 

lesson and followed by a manner, then 

study lessons aro rTrof"’®*^ Laboratory lessons are 
recitaHon or lest (suminary). ^ purpose “ .j; g the 

by another lesson showmg lessons exploding 

mental xvork, and followed by one 
data amassed. -ventually come o 

The experienced teacher will even 
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entire semester’s lessons as a group. Tliis is obviously the psy- 
chological operation of integration acting upon the teacher. "With 
this in mind, it is easy to see why the opening lessons in any 
course are heavy with motivation, whereas the closing lessons are 
of the review and terminal summary type. 

CONCLUSION 

In this chapter, the theory and pmctice of planning instruction 
has been described and illustrated. The method has been shown 
in detail for explanatory purposes. Individual users of the method 
will readily see how to shorten it for their own purposes. The 
plan may be written (and should be, for new teachers) or may, in 
many cases, be carried mentally. The method of planning may be 
applied to individual lessons, to groups of lessons, or even to the 
lessons for an entire course. The psycholopcal justification for 
each step was &ven in terms of modem psychology. 



11. Learning Theory and the Improve¬ 
ment ofInstruction-A Balanced Program 

John E. Clark and Howard F. Ferr 


WATS TO IMPROVE »s™UCT.ON IN MATRRMAT.CS ^ 

No PHYSICIAN is worthy of hi3 cure of discaas. 

ously improving his knowledge o pre phj^kiim ah- 

As new knowledge and procedu^ techniques and ad¬ 
sorbs them into his practice, c ^ tt^c benefit of his 

ministering new and more po “ research, engineering, 

patients. And so it U with law, .| premier in the pmfes- 

and all other service tocher see!^ constantly to 

Sion of teaching, the alert "““df teachers desire that 

Improve Ids instruction. Real t"* , j instruction, become 
their students, through ^e tbeir i"'*®°’ 

better prepared than In the past, to ta 
cratio society. ...v . teacher can foUo'' t“ 

There are numerous The top-gmde tea b« 

wiU lead to improvement patlia. One “'““V 

will eventually have traveled a jcvclopmcnt, its P™ . . 
the study of society, its ^thUti« „ 

future status, and the rote i man ton 

mat is it that makes a 7;'‘^jHowdoyou,I,anJ»^“” 
this society each 24 hours o i nnothcr? Hmv d® iiow 
in the various careers reMt to esthetic “'^icubr, 

our physical, social, mtcllcc “ ’ mica instruction m P ,j^ to 
can the school, and this aonicty 

prepare youtlis to take t le The study of th pt of 

Lir several talents and ■n‘*^^ypc„t to the impm'ntont 

caa provide tentative ans"'® »i,« study 

mathematical instruction. jj traveled, « ^ j^tiuct. 

^Another avenue, not n'r^^ ; „cld "bn^to,"? nc* 

mathematics-thc knowledge “f^ j^ jnily, botany 
Not only is such knowledge bc^S 
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study of previously pursued ■=‘!f^;tnd^dthX 

lut its application t° 

“aterial rvful^ln cur teaching, and thus improve the attainment 

of goals more consistent mth modern living. modem 

There is the avenue of self-study, by reading, 
thought. Too many mathematics teachers are naiTOU 
reading. They should come to know the modern ‘'”"'‘‘”2 P 
mphy, anthropology, physiology geography, staM ^^ 
ods, physics, and in general all those areas of 1-"°' '“f 
study human individuals as elements of larger P°P“'“‘’°“-/“ 
five, or even six years of college training can no long 
sidered sufficient to provide complete preparation for teaching 

So long as new knowledge is being developed in fields re 

his profession, the teacher must be alert to its implication or 
instmetion in mathematics. A teacher, well-read in the other gre 
areas of human knowledge, gains a perspective of the 
mathematics that puts it in proper focus in the whole educa lo 


!Many other avenues lead upward, in particular the fields o 
guidance and evaluation. What mathematics is a child at a pve 
stage able to learn? How can this instmetion be made hvaim 
at the proper time? How much mathematics should a pa^ 
individual study, and what are the criteria that determine 
type and the amount? At any pven stage, how can vye tell w 
achievement a student has actually attained in skills, m concep , 
and in problem-solving? The study of proper guidance and 
ation can give insight into needed curriculum and teaching pr 
cedures that can produce better mathematical learning, o 
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adapted students, and happier ones. 
will contribute much to the imprevement 
Another avenue is the study of 

year we learn more and more from ^ ^Uldren 

of the physical and “e teacher seeks to know 

grow into adolescents and mto adm - , , develop- 

Sore of the causes of ■^ertainjmot.o^ beh ^ 
ment of attitudes toward things an 

classmates and adults. How do ^ social be- 

opposite sexes develop, and how fueling 



of sympathetic personalreiauo h ^ personaUty oi uu. j-e...- 
a feeling so necessary m developing P j^^jpgical change m 

^Tlth increased knowledge of physiw our procedures of 

maturing youth, there is bound e outcomes, 

instruction that vnll result m imp , . ppe uitk which 
Closely paralleUng the -ve"ue of £Ow.h 
this book has been concerned, the stuay ^j^g j^chcr 

analysis and rethinking f .Lj the presenUlion is on'y om 

must continually bear m mmd , stgg teaching; that is, 
of the many avenues to better nmtl«^ i^true- 

avenue cutting across all the ° ® times. Eventually 

lion which must be related to them at 'U^ing subject 

teacher must create a balance educational ^ • 

matter, the student, classroom study and expen^^- 

This balance can come only ^ through creating 

through knowing and ''PP^^j'J^.^nds na^ralb' 
havior, a way of acting, that re P® concerned with ^ 
mathematical instruction. Th/s 'fW j jli,. oi|,cr aspc 

how learning theory can bo 

instruction. _ „,„nv 

xiEDtA OF conMUNicATTon educatioo ^ 

The literature and ‘“’‘'j^c^Umplicalif®'^,^ 0 - 
roplete with terms of psycto P memory, fo'^* 5 u mad' 

tudes, appreciation, mental abtl.^^" ^ „„ „llen.pt u 
tion, thinking, and concepts. In 
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to define these words, and as a result there is vagueness and mis¬ 
understanding in the interpretation of the writing and the speak¬ 
ing. Tims learning can be conceived of vaguely as something that 
takes place in classrooms or in laboratories, or as acquired knowl¬ 
edge, or as something else. To avoid such ambiguity and to pro¬ 
vide media for accurate communication in the theorj' of learning, 
it is necessary and sufficient that the terms used convey unique 
meanings in given contexts. Tliis meaning should be common in 
the minds of all who iiear or read the word to the extent that 
discussion or conclusions involring the concept can be carried on 
in a rational manner. Without such understanding, it would be 
impossible to put the psycholopcal concepts to effective use in 
classroom instruction. 

This book has provided the clarification of most of the terms 
used in psychological discussions on learning. By accepting the 
definitions, descriptions or illustrations herein presented, we have 
a medium for efficient communication of our ideas about learning. 
Other definitions could have been pven, but those used in this 
Yearbook are either commonly accepted in education, or are 
the emerging concepts in modem thinking about learning. Thus 
when we speak of leanung, we mean a definite change in beharior 
of the organism. Attitudes are not habits, but they are a developed 
set of the entire organism that makes it act or tend to act in a given 
way, when confronted with a pven situation. Similarly, when 
such words as goal, skill, concept, motivation, problem-solving, 
drill, interest, and such arise in conversation, or in reading, they 
should convey the fmrly exact meanings that have been estab¬ 
lished in these pages. For the purpose of stud>ing leanung it is 
as necessaiy’ to have these commonly accepted meanings of psy¬ 
chological terms as it is to have common concepts of geometrical 
terms in the discussion of properties of space. 

This Yearbook has dev'eloped and clarified the meanings of 
the sjTiiboIs and words used in learning theory. We now’ know* 
what it is we are communicating, even though we do not know' 
the complete nature of the concepts we use. 

The interrelationships of the aspects of learning concern us. 
In most units of instruction the teacher is aware of the importance 
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of sensory experience, 

motivations, individual “^J™„fihat there is no 

these aspects of learning are mt Teachers differ 

8xed sequence in which they are ^ncerning the relative 

greatly, however, m their poi . , . pirst let us re- 

Lportance of emphasis to be assigned to each. 

examine these aspects of learning. 

What is the role of ^ nuptt in building con- 

haps in the primary grades) the initial step in 

cepts, in discovering facts oi re To another teacher 

proceeding from the concrete o e illustrate, to make 

(probably in solid geometry) it is to s Obviously 

concrete that which the P“P‘ s^s of both types of leach- 

many sensory aids may serve P ,ive lot using sensory 
ers. In general, the teacher direst toU 

experience in a particular learning situation 

the best selection. doe learning requires the bin • 

In Chapter III we saw t™ concept of a divBion 

mg of ever wider and '^'“ader co . ^vision m compa® ■ 

as part-taking must be extended 

The once separate concepts o ,,. ngj, must be 

merged. The concept of mto^l “ ^ eetofuUy ^ 

include fraction multipliers. e integers to < 

i„„a. .noceot of exponent from P«‘ , „ be 


include fraction muiupue*^- nositive integers ^ 

tends the concept of exponent though algebra 

negative integers, to Jooopts of 

described as an extension o ‘'total distance t 

tension of the concept of ra lo 

.!» 


tension ot tne coin;«pt< ^ ^ dramatiw^ 

vided by distance traveled m a unit o ' ^ 


'“"““t Clearly. 

meaning of broadenmg a conW pi „ncepl^ 

mg is of necessity conceme (words, si^ effeedvo 

The interdependence of brn^ter VI. Tl>to“J^„ms to 

and thinking was analyzed one uUunz / 

association ot lan^age a^ e gays an 

work with ideas. the height of ‘ .-tangent 

reads) in connection with his concept ot 

pole by indirect measurement a 
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of a.i angle." He climates its l.cigl.t. measures the “8* o' ‘te 
shadow and the angle of elevation of the sim, notes the right tn 
angle, makes a scale drawing of the out-door-tnangle, a nota¬ 
tion for the triangle, measures the line m the drawing n ’ 
responds to the height of the flagpole, compares, by 
J3C with AC, finds that liC is about 1.7 times AC, and conclude 
that the flagpole is about 1.7 times as long a.s it.s shadow, btra- 
teglo in this total experience are the words and/or sj mbms, g 
of flagpole, length of shadow, angle of elevation, ratio of Hi, to ^lo, 
the side opposite tlie CO^ angle divided by t!ie side adjacen » 
1.7. Then, after skillful guidance, the learner senses, understanus, 
and says, “In any right triangle having a 60® angle, the ra lo 
the side opposite the 00® angle to the side ne.vt to it is appro* 
mately 1-7.” Finally he is ready for the symbolic statemen 
“tangent 60® = 1.7.” Clearly, experience activities and pro^r } 
associated words are essential to the building of new concep • 
The teacher chooses the vocabulary best suited to create i 
new concept. For another illustration consider the building ® \ 

part-taking concept of division. The teacher uses carefully se ec e^^ 
words as “share equally,” “dealing out,” “divide equally among,^ 
“finding the size of each of a given number of equal groups, a 
other carefully selected words. He a%’oids using the vocabu ary o 
the measurement concept; compare, measure, how many 
what part of, finding the number of groups of a given size, ^ 
divisor goes into the dividend, and other words of measuremen^ 
concept. A concept emerges from a variety of carefully 
languages of a context. 

But mathematical learning involves skills as well as concep * 
The acquisition of skills in performing operations is greatl> aci i 
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nique 01 cariyiUB ^ . 

ot the essoeiative principle. f‘taW. The order 

to an naderstandin. of the 

technique ot carrying shorvn m (c). 



The pupil who tunfo ot^ fraS'Hs "one or more 

gether Uke groups and who . 2 , ■* to - rather than 

ottheequalpartaotawhole-wiUconvertj + s 5 

10 , “*hV 

ns;,c« 


how” or “how-wny ^ somewhat • 

cept or the akiU? Or learning 'hould follow^ 

Available evidence ‘ The older practice 

not accompany concept "J”;, nponme^g to to 

azmg skill learning '«th ^ mechaniwl, 

justifiable criticism j^y fortunately the m 

learned the how without to „po„ concepts and 

the field psychology, with .to emp 

lationships, is increasing. , agree that pow » ^ 

StudeL of matomnto^oh.echve^„. 
resourcefulness m prob yg^^lving as tmdi g ^ 

struction. They ^-t^^^Caruation which 

ing a satisfactory resoonse. In of s 

there is no available reca whether two or, 

presented when the pnp opposite those sides 

Lgla are equal, if the angles oppo 
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■■Cau I show geometrically that Va5 can never be greater than 
2^?” In algebm the pupil who wants to know whether A in the 

t ” 1 J hh is increased 25% when band hare each increased 

;Xis co«d ‘“S a ,roul. And in sixth grade an— 

the pupil who would Uke to know how many app es he " 

to buy at 3 for 5^ and sell at 2 for 5^ m order ^ 

has a problem. The adult who wonders what 

being paid when a refrigerator which can be bought for ^ 

U bought by paj-ing S20 do™ and $20 monthly for 10 months is 

face to face with a problem. 



Now let us examine the solution of the second geometry problem 
sUted above: Can Vob ever be greater than-^^? The pupil who 

interprets Vob as the geometric mean of a and b, may thi^ of a 
right triangle inscribed in a semicircle (the situation in "1““ “ 
6rst met the concept of geometric mean). Thus the altitude i'll 

iaequal to VS.But what about the Oh yes, that is half the 

diameter; it is equal to the radius, PO. Obviously now PQ ^ 
PO, and hence Vob S —4^- The secret to the solution lies in 

g + !> 

seeing how, in what context,Vo* is related to 2 

In general the secret of success in problem-solving is in sMing 
how what one wants to find is related to something in the problem 
situation that is known. Heasoning means discovering heretofore 
unrecogmzed relationships. The more relationships one kno\^j 
the less likely he is to have to resort to reason in successfu y 
responding to a new situation. It must be apparent that recurring 
problem situations cease to be problems; the learner is able to 
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recall the relationship requhed to mIvo the 
teaching transforms problem s.tuat.o.« mto 
to which the learner i-esponds mUiout delay and without 

'''taming does not take place without a 

same thing over and over is not 'Yw^Xhis means the class- 

must continuously be faced mUi proble^. 

room situation must be carefully p advanced) are being 

and more advanced aspects (bu contain the 

faced by the students. Even a revie ciutations. Tlie meas- 

concepts to be studied in new and va . ^ circle can 

urement of an angle by the arcs in » suggested ■" 

be studied in terms of positive and negative arcs 
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checking it against the given conditions stated in the problem. 
Thus, in the problem: “A merchant bought 12 dresses, some at 
$8 each, and the remainder at S6 each. The 12 dresses cost S80. 
How many of each kind (price class) did he buy?” The pupil, 
seeing that the merchant must have bought less tlian 10 dresses at 
$8each, may guess 5. Checking: 5 dresses at $8 each cost $40, the 
12 - 5, or 7 dresses at $6 cost $42. But $40 -f $42 is $2 too much. 
Hence, replace one of the $8 dresses witii a $6 dress. Actually the 
learner assumed for the moment that he bought 5 of tiie $8 dresses 
and determined, by using the conditions of the problem, that the 
guessed answer must be 5 — 1 or 4 of the $8 dresses. 

Even though the solution of a problem often appears to come 
quickly as a result of sudden insight, it is more likely the result 
of analysis of relationships than the product of trial and error. 

There are many correct, if not equally good, methods of problem 
analysis. In the apple problem, previously stated, one solution 
involved finding the profit on one apple and then 

dividing the desired profit, lOOif, by the profit on one apple. An¬ 
other solution, more mature and ingenious in conception, first 
finds the profit on a group of apples (6 or 12 or any small multiple 
of 2 and 3). If a group of 12 be chosen for study, the profit ^vould 
be 10 cents; for a profit of 100 cents, 10 such groups would have 
to be bought and sold. 

A less mature, more stereotyped solution is likely to be proposed 
by pupils in the algebra class: Let x represent the number bought; 
then is the cost and so on. 

Pupils acMeve greater power in problem-solving by proposing 
and evaluating alternate methods of solution of a limited number 
of problems, than, by solving a greater number of problems by 
any one pattern of analysis. Teachers of geometric “ori^als” 
have long been convinced of this belief. 

Our students should not only be able to reason and to solve 
problems, they should come to enjoy them. No teacher is unaware 
of the potency of interest or motivation in promoting learning. 
Pupils leam b^t when they want to learn, feel a need for learning, 
when they are curious to ^d out. 

Psycholo^ts are skeptical concerning the existence of special 
aptitudes for mathematics rather than another school discipline, 
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but they are certain that for moUvation nothing succreds like 
success in thinking. The pupil 'vho faiU three or four “ 
of five tries soon loses interest; the pupil who never 
no ohaUenge and loses interest: but the pup. "•'O 
or four times out of five tries Ukes the adventure and wants more 

"'xhe teaeher who likes mathematics, who is able to arrange 
leaTlge.vercises of such difficulty ‘“‘he P"P'‘ 
cess mL often than failure in h. 

genuine pleasure when the pupil sue intellectual be- 

cern about the problem of motivatio . 

havior generates motivation. .. ,l j^g on 

A group of pupi^; as well “ with 

. success. Group thinking (currently interest and gives 

little apparent direction of the ‘^“‘her. “ d aebieve- 

to each member of the group_ a teacher, response 

ment. The traditional planning, apprais- 

by a particular pupil) is replaced hy ., , ’ j„ntribute3 ac- 

ing, by procedures in which the indi 

cording to his interests and talents. reaching inipUcations 

The two preceding P='™8''i‘?hs ““hu" jJ/^^nces. Few teachers 
for handling the problem of indivi . ,mutton by tutorial la- 
today would wish to random (alphabet''' 

struction. They prefer, instead, ability an 

often) selection of groups having “ Instructional ma- 

achievement, with more homogenous gro P b 
terials as yet are inadequate for mceUng the pm 
•'^'h r „ „t the problems with winch a 

Teachers know that very e' ^ considered m £ ' 

learner may ultimately be confron , , „ q{ transfer for ^ 
Thus they constantly turn to the The psyfo 

ance in making the leammg as implications for the ^ 

of “transfer of training" is transfer. sldU 

of mathematics. In order of , j significant trans ^ 

rank lowest. Concepts are “i^dcs, Ukes or disUl^^- 

wdely transferable however . t gQncoinitants. juuse 
confidence or insecurity, the '““““Lreroded most by duuso 
And the least enduring learnmgs. 
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and forgetfulness, are the skills, the facts, the techniques of mathe¬ 
matics. Concepts are far more enduring. Years after a successful 
experience wth deductive proof in the secondary school the adult 
retains his concept of proof. But most permanent are those aspects 
of learning which arc wont to call appreciation, pleasure, 
frustration, attitude. How a pupil feels about his course in geo¬ 
metry for example may significantly affect his adult behavior as 
a parent, or as a member of the board of education. 

S02.IE PRACTICAL CONSIDERATIONS 

The arrangement of the chapters in this book was not without 
purpose. There was first presented an orientation to the general 
theory of learning—experience within the field being studied. 
Then some of the nuun elements of the field-motivation, attitudes, 
concepts, and sensory impressions were treated so as to give 
deeper insight into learning. The relationship of these elements 
through language, practice, and transfer, paved the ivay for a 
re-examination of learning as problem-solving. In order to prevent 
any misinterpretation of learmng as unguided experience of nov¬ 
ices, the particular precaution was taken to show the need for 
providing for individual differences and for growth through 
planned instruction. This final chapter ha5; been concerned with 
creating a total picture of these aspects of learning—their inter¬ 
relatedness—to enable the reader to achieve a rather complete 
and balanced configuration that r_an aid in adapting learning 
tl^ry to good classroom practice. To avoid some jxissible gaps 
or flaws, a few further practical considerations seem pertinent. 

Children do not grow and develop in mathematical knowledge 
in a vacuum of such knowledge. Quantitative thinking is acquired 
in active mental dealing with quantitative situations. The quan¬ 
titative aspects of a situaUon can go unnoticed unless they are 
deliberately brought to the sphere of attention of the student- 
In the study of health, cost of medical care, cost or nature of 
medical insurance, span of life in various occupations and sections 
of the country, the relation of climate conditions (quantitativ'ely 
measured) to types of diseases, and so on, are the means of insight 
to the need for mathematical learning. The necessary mathemat¬ 
ical concepts and skills in treating such problems must be devel- 
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oned bv actual experience in organized, planned mathenialiE 
SnrcL ^he child grows and develops in ^ —1 and 
geometric environment in which he changes 
more complex organized patterns. j 

But progress is not made along a s^l 

mentals to the generalized „ oj-anized in texts, 

learning can be organized, and is '“1 ^visdoin. Our initial 

but it is not tlie way most ^ nor is our initial 

learnings in algebra are not the initial leam- 

leaming in geometry Hilbert a pos 

ing is in an area in which exploration ^ 

measure, draw, and make _j yp^^-ard toward more 

fined dowTiward toward the foun a ^ we (fia- 

abstract, complex, and generah re treneralized theorem, 

card many particular theorems for o exploration 

and in advanced stages development. _ 

reorganized as a straight hne ma , , each individual 

The growth in mathematica .ynful teacher who has a 

student thus calls for direcUon _ of learning. He uses the 

balanced emphasis on the vano P directed \ 

heuristic method only so ^^r as p P j^ental attitude 

the quest of their leurniug. He If degme that the 

allows freedom of approach m «coacept, or relat^f P' 
experiment is headed toward a . approaches w le 
and directs the experiment d^ogerous and 

student is adrift. He recogma^ mition procedure. He 
boring as well as good habit or eemiconcrete rep 
each step from concrete ex^nw abstract e . 

tions, to words and sj^bols, o pnate ncrete 

through proper evaluation an » igarmug begins m ly 
lenges He also recognizes 

material objects, but that much ^ and 

learned abstractions. Thus a ^ of arithmetic to 

the abstractions learned in ‘h® Geometry if ^y 

not back to parts of concrete back to geom 

geometrical drawings, trigonom -tbematical 

cud algebra. , .hi. sequential azped 

It is just because of this seq 
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knowledge that proper balance becomes the all important aspect 
in its learning. Unless a clearly and correctly formed mathematical 
concept emerges from a learning situation and it is related to other 
phases of already learned mathematics through sufficient practice 
to gain skill in the use of the concept, the learning of all later 
mathematics dependent upon this concept is seriously (and some¬ 
times totally) impaired. The lack of c<#rect concepts in arith¬ 
metic may be one of the great reasons for the difficulty algebra 
presents to so many of our students. It is this balance that is 
indirectly referred to in every chapter in this text: a mathe¬ 
matical problem within the comprehension of the student, but 
still a problem as the start of learning; motivation, sufficient to 
send him on toward the solution; the challenge to abstract, to 
generalize, to form concepts; the proper use of sensorj' aids, of 
drill, of appropriate language; not doing too much nor failing to 
do enough; and adapting these measures to the various individual 
differences in learning. To gain such balance is to become a master 
teacher—the goal of all professionally-minded educators. 

It should be evident by now, that the pa«ition taken by this 
book is: We learn that mathematics wlncli we are taught. The 
teacher is the primarj’ agent and force in the learning that takes 
place. Tlie teacher is all important. There are some persons who 
say one who knows cannot teach for he cannot fathom the dif¬ 
ficulties of his students. These persons say that as a teacher works 
with his students through a problematic situation which is new to 
both teacher and students, real learning lakes place and then only. 
We believe this assumption to be entirely erroneous and assert 
that a teacher is a learning en^neer, a builder of minds that w-ill 
solve problems. As such, the teacher must first know' the total 
mathematics he will teach, that is the framework, the facing 
material, and all the interior finishings to make the structure 
complete. But he must also know the stresses and strains the 
foundation and framework must support, and how' the whole 
structure of mathematics is put together in the minds of his stu¬ 
dents. This story of mental construction has been put forth in this 
book as a practical guide to the classroom teacher, the learning 
en^neer. It is the teacher who is responsible for planning, design¬ 
ing, blueprinting, constructing, finishing, and putting the final 
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products problem-solving mind in the realm of quantitative 

avenues to improvement ot instrncho m 

part of the whole orgamzation 

importance in its relation to the ot er a ^ 

the present theory and practice of le ® tVgnjatical disciplines 

knowledge of the one know more, we must 

such as plane Euclidean geometry. _ analysis, transfer 

conceive of the aspects of lear^g as'tenative workable 

of training, and practic^^ A^d f^n we^n more knowl- 
explanations of a theory of learning- nianner in which 

edge of the operation of ^l^l^^Tmay shift po^- 

human behavior is changed, these elements may 

don, change in their importance, outlook for new 

enter the picture. The alert . „(j balance them with 

developments and new interpretati ^ a concept that 

his preUnt conception ofhow learning lakes place, 
this book has given. . master technician. He 

Thus in a sense the teacher mus learning. But he 

must know how to build any -jg .^yhat kind of leam- 

also must be a pHlosopher. He mus uajance and appraise the 
ing is of most worth. He must ^S w-orth both for the 

possible learnings. He must Imow e j^jojognt foUovdng the 
mdividual and for society. He is process of readjustmg lus 

recent discoveries in psychology, m asagned to skills, 

thinking about the relative wg predict that instruc 

concepts, problem-solving, and a i “ g to rely more 

Uon in mathematics for general ^g: 

and more upon the impUcations of the following ^ 

Learning is thinking. grade or achievemen 

Successful tlunking is possible 
level. , ^-ndent upon concepts an 

Successful thinking is heavily ep 
relationslups. «fnl thinldng provide en “ 

The satisfactions following successful tb 
enrichment for the learner. 
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nuuimum, 217 n- 
order of, 345 

Transfer of training, 205 ff- 
Trial and error, 15 

Understanding, ISO 

example of , 75 
in motivation. ^ 
meaning of, 74-75 
Understanding of concepts, 143 

Verbal instruction 

in concept formation, 93 
VerbalieaUon, IW 

In problem-solving, 2o2 
Verification, 36, 267 
Visual aids ., 

as moUvation, 4», a* 

use of. 93-94 

Way of li^®» 

Whole situation, 19 

as symbols, 160 



